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Abstract: In this paper we study the problem of trajectory tracking control and path following control for
linear control systems. First we formulate the problem as an output trajectory tracking control problem.
Next we formulate a related path following problem. A controller is developed for this case, and it is
compared with a controller that solves the related output trajectory tracking problem. The advantages of
the path following controller are found to be smaller control values are typically required thereby avoiding
control saturation effects. The simulation example that have been provided clearly confirm this conclusion.

Keywords: Path Control, Trajectory Tracking Control, Maneuver Regulation Control.

1 Introduction

In a trajectory tracking problem, the desired outputs, param-
eterized by time, are provided by a command generator. The
trajectory tracking controller processes the desired outputs
and forces the system outputs to follow the desired outputs
as closely as possible. In the presence of tracking errors, the
trajectory tracking controller attempts to make the outputs
“catch up” with the time-parameterized desired outputs; this
may lead to closed loop performance difficulties and to large
control signals.

One approach to eliminate such problems is to use a path
following controller instead of a trajectory tracking con-
troller. The objective of path following controller is to track
a specified geometric path in the output space with specified
“velocity” along the path. The path tracking controller elim-
inates the aggressiveness of the trajectory tracking controller
by forcing convergence to the desired path in a smooth way.

Path following, maneuver regulation or path tracking con-
trollers have been studied for robotic systems [9, 15] and for
acrospace vehicles [12, 14]. A general approach has been
developed by Hauser and Hindman [11, 13] for feedback lin-
earizable nonlinear control system.

The present paper compares the trajectory tracking con-
troller to the path following controller. The path tracking
controller regulates the position errors transverse to the de-
sired path but it does not regulate the position error along
the desired path. Based on our experience with the planar
vertical take off and landing (PVTOL) aircraft model treated
in [7] and the simplified longitudinal aircraft model treated
in [5], this method improves closed loop properties and re-
duces the size of control inputs. The path tracking approach
is based on designing a tracking controller that maintain a
desired speed along a desired path with closed loop stability.
This design approach is different from the trajectory track-
ing approach treated in [6] where vehicle speed and position
are regulated along the desired path.

As suggested in [3, 4, 8], first a trajectory tracking con-

troller, consisting of static state feedback, is designed to
guarantee uniform asymptotic trajectory tracking. The con-
stant feedback gains are determined based on LQR optimiza-
tion. A path tracking controller is then obtained from the
tracking controller by introducing a suitable state projection
that is related to the LQR feedback gains. Properties of the
closed loop, including local asymptotic convergence of the
transverse errors, are presented.

2 System definition

Given a linear time invariant system,

© = Ax+ Bu (1)
y = Cx
where x € R™, u € RP,and y € R? and (A, B) is assumed
to be stabilizable.

A prescribed reference output is denoted by yr(t). We
assume yp(t) is arbitrary but sufficiently smooth.

3 Trajectory Tracking Control ap-
proach

3.1 A tracking Controller

In the trajectory tracking problem, control action is required
to achieve the following objectives:

e Asymptotic stability, which means the closed loop sys-
tem has an asymptotically stable equilibrium at x = 0
when yg(t) = 0.

o Asymptotic output regulation, which means that for any
initial state, the output error e(t) = y(t) — yr(t), con-
verges to zero as t — oo.
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o Exact output regulation, which means that there exists
an initial state for a given yp(t) such that the output
error e(t) = y(t) — yr(t) = 0,forall t > 0.

Assume that a state trajectory a(t) € R™ and a control
action p(t) € RP satisfy (1); that is

& =Aa+ Bu, yr=Ca
A tracking control law is given by

u(t) = p(t) + K(x(t) - aft)) )

where K is a control gain chosen as that A, = (A + BK)
is Hurwitz. This control law achieves the closed loop objec-
tives indicated previously.

3.2 Comments on determining «/(t) and p(t)

Some comments are given on how to obtain the desired state
trajectory v and control 1 for a given output trajectory yr(¢):

3.2.1 Inversion based approach for sufficiently smooth
yr(t)
This approach depends on the relative degree r and stability

of the zero dynamics [1] of the system; for simplicity we
consider a SISO system.

1. 7 = n. In this case, « and p can be expressed in term

of yg and its derivatives up to ygl)

il

C YR
. CA YR . yr — CA™a
: : CAn-1)B

CAn71 yﬁ_l

The proof of the above result is omitted for space limi-
tation.

2. r < n and the system is minimum phase, i.e. the zero
dynamics is asymptotically stable. If yr and its deriva-
tives up to yg) are smooth and bounded, the state tra-

jectory o depends on yg and its derivatives up to yg)

and is bounded as well. For simplicity, the system is
expressed in the normal form: [1]

G = G

g.r—.l - Cr (3)
G = FiC+Fn+bu, b£0
1 = Ri(+ Ran

and

y==
where o = [¢(T;nT)T € R*, ¢ = [G,..-,¢] €
R", n€ R" " and R, is Hurwitz.

It is easy to observe that ( can be determined by (; =

ygfl), i=1,2,...,r. Hence, n is determined by the

last equation in the normal system (3) since ¢ is known.
Finally, 4 is given by:

_ yg) — (- Fm _ yg) - Fa

e b b
where F' = [F} F»]. Obviously, ¢ and 7 are bounded;
so « and p.

3. r < n and the system is hyperbolic and non-minimum
phase, i.e. the zerodynamics has right half plane poles
but no poles on the imaginary axis. In this case, the
above inversion based approach can not be used directly
but the noncausal stable inversion approach introduced
in [10] can be invoked to find o and p by solving a
certain integral equation.

4 Path Following Control Approach

4.1 Path Following Controller

Suppose a(t) and p(t) are available in the tracking control.
A path following control law introduced in [11] is deter-
mined by replacing the trajectory time ¢ with the parameter
6 (6 € R) that corresponds to the point on the state path
a(0)|0 € R closest to the current state - with respect to the
norm defined by P > 0, where PA. + ATP = -Q, Q>
0. For each state z, § is determined by solving the following
optimization problem:

0(z) = argmin ||z — a(f)|%, € R 4)

Conditions which guarantee that the above optimization
problem has a unique solution are:

o «is at least C2;

e /() is nonzero;

e o/(0) is bounded;

¢ No self-intersection of the curve «(#)|f € R in R™.

e The state x is sufficiently close to the curve a(0)|0 € R.

Under these assumptions, the maneuver regulation control
law is

u(z) = u(6(z)) + K(z — a(b(z))) )

The closed loop system becomes

&= Az + Bu(0(z)) + K(xz — a(f(x))) (6)

4.2 Closed loop properties of path following
control

The stability of the closed loop transverse dynamics under
the path following controller can be shown as follows: [11]

Using the maneuver regulation control law, the error e =
x — af(x)) satisfies
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¢ = i—a(d)
= Az + B(p(9) + K(:n —a(f)) — Aa(8)

~ Bu(0) +a(0)(1 - b)

= Ace+ad/(0)(1-0) ™
where o = d(;(:). Note that here we use the identity
a(0) = o/0.
Consider an error-based Lyapunov function
V(e) =[l z — a(b(2)) [[p= €" Pe ®)
Hence, we have
¢ = ¢'Pe+e P
= eT(ATP + PA)e+2TPa/(0)(1—0) (9)
eT(ATP + PA)e=—eTQe=—| e ||2Q

where QQ > 0. Here we make use of €7 Pa/()) = 0 which is
a necessary condition for satisfaction of condition (4).

As a result, it follows that for any z(0), V(e) — 0 as
t — oo; that is, (x — a(6(z))) — 0 ast — oo. This
means that the transverse dynamics of the closed loop are
asymptotically stable.

4.3 Properties of ¢

Condition (4) implies 6(z) satisfies

- T P’ (0)

1) IF (2 — o))" Pa”(6)

where 6(0) solves h'() = (z(0) — a(6))" Pa’(6) = 0.
Thus, & = é + &() = Ace + o/(0)0 and condition (10)

can be written as

g 11/0) [p +eT AT Pa/(6)

I'e/(8) [} —eTPa”(6)

0

(10)

(1D

4.4 LQR Path Following Controller
Consider the maneuver regulation controller

ue) = p(@)) + K@ - ad(z)))
f(z) = argminlz—a(f)|? 6H€ER

where we choose the gain K according to LQR theory:
K = —R7'BTP and P is the positive definite solution to
the Riccati equation

PA+ATP-PBR'B"P+Q=0, Q>0, R>0.

(12)
We show briefly that the closed loop using the above LQR
maneuver regulation controller has the properties identified
previously.

As before, we define the error e = 2 —«(f(z)) and choose
an error based Lyapunove function as V'(e) = e’ Pe. Fol-
lowing the same development and combing the Riccati equa-
tion, we obtain .

Vie)=—lel (13)

where Q = Q + KT RK > 0. Hence, the closed loop trans-
verse dynamics is asymptotically stable and # has the same
properties indicated previously.

S Example

We illustrate the above analysis using a dynamic example
of a vehicle moving on a two dimensional plane. The in-
put/output model of such system is given by

T = Uy

= uy

where x and y are the inertial position of the vehicle.

5.1 Trajectory Tracking Control

Define tracking error as e,,, = ¢ — 2, (t), €xp, = T — Iy (1),
Cyry =Y — yr(t) and Cyrs = Y- yr(t)’ where IT(t)a Yr (t)
are time parameterized reference trajectory for the vehicle
center of mass.

The system dynamics in error coordinates is given by

éITl = Capy
é:vq-g = Ug
éyTl = Cyrs
é?!Tz = Uy

Consider the following state feedback control laws

Uy = Ep(t) = Kaz(& — (1)) — Kpz(z — 20 (¢){14)
uy, = Gp(t) - Kdy(y = 9r(t)) — Kpy(y — y:(2))(15)

The resulting closed loop system using the above control law
is given by

€z = Cap
€rrs = —Kigerr, — Kpzezr
€yr1 = Cyr
byr, = —Kayeyr, — Kpyeyr,

It is straightforward to show that for any positive
Kz, Kpz, Kgy and Ko, the above closed loop system is
asymptotically stable and all errors converge to zero as time
goes to infinity. We use the LQR theory to determine the
feedback gains by setting A, B, @ and R in (12) as

,Q = 4l4x4, R = 0.0615x2.

s

I
coc oo
coc oo

0
0
1
0

OO O
o O = O
_—_0 O O

Solving (12) for P, we obtain

4.4631 0.4899 0 0
p— 0.4899 0.5466 0 0
N 0 0 4.4631 0.4899

0 0 0.4899 0.5466

and the gains Ky, K, K4, and K, can be computed us-
ing K = —R™'BT P to obtain K4, = Ky, = 9.1102 and
K, = Kpy = 8.1650
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5.2 Path Following Control

Define transverse error as e;,, = = — z.(0), €zp, =
z - xal”(a)’ Cypr = Y — yal”(e)a Cypy = Y- y:«(‘g)’ where
2,(0),y-(0) are 0 parameterized reference trajectory for the
vehicle center of mass, z].(0) = Z—g and 0 is the solution of
).

The system dynamics in error coordinates is given by

opy = Capy +2(0)(1—0)
bopy = Ug+ ()0
byp = eypy Ty (0)(1 - 9)
Cyre = Uy +y,(0)0

A possible choice of u, and u, is as follows

Uy = 2,(0) — Kao(@ — 27.(0)) — Kpe(z — 2,(0))16)
Yy (0) = Kay (9 — y1(0)) — Kpy(y — yr(0)X17)

Uy =

The closed loop system can be written as

bops = Com +2L(O)(1— 6)
Cops = —Kaveop, — Kpzeop, +7(0)(1 - 6)
bypr = eypy Ty (0)(1 - 9)
ype = —Kayeyp, — Kpyeyp, +y,/(0)(1 - 0)

If we consider using the same positive feedback gains
used in the trajectory tracking control (14,15), than asymp-
totic stability of the path following closed loop system can
proven using a Lyapunove function similar to that given by
(8). Note that the path following closed loop system is non-
linear, and thus a Lyapunove function similar to that given
by (8) is the only way to proof global asymptotic stability of
the closed loop system.

To show clearly the comparison between the two design
approaches, we consider a circular path for the vehicle cen-
ter of mass. The time parametrized trajectory is given by
x,(t) = 20cos(t) and y,(t) = 20sin(¢). The initial states
are selected so that vehicle is initialized on the path but not
on a point correspond to £ = 0. Figure 1, shows the desired
path for the vehicle, the path that results from the trajectory
tracking controller and the path that results from the path
following controller assuming identical initial condition and
control gains. It is clear from Figure 1 that the trajectory
tracking controller causes the vehicle to track the time pa-
rameterized path but with large transient errors. On the other
hand, the path following controller causes the vehicle to re-
main in the desired path in a smooth way with much smaller
transient errors than for the trajectory tracking controller.

In Figure 2, we show the magnitude of the control signals
required to execute the desired motion for the vehicle. It is
clear that both the x control and the y control for the tra-
jectory tracking controller are large and may cause control
saturation. On the other hand the control signals required by
the path following control design are much smaller in mag-
nitude than for the trajectory tracking controller.

25 T T T

T
Path Tracking Control
Desired Path

D Trajectory Tracking Control

-25 L L L L L L I

x(t)

Figure 1: Vehicle position using trajectory tracking control
and path following control
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Figure 2: Control signals when using trajectory tracking
control and path following control

6 Conclusions

We have constructed a trajectory tracking controller and
a path following controller to achieve desired closed loop
properties for a linear system. The main contribution of
this paper is use of LQR theory for comparing the trajec-
tory tracking control design approach and the path following
control design approach. We demonstrate these approaches
on a linear dynamical system. We concluded that the advan-
tages of the path following controller are found to be smaller
control values are typically required thereby avoiding con-
trol saturation effects.
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Optimal structural active control based on eigenstructure
assignment and its applicationsin civil engineering

Wang Guo-sheng Duan Guang-ren
(Center for Control Theory and Guidance Technology, Harbin Institute of Technology, Harbin 150001)

Abstract: The design of structural active control with minimum control effort is investigated. The aim is to design a
state feedback controller, such that the closed-loop system has desired eigenvalues and a system performance function is
optimized. By utilizing design degrees of freedom offered by parametric eigenstructure assignment, a parametric
expression for the system performance index is presented. Thus the optimization problem is changed into a
minimization problem with some constraints and the optimized variables are a group of parameters. An algorithm is
proposed for this minimization and utilizes the original system data, and thus it is smple to use in applications. A
three-story shearing model under earthquake excitation is analyzed by using the proposed agorithm and the simulation
results show the effect of this algorithm.

Key words: Structural system; active control; eigenstructure assignment; earthquake control; optimization.

1972 Yaol!
23 30
2
(1)
n
[4] i M)@(t) + C)&(t) + KX(t) = Hu(t) - Ml nxlgé(t) (1)
X XKy &)
ue) r

L M, C K

nxn
(69925308);



352

H |
1 M H
(-Mc, MtH)
rank[-M 'C -9l ., M'H]=n OsOC
D
24) = AZ(t) + Bu(t) - E& (1)

u=FoX () +FX0) =FZ(t) F=[F, Fy
F rx2n
( )

Ht)=AZ(t)-EK () A =A+BF

sOC i=12A,2n
i=12A ,2n
sv; =AYV, i=12A 2n

A =diag(s,, S;,A ,Spn), V =[Vp Vo A Vy]

(6)
AV =VA AV +BFV =VA
(-M~'c,M H)
[-MC-sI MH] nxn
P(s) (n+r)x(n+r) Q(s)

%)

©)

(4)

®)

(6)
(7)
(8)

P(S[-MC-sl MTH]Q(s)=[0 I] OsOC (9)

Q(s)
_ () Qp(sn
Q(S)_%\)zl(s) sz(S)E

Qu(s) nxr

€S) F
[5 6]

1 ),
1) (-M ¢, M 1H)
(A, B) nxn
H(s) (n+r)x(n+r)

O.u(s) Lp(9)0

L =
® H‘Zl(s) Lzz(s)g

(10)

(1)

Liy(s) nxr

HO[-QAPOM K+l -Qy(SIL9=[0 1]  (12)

2) (8)
F

F=w™ (13)

OLu(s) O
V=[vyVvyA vy ] V= i
L ? %Lll(si)m

W =[wy Wy A Wy,
W, =[Qy(S)Lxu(s) +Qxu(s)P(s)M _lKLu(S. )1g; (19)
g, i=1,2A ,2n rx1

DLll(Sl)gl K Lll(SZn)QZn D
d 0 16
MLLE)a A Sibus)gT o o

(14)

s§=s; = g =9; i,j=12A.20 (17

1) 8
2)
(1) M C K H
©) A B
4
® | 5 0C
i=1,2,A ,2n (4)
u=Fz(t) R
| 1) A, s OC
i=1,2,A ,2n
2) mintr(P(F));
P Lyapunov
ATP+PA =-F'RF . (18)
| = I:uT (HRu(t)dt . (19)
ESA
«y S
i=12A ,2n, (-M7*c,MH) (A B)
ROR™,
(18) P



Proceedings of the 23rd Chinese Control Conference 353

T T
b= Ly CBTMT(3)RM (50, O
S +s,

>V 7E v (20)

nx2n

M(s) = Qu(S)Ly(S) +Qu(s)P(S)M KL, (S)
(21)
vV (14
ae) (@7
V=V(g)  (20)
tr(P(F)) =tr(P(g;,i =1,2,A , 2n)) (22
P(g,,i=1,2,A,2n) (20)

g, 0C", i=1,2A 2n,

ESA
min tr(P(g;,s,i =1,2,A ,2n)),s.t. (16) (17) (23)
ESA
(

ESA)

1) © P(s) Q(s) (10)
Q(s)

2) (12 H(s) L(s) (12)

L(s)
3) g i=1,2,A,2n (14)

(15) vV W
4) (23) (a6) (@7

g i=1,2,A,2n

v W
5) (13) F
5

ABS
1
1 [273’
Benchmark
Benchmark
981 O
M= 98l ko
B 9815

(8827 -57.3 6160
C={573 4567 -2.63{Nm)
0616 -263 437.30

02741 -1641 0.369 [
K=1641 3021 -16247x10°(N/m),
H0.369 -1624 1.333 [
1 -10
H=f 10
B 0f
51,2 = _Si 14|
S34=—6+43 S5 =-9£72i ESA
1) ©) P(s)
Q(s) i=12A6 (10) Q(s) ;
2) (12) H(s)
L(s) i=12A6 (1) Ws) ;

3 g :@:% i=12A 6  (14) (15)

[1(0.0055 + 0.0098i)a, +(0.0112i —0.0023)b, [
5(0.0032 +0.0210i)a, + (0.0036 + 0.0246i )b, E
N 5(0.0010 +0.0266i)a, + (0.0042 + 0.0315i)b, O
! (0.0481i - 0.1538)a, - (0.14960 - 0.0661i)b, [

EL (0.0180i +0.3050)a, - (0.0186i — 0.3566)b, J

i (0.3754 + 0.0658i)a, — (0.0352i +0.4539)b,{

Vp = V_1
[1(0.0008+ 0.0125i)a, — (0.0028i +0.0072)b, [
H-0.0020+ 0.00531)a, + (0.0016 - 0.0022i)b, [
_, - (0.0080i +0.0008)a, — (0.0027 — 0.0051i)b, [
T (0.5438 +0.0400)a, + (0.3285 - 0.07891)b,
I (0.2153+0.11880)a + (0.0867 +0.0843)b, ]
£(0.3493+ 0.0149i)a, — (0.2036 + 0.1471i)b, 5

V3 =

Vg =V3
[+ (0.0016 - 0.0033)as — (0.0003+ 0.0063 )b [1
5 (0.0013+ 0.0030i)a; + (0.0006+ 0.0076i)bs -
_, 0(0.0014i +0.0009)a; — (0.0014 + 0.0035i)bs [
D (0.2206+ 0.1424i)a + (0.4484 + 007991 )b 1
0(0.2279 - 0.0645)as — (0.0227i + 0.5560)bg LI
E- (0.1058 - 0.04961)a + (0.2663— 0.0741)b £

V5:

Ve =Vs
. = H1-9.8036 10i)a, -1079(3.2297 - 3.1088i)b, U
' F1079(3.1087i - 3.2324)a, + (1- 2.7765x10%)b, [
W, =Wy
%“ 1.9636x10 i)a; — 1071 (52.529i - 8.4043)b, U
F1071(8.3967 - 52.5291 a5 + (1+1.2100x10°i)bg F

W3 =



354

Wg =
1+1.9636x10 %i)as +10711(8.4043-52.529i)bsg E
F107(8.3967 + 52,529 )ag + (1+1.2100x10 2i)bs {
We = Wg
4) matlab fmincon
(23)
_—  [7.8380+8.1414i[]
1 =9 7[5 9084+ 9.9283
_—  [3.1988+6.9593 [
9797 5 4319- 46354 F
_—  [F38124-2.1648
95 =9 = D7 5600+ 4.0408 [

vV W

g

5) (13)
5[+0.8626 0.9553 —0.5490
F =10
00.4901 -14326 0.7733

-0.1353 -0.0442 -0.01980]
0.0891 -0.1159 - 0.0786[Ij

-3

1MO
Lt ' i
" M"ﬁ’\h”h“l'ﬂﬁf“‘Mm(t : —
0
1 ¥ g !
e |
-;9(10'3 5 10 15 20
B o—\.nhh\)*{&#ﬁ&ﬁ“f“@”(n(m "
E-ﬂ_"]l’-Q_ ]JMJUH‘“].\ ! |
’4%0—3 5 10 15 20
5
DL AR A
npo ””“HJV
0 5 10 15 20
ts
2 Elcentro F
002 : ; ; ;
| — - X
T Qb AL "P"l ; =15
1 IW'»;M‘JAHM (1” U
002 5 10 15 20
005 : ; ;
E O-“.‘ﬁﬂ%\mﬁfﬂwﬂw“\‘H A L
1 e
005, 5 10 15 20
005 : ; ;
. x'nﬁﬂlf\ﬁ‘ﬂﬁnm bea
0] O—ﬂVWﬁH v [\Hﬂ‘ﬂ’“lﬁ[&:"“"“' s ’
n‘H\wl |
005, 5 10 15 20
tis
3 Elcentro F

El Centro(SOOE) 23 4 F

5
El Centro

0
05 ‘ T T T
— i
y “wﬁlmwﬂlu
Z0
I} Y 1
Tl \HWHJ\J‘JI‘HH'
05 1 I L
0 5 10 15 20
1 T
L) g_,ﬂwm’ﬁ&“;‘}wl L
I AR
T 5 70 15 20
s
4 Elcentro F
200
100
Z
UE 0
1
-100 -
-200 . : .
a 5 10 15 20
300
200+
Z 100
oo
-100 -
-200 : . .
a 5 10 15 20
s
5 Elcentro F
El centro

[1] Yao JT P, Concept of structure control [J]. ASCE Journal
of Sructure Division, 1972, 98(ST7): 1567-1574.
(2 (D],
, 2003.



Proceedings of the 23rd Chinese Control Conference 355

[3] . Benchmark eigenstructure assignment in a class of second-order
[A]. [C] linear systems [J]. Automatica, 2002, 38(4): 725-729.
489-496 2003. [6] Duan GR, Wang G S, Liu G P. Eigenstructure assignment
[4] Mohamed A R, Horst H L, Structural Control by Pole n-a C'&?S of second-order Ilnear_ systems: A complete
Assignment Method [J]. Journal of the Engineering parametric approach [A]. Proceedings of CACSCUK [C],
Mechanics Division, 1978, 104(5): 1159-1175. Manchester, UK, Sep.20-21, 2002, 89-96.

[5] Duan G R, Liu G P. Complete parametric approach for




356

100871

The Discussion about Using Optimal
Control Method to Solve M echanical Problems

YeQing-Ka Liu Cai-Shan
(Department of Mechanics and Engineering Science, Peking University, Beijing 100871, China)

Abstract: The mechanical principals have two kinds of classification in classical mechanics: differential principals and
variation principals. The mathematic expressions of differential principas are differential equations, and the variation
principals can be expressed in the form of searching for the extremum of one mathematic function. Combining the
variation principals in mechanics with the direct methods of variation theory in mathematic, a new method that has no
any relationship with the differential equations of mechanical system may be induced. To illuminate the scheme of this
new method implement in mechanical problems, the plane contact problem is discussed in this paper. Finaly, the
advantages and disadvantages of this new method compared with the traditional finite element method mostly applied
to solve these complicated mechanical problems are presented.
Keywords: Contact Problem, Optimization, Variation Method
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Suboptimal L QR Problem:Controller Uncertainty
and Satic Output Feedback Controller

Xu Xiagjie
School of Electrical Engineering,Wuhan Univer sity,Wuhan,430072,China
E-mail:xiagjiex@public.wh.hb.cn

Abstract: This paper considers the connection between controller uncertainty and static output feedback controller for
suboptimal LQR problem.Necessary and sufficient conditions for the existence of the suboptima LQR controller with
controller uncertainty are given. Based on this, this paper shows how to use the result of suboptimal LQR problem with
controller uncertainty to solve the static ourput feedback suboptimal LQR problem, and gives necessary and sufficient
conditions for the existence of the static output feedback LQR controller

Key words: Optimal control, controller uncertainty, static output feedback.

1 INTRODUCTION

This paper considers the connection between
suboptimal LQR problem with controller uncertainty
and static output feedback (SOF) LQR problem. The
SOF problem is practically important and theoretically
appeding (Bernstein 1992, Blondel et al. 1995 and
Syrmos et a. 1997). Recently, several approaches have
been made for the SOF problems (Geromel et a. 1996,
Moheimani et al. 1996, Geromel et a. 1998, Cao et a.
1998, Cao et a. 1999, Crusius et al. 1999, Benton et a.
1999, Fridman et a. 2000, Kim et a. 2000,Leibfritz
2001,Garciaet al. 2003, Leibfritz et al. 2003).

Xu (2003) presented analytica necessary and
sufficient conditions for the existence of static output
feedback controller.The result of Xu (2003) leads to a
central solution of the admissible SOF controllers.

It should be noted that Kucera et al. (1995) presented
a necessary and sufficient condition for static output
feedback stabilizable.ln Kucera et al. (1995), using the
agorithm of Geromel and Peres (1985), an admissible
SOF controller is yielded.However,the convergence for
the algorithm of Geromel and Peres (1985) remained to
be proved.

Also, we note that Keel et al. (1997) showed that,
relatively small uncertainties/perturbations in controller
parameters could even destabilize the consider closed-
loop system. In order to design controller to be able to
tolerate some lever of uncertainty in its parameters,
Yang et a. (1999) ,Kim et a (1999) and Wu et al.
(2002) investigated the controller uncertainty problems.

The main purpose of this paper is to establish the
connection between the controller uncertainty and static
output feedback controller for suboptimal LQR problem.
Necessary and sufficient conditions for the existence
of suboptima LQR controller with controller
uncertainty are given. Based on this and the result of
Kucera et a. (1995) and the algorithm of Geromel and
Peres (1985), we give a solution of static output
feedback suboptimal LQR controller. Necessary and
sufficient conditions for the existence of suboptimal
LQR controller are given. Also, we show that the

condition of the convergence for the agorithm of
Geromel and Peres (1985).

The organization of this paper is as follows:in Section
2, we define the problems, and give some preliminary
results. Section 3 contains the mian results.

2DEFINITION AND PRELIMINARIES

Consider the controllable-observable linear time-
invariant system
XK= Ax+Bu (2.1)
y =Cx (2.2
where, xOR” is the dsate, uOR” is the control
input, yOR"is the measured output. A B,C are known
meatrices of appropriate dimensions.Assumethat r isless
than n.

Now, let us define the state feedback suboptimal
LQR problem with controller uncertainty and the static
output feedback suboptimal LQR problem .

(1) The state feedback suboptimal LQR

problem
with controller uncertainty:
Consider the controllable-observable system (2.1)-
(2.2) under the influence of state feedback of the form
u(t) = Kx(t) , K = (K +AK) (2.3
with the cost function

IRy = f(xT OQX(t) +u” (t)Ru(t))dt

where, Q>0 and R>0;a controllerK is said to define
a suboptima LQR controller with controller
uncertainty if  there exists a symmetric positive
definite matrix X such that
(A+B(K +AK))" X + X(A+B(K +AK))+Q

+(K +AK) R(K +AK) <0 (2.9)
for any admissible uncertainty AK .The controller
uncertainty considered here is assumed to be of
following structure:

AK = D,AE, (2.5)

where, D . and E , are known matrices of appropriate
dimensions, A IS an uncertain matrix satisfying
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NA<| (2.6)
with the elementsof A being Lebesgue measurable.
(2)The SOF suboptimal LQR control problem:
Consider the controllable-observable system (2.1)-
(2.2) under the influence of state feedback of the form

u(t) =Ky, y()
with the cost function

Ky )= I:&XT (HQX(t) +u’ (HRu(t))dt

where, Q>0 and R>0; acontroller K- issaidto
define a SOF suboptimal LQR controller if there exists
asymmetric positive definite matrix X such that
(A+BKg, €)' X+ X(A+BKy, €)+Q
+(KS() Q)T R(KS() g) < 0 (27)
The following theorem is from Kucera et al.(1995).

Theorem 2.1 There exists a static output feedback
suboptimal LQR controller iff for a sufficiently small
scalar ¢ >0, there exist rea matrices K and M

such that

SO F

R?(Ky, C+R'B"X)=H (2.8)

where, X is the rea symmetric positive definite
solution of

A'X+XA-XBR'B'X+Q+H'H+d =0 (2.9

It can be assumed without loss generality that
c= [c. c,] such that C, is invertibleand K =
[K, K,_].where,cOR*, C,_OR*™, K OR™,
K”_V O Rm)((n—r) .

Define the set of al admissible SOF controllers as

Q ={K,, ;A+BK,, ¢ asym. stable}
and the set of all corresponding admissible state
feedback controllers as
Q = {K :A+BK asym. Stable}

Xu (2003) has given a central solution of the
admissible SOF controllers as follows:

Theorem 2.2 Suppose that there exists a SF
controller K that belongs to the set Q , then
there exists a SOF controller K, , that belongs to the
set Q, iff the set Q,={K:K, =K C'C, }is not
empty.

Moreover, this admissible SOF controller K, , is
given by

KS() F: I<C(CCT)_l
Xu [26] has shown that there exists a stable
region near the central solution of admissible SOF
controllers if one assign the closed-loop poles to have
some level stability margin using the state feedback
controller. This result is demonstrated by the following

examplein Xu [26].

Example 2.1: Consider the system (2.1)-(2.2),its

parameter matrices are as follows:

18 0 10 1 00

A=fd5 2 05B=[ 15
B2 -1 158 @ 17

03 2 -0.71830
Ho 12 03892 F

The above system is controllable-observable and the
eigenval ues of open-loop system are as follows:
p, = 2.0058+1.4519i, p, = 2.0058-1.4519i,

p, = 1.2885;
thus the considered open-loop system is not stable.
(i) Let the desired closed-loop poles be as follows:
p, =-3.9023+1.3800i , p, = —3.9023-1.3800i ,
p, =-6.2324.

Then using MATLAB, we can find a state feedback
controller asfollows;

3114459 -11.8646 8.7010 [
H-16463 -6.9693 -0.92181

thus, K,_, # K,C.'C,_. In this timewe compute K, ,

using the formulas K, =KC"(CC")", thenK,, ,isas
+8.9924 5.1630 O

follows: Ky, = 0 and the eigenvalues
%" 311228 -3.98450

of A+ BK,, C areasfollows:

p, =-4.0046+0.6271 , p, = —4.0046-0.6271i ,

p, =—6.1521.
Clearly, AK = K, ¢ - K, isadmissible, the static output
feedback controller K, . that stabilizes A+BK , C

L +8.9924 5.1630 O
isgivenby K, .= 0}
—1.1228 -3.9845;
(ii) Let the desired closed-loop poles be as follows:
p, =—0.1058+1.4520i , p, = -0.1058-1.4520i ,
p, =-0.2885.

Then we can determine a state feedback controller
asfollows:
[+4.1018 -2.4851 0.5718 [0

* 7~ H 00987 -1.0043 -0.6040"

Thus, K, # K,C'C,_, ,at thistime, we still compute
K, » using the formula: K, =K, ¢"(CC’)™", then
K, »Iis as follows K, = Eﬁ(’%ilzg _Tg’:;Eand the
eigenvaluesof A+ BK,, C areasfollows:

p, =0.6505+2.8905 , p, = 0.6505—2.8905i ,

p, =-0.2972.
Obviously, AK = K, €-K, , is not admissible, and
A+BK,, € isnot stable.
Remark 2.1 From Theorem 2.2 it is evident that if the
set Q,={K:K,, =K,C'C,  } is not empty for

K =-R"'B"X ,where X is the rea symmetric positive-
definite solution of Riccati equation (2.9); then an
admissible SOF controller given by K, =KC(CC")™

leads to a central solution of the SOF LQR controllers.
3 MAINRESULT
In this section, first, we show that the result displayed

n=r?
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in Theorem 2.1 by Kucera et a. (1995) ignored some
condition.

For a sufficiently small scaar ¢ >0, The formula
(2.4) can be rearranged as follows:
A'X + XA-XBR'B"X +Q

+(K+AK -R'B"X)'R(K+AK -R'B"X)+d =0 (3.1)
It is clear that if K+AK =K, ¢ ,then (2.9) equals
(3.1).Together with Theorem 2.2, if the set Q, is empty,
then AK =K, ¢-K #0 .From the two definitions
displayed in Section 2, it is necessary that AK is
admissible for the existence of the suboptimal LOR
controller with controller uncertainty and the static
output feedback suboptima LQR controller. This fact
has shown that the result displayed in Theorem 2.1 by
Kucera et al. (1995) ignored the condition that AK is
admissible.

Based on the above, we correct the result displayed in
Theorem 2.1 by Kuceraet al. (1995) asfollows:

Theorem 3.1 There exists a static output feedback
suboptimal LQR controller iff for a sufficiently small
scalar ¢ >0, there exist real matrices K, ,and M

such that the following two conditions hold.
()AK =K, C+R'B"X (3.2
where, X is the real symmetric positive definite
solution of
A'X +XA-XBR'B'X +Q+AK'RAK +d =0 (3.3)
(i) AK isadmissible.
Moreover, this SOF suboptimal LQR controller is given
by
K, =-R'B"XC"(CC")™
Next,let us consider the state feedback suboptimal
LQR control problem with uncertainty. The solution of
state feedback suboptimal LQR control problem with
controller uncertainty involves the Riccati equation
A'X +XA-XBR'B"X + p’E[E, +Q+d =0 (3.9
where, o isapositive scalar;U = p’l —=D/RD, >0.
Now, we can state the necessary and sufficient
conditions for the existence of suboptima LQR
controller with controller uncertainty as follows:
Theorem 3.2 There exists a dstate feedback
suboptimal LQR controller with  controller uncertainty
iff for a sufficiently small scalar ¢ >0, there exists a
symmetric positive definite solution X that satisfies the
Riccati equation (3.4).
Moreover,if this condition is met,the state feedback
suboptimal LQR with controller uncertainty is given by
K=-R'B"X (35
Proof: Sufficiency: Suppose that there exists a symmetric
positive definite solution X that satisfies the Riccati
equation (3.4), let K=-R'B'X+D,AE, and A =
A+BK ,it follows from the square completion that
A X+ XA +Q+K'RK
= A'X + XA+ Q- XBR'B" X +AM (3.6)
where, AM = E/A' D} RD,AE, .
Notethat U = p’I -D/RD, >0 and
AM = E/N' D/ RD,AE,

=-E/A'(p’l -D/RD,)AE, + p’E/N'AE,
< P’E’E, (3.7)
By considering (3.6) and (3.7),we have
A'X+XA +Q+K'RK
< A'X + XA- XBR'B' X + p’E'E, +Q
and it follows from (3.4) that
A'X+XA +Q+K'RK <0
Necessity: Suppose that there exists a state feedback
suboptimal LQR controller with controller uncertainty,
i.e., there exists a symmetric positive definite matrix
X such that

(A+B(K +D,AE,))" X + X(A+ B(K + D,AE,))

+Q+(K+D,AE,) R(K +D,AE,) <0 (3.8
or

(A+BK) X + X(A+BK)+Q+K'RK +AM <0

AM = E/AN'D!(RK +B'"X) +(K'R+ XB)D,AE,

+E/N' D! RD,AE,

NoteU = p’l -D/RD, >0,it follows from the sguare
completion for the above formula that

AM = p’E! N AE, + (K'R+ XB)D,(p’l -D/RD,)"' D!
x(RK +B'X) - ((K'"R+ XB)D,(p’l -D/RD,)™ +E/A")
X(pzl - DZRDk)((pzl - DkTRDk)_l(RK + BTX) +AEk)
< p’E’E, +(XB+K'R)D, (0’| -D/RD,)"' D! (B'X +RK)
and

(A+BK) X+ X(A+BK)+Q+K'RK +AM

<(A+BK)' X+ X(A+BK)+Q+K'RK+p’E/E,

+(XB+K'R)D, (p*l =D;/RD,)™"D; (B" X +RK)

Thus, we conclude that there exists a symmetric
positive definite matrix X such that (3.8) holds if
there exists a symmetric positive definite matrix X
such that
(A+BK) X + X(A+BK)+Q+K'RK + p’E/E,
+(XB+K'R)D,(p’l —-D/RD,)"'D/(B'X +RK)+d =0
or

A'X +XA-XBR'B'X + p’E/E, +Q+d =0
K=-R"'B"X
where, g isapositive scalar;U = p’l -D/RD, >0.

Next,we establish a connection between the controller
uncertainty and static output feedback controller for
suboptimal LQR  problem , and show how to use the
result of suboptima LQR problem with controller
uncertainty to solve static output feedback suboptimal
LOR problem.

Theorem 3.3 Suppose that there exists a factorisa-
tion of AK =K, C+R'B'X =K(C'(CC")'C-1)=
D,AE,, where, K=-R"B"X and X is a symmetric
positive definite solution to (3.2) and (3.3). Then there
exists a SOF suboptimal LQR controller iff there
exists a symmetric positive definite solution to the
Riccati eguation (3.4) for any admissible controller
uncertainty AK that satisfies (2.5) and (2.6).

Moreover, this SOF suboptimal LQR controller is
given by
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K, =—-R'B"XC"(CC")"

so K
It is clear that Theorem 3.3 does not say how to
determine the real matricesD, and E, . However, In

Kucera et a. (1995), the algorithm of Geromel and
Peres (1985) is used to iterate the Riccati equation (3.3)

up until a controller uncertainty AK,_ =R *H is found

that satisfies the constraint (3.2).This agorithm can be
used to determine the real matricesD, and E, .

Step 1:Fix the two weighting matrices Qand R,
a sufficiently small positive scalar ¢, set i=0, and
AK, =0.

Step 2:Solve the equation

A'X + X A-XBR'B"X, +Q+AK/RAK, +d =0
for X, symmetric positive definite.

Step 3:Set AK,,, =-R'B"X (C"(CC")"'C-1)
increase i by 1 and goto Step 2.

If AK,,AK,,AK,,A converges ,say to AK, ,and AK,
is admissible, then the sequence X,,X,,X,,A

converges, say to X, the both (3.2) and (3.3) are
satisfied for

K, =-R'B"XC’(CC")"
and AK, isgiven by
AK, =-R"'B"X(C"(CC")"'C-1).
Moreover, we factorize AK as follows:
AK, =-R"'B"X(C"(CC")"'C-1) =D,AE,
where, A, is constant matrix that satisfies
NA <

Since AK, hasthe same structureas AK that satisfies
(25) and (2.6), the real matrices D, and E, are
obtained using the above algorithm.
Proof of Theorem 3.3: Sufficiency:suppose that there
exists a symmetric positive definite solution to the
Riccati eguation (3.4) for any admissible AK =D,AE, .
By Theorem 3.1, A+ B(K +AK) = A+BK,, ¢ is asym.
stable for K+AK =K, ¢ withK =-R"B"X and K, =
-R'B"XC’(CC")™.

Using the same argument as in the sufficient part of
the proof of Theorem 3.2, we obtain

A'X + XA +Q+K'RK <0
or
(A+BK,, €)' X+X(A+BK,, )+Q
+(Ky €)' R(Ky, €) <0

Necessity: suppose that there exists a SOF
suboptimal  LQR controller , then there exists a
symmetric positive definite matrix X such that

(A+BK,, C)" X+ X(A+BK,, €)+Q
+(Ky €)' R(K,, €) <0

Note that the above formula equals the following one

(A+B(K +D,AE,))" X + X(A+ B(K + D,AE,))

+Q+ (K +D,AE,) R(K +D,AE,) <0
if AK =K, C-K =D,AE, isadmissible.

Using the same argument as in the sufficient part of the
proof of Theorem 3.2, we conclude that there exists a
symmetric positive definite matrix X such that

A'X +XA-XBR'B'X + p’E'E #Q+d =0
and the state feedback suboptimal LQR with controller
uncertainty is

K=-R'B'X

If AK =K(C"(CC")"'C-1)=D,AE, is admissible,then

one solution to the SOF suboptimal LQR controller is
K, =KC’'(CC")™".

SO F
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