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Abstract:In this paper we present a simple hybrid control for stabilization of a prototypical nonholonomic system, the

computer simulation is provided to verify the efficiency of this hybrid control.
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1 Introduction

Nonholonomic systems most commonly arise in
finite dimensional mechanical systems where
constrains are imposed on the motion that are not
integrable in the sense that the constant can not be
written as time derivatives of some smooth function
of the generalized coordinates. Nonholonomic
control systems result from formulations of
nonholonomic systems including control inputs,
which have been studied extensively in the
literature. An important feature of such nonlinear
control systems is that such control problem is not
amenable to methods of linear control theory, and
more than that, even the conventional theory of
nonlinear control systems fails to treat some of
nonholonomic control problems. For instance, quite
alot of nonholonomic systems can not be stabilized
by time invariant smooth state feedback due to a
famous result on necessary condition for
stabilization by Brockett [1]. To overcome this
problem, several approaches have been proposed to
stabilize the origin of (1) in the literature. Typica
among these are discontinuous time invariant
feedback control, time varying feedback control,
and logic-based hybrid feedback control methods
[2-6].

In this paper we consider the following well
known nonholonomic integrator which is derived
from wheeled mobile robot model:

.
% =u, D

HE= x,u,

Our hybrid control is simpler comparative to the
hybrid and periodic feedback control proposed by
[5] and the logic-base switching proposed by [6]

2 A hybrid control design for non-
holonomic integrator

The purpose of this paper is to design a feedback

hybrid control law u =[u1,u2]T to stabilize the

origin of (1), where u = [ul,uz]T is designed to be
of the following form

Uy = ApyX, PO{123, 2

where p(t") = (x(t), p(t)) is transition or

switching function between the given control laws,
which is right continuous. Our control designed is
in fact alogic based hybrid control.

Let the control matrices be of the form

00 10 @ -0
A= A= 0 a<o,
[D-l OED [Dﬁ ar

0 -1
A, = ! 3
3 H 0[ ()

Then switching among these three control
matrices is determined by the transition
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function defined as follows:

p(t") =J(x(t), p(t )) =1,if p(t)=2 and
224{|x||2 (4a)
p(t") =J(x(t), p(t )) =2,if p(t)=1 or 3,

and —|x|° < z<|¥’ (4b)

p(t") =J(x(t), p(t ))=3,if p(t)=2 and
z< —Zl“x"2 (40)

Note that for initial conditions (X,z) satisfying

X =0 the above control with the transition law
(4a)-(4c) can not stabilize the origin, therefore for
such initial conditions one first design a control law
to drives the initiadl conditions away from the
Z -axis. For instance, one can et

u= [Cl,Cz]T # Ofor a while then convert to the

transition law (4a)-(4c)

Finally, for initial conditions

(x(0), z(0)) satisfying z(0) 2 4|x(0)[", the initial

discrete state is taken to be p(0) =1; for initial

conditions (x(0), z(0)) satisfying
~4xO)" <20 <4xO[",

the initial discrete state is taken to be p(0) =2;

and for (x(0),2(0)) satisfying z(0) < —4|x(0)[”

theinitial discrete state istakento be p(0) = 3.

To see this hybrid control works well, let us proceed
with the following discussions.

11fz2 4X|*, take u, =A,x thenwe have

xe
9% =-
P —x

The general solution with initial

condition (CO,Cl,Cz) is

X, =C,cost+c sint, Xx,=-c,sint+c, cost,

z=c,c 08’ t—1(c,” —¢,°)sin2t
_%(Co2 +C12)t_CoC1 +tC,
2.1t= x| < z<|¥|°, take u, =A,x thenwe
have
gsf:mﬁ_l[”xz
& = Bx +ax,
e %, (B + ax,)

The general solution with initial

condition(co,cl,cz) is
X =C,e" cosPt—ce”sin A,
X, =C,e”sinBt+ce” cosB, and

2 2
c,”+cC
z=1c,c,e™ cosZBt+—( 0 2 ) B(ez"t -1
a

Cc,C
_ 01_|_C2
2

31tz 4" take u, =A,x, wehave

=
D&% =X
e
and the general solutionis

X, =C,cost—c,sint, X, =c,sint+c, cost

z=c,c cos’t+1(c,” —¢%)sin2t
-"%(Co2 + 012)t ~CoC 6y

From above formulas one can prove the asymptotic
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stability of the closed loop system when hybrid
control is applied, the proof overloaded with details
isomitted here. For details see[7].

3 Computer Simulation
Note that the four surfaces z = 4||X||2 , Z :||x||2,

z=—||x||2 and z=—4{|x||2 play the role of

making transition among the different control laws.
To demonstrate that the hybrid control designed
does work well, let us take initial vaue

(x(0),z(0)) = (1,1,20), p(0)=1 for instance,

and let a =-1,8= 1, the simulation is illustrated in

the following figures.
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Fig.1 Thefour transition manifolds (surfaces)
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Fig.2 Thetrgectory tendsto the origin in state space.
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Fig.3 The projection of the trgjectory onto
the X; X, plane.
The solid line indicates the dynamics of the
controlled system with U = Alx, and the dashed
line indicates the dynamics of the control system

with control U, =A,X.

4 Conclusion

We have given a logic-based hybrid control law
which is simpler than the other control laws
designed for this nonholonomic integrator. We
provide a computer simulation to demonstrate the
efficiency of this control law , As for the rigorous
proof, we are developing a general theory [7 ]that

includes the result of this paper as a special case.
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Abstract. The analysis of the time separation of events is a fundamental problem in design
and evaluation of asynchronous circuits and other real-time systems. Important progresses
have been made based on the event rule system model. In this paper, we report a sufficient
and necessary structural condition for the boundedness of time separation of events in cyclic
event rule systems with both min and max constraints, i.e. uniformity.
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1. Introduction

Analysis of time separation for event rules systems
plays a key role in developing asynchronous circuits.
Since the framework of event rule systems was intro-
duced for performance analysis of asynchronous cir-
cuits by Burns in [1], many advances have been made.

For acyclic event rule systems, the problems of inter-
ests include:

A1. Develop algorithms to determine the exact time
separations of given pairs of events.

A2. If the exact determination of separation is hard,
develop fast approximation algorithms.

For A1, in [2], a polynomial algorithm to calculate ex-
act time separations was developed for acyclic event
rule systems with max-only constraints. It was also
shown in [2] that the exact time separations for gen-
eral acyclic event rule systems with both min and
max constraints are NP-complete to determine. In
[3] and [4], algorithms are developed for analyzing
acyclic systems with max and linear constraints. The
algorithms are conjectured to run in polynomial-time.
The exact complexity of the max and linear problem
is unfortunately, unknown. For A2, in [5], McMillan
and Dill’s time separation algorithm was extended to
acyclic event rule systems with both min and max
constraints.

For cyclic event rule systems, the problems of interest
include:

C1. Establish conditions under which the long-term
time separations of events are bounded.

C2. Develop algorithms to determine time separa-
tions of events or their upper bounds.

For C1, based on a modification of McMillan and
Dill’s time separation algorithm and deep algebraic
observations, [6] established that for a class of cyclic
max-only event rule systems known as well-formed
(See [7] for the original definition of well-formed sys-
tems.) strongly connected systems, the long-term
time separations are bounded. [5] extended the no-
tion of strong connectivity for well-formed max-only
event rule systems to the condition of tightly coupled
for well-formed event rule systems with both min and
max constraints and proved that the long-term time
separations are bounded for well-formed tightly cou-
pled systems. For C2, in [8], a polynomial-time algo-
rithm was described for approximate timing analysis
of max-only systems with repeated events. [6] pro-
posed an exact algorithm to determine the exact time
separations for cyclic well-formed strongly connected
max-only event rule systems. In [5], pseudopolyno-
mial algorithm was proposed to determine an upper
bound for the long-term time separations of events
for cyclic event rules systems with both min and max
constraints.

In this paper, we concern C1 and present a new
boundedness condition on long-term separations for
cyclic event rule systems with min and max con-
straints. The new condition is captured by the notion

"This work was supported in part by NSFC(Grant No.60074012,60274011), National Key Project of China, Fun-
damental Research Funds from Tsinghua University and Chinese Scholarship Council, Ministry of Eduction of China.

Email:zhaoqc@tsinghua.edu.cn
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of uniformity which was introduced in [9] in the con-
text of stochastic min-max systems. We first present
the formal definition of uniform systems and show
that the tightly coupled systems proposed in [5] are
a special class of uniform systems.

2. Basic definitions

We follow the notations of [5] on the cyclic timing
constraint graph representations of event rule systems
and the notations of [10] on min-max systems.

A. Cyclic Timing Constraint Graphs

A cyclic timing constraint graph is a directed, labelled
graph G = (V,E). In general, the graph has two
components—an acyclic component modelling the be-
havior of the system immediately after it is powered
up or reset, and a cyclic component modelling the
subsequent repeated behavior. A vertex in the acyclic
component represents a single occurrence of an event,
whereas a vertex in the cyclic component represents
infinite occurrences of an event. As in [5] and [7],
let us denote the k-th occurrence of event v by v
and call k the occurrence index of vy. vy is under-
stood as the first occurrence of v. For convenience,
we do not distinguish between a vertex and the event
represented by the vertex. It is assumed that there
is a unique RESET event (also known as the root)
which has no incoming edges. The set of vertices V' is
divided into two disjoint subsets: the set of min ver-
tices (shown as circles in figures) and the set of max
vertices (shown as squares in figures). The types of
timing constraints are different for min and max ver-
tices. More specifically, every edge, (u,v), from u
to v represents a timing constraint caused by u on
the occurrence of v which is quantified by the inter-
val label [dy v, Dy ] on the edge. The delay, denoted
by 6., in the propagation of the effect of event u
to the component that generates event v, can take
any value within the fixed lower bound d,, and up-
per bound D, ,. For the bounds, we assume that
0 <dyy < Dy < +00. Let 7, denote the time of
occurrence of event vy. The mathematical formula-
tion of the timing constraint for min and max vertices
can be given as follows. If vy is a max vertex, then

To, = Mmax  (Ty + Oy )s

du,’uk S 5u,vk S Du,vk7
u€preds(vy)

(1)
where as usual, preds(vg) is the set of vertices hav-
ing an edge to vx. Sometimes, we use T, =
MaXyepreds(ve) (Tu + [du,vy s Duy,]) for short. If vy is a
min vertex, the timing constraint for vy, is

To, = min (74 + Oy )s

k du,vk S 5u,vk S Du,’ukc
u€preds(vy)

(2)
and we write 7, = minuepreds(vk)(m + [du,vy s D))
for short. The set of edges is also divided into two

disjointed subsets: the set of marked edges and the
set of unmarked edges. The timing constraint on a
marked edge from u to v is effective for the occur-
rence time of uy on the occurrence time of vi41 but
for unmarked edge from u to v, it is effective for the
occurrence time of u; on the occurrence time of vy,.
Now, we see if every delay is assigned a value within
the corresponding interval, the time of occurrence of
every event is uniquely determined. As pointed out
in [5], the timing constraint graphs cannot model sys-
tems with conflict or choice.

Definition 1 [5][7] A timing constraint graph is
well-formed if every cycle has at least one marked edge
and for every event v in the cyclic component, there
exists at least one cycle with exactly one marked edge.

Example 1 Figure 1 is an example of cyclic timing
constraint graphs. It is inspired by an example in [11].

A well-formed cyclic timing constraint graph G can be
equivalently represented by an infinite acyclic graph
known as its unfolded graph G*(See [7] or [5] for de-
tails). As an example, the unfolded graph G* of the
graph G in Figure 1 is shown in Figure 2.

B. Uniform Systems

In the unfolded graph G* = (V*, E*), define a path
from u to v as a sequence of one or more events
(t,...,2,y,...,v) such that (x,y) is an edge in E*
for each pair of consecutive events x and y in the se-
quence. We assume that (u) is a path from event u to
itself. Event v is said to be reachable from w if there
is a path from u to v. v is said to be reachable from
a set of events D, if there is a v in D such that v is
reachable from u. The set of events that are reach-
able from D is denoted R(D). The set of events that
are not reachable from D is denoted R'(D). A finite
set of events D is called a cutset of G* if every path
from RESET to every event reachable from D pass
through at least one event in D. We introduce the
following mild assumption on the structure of G* as
used in the definition of tightly coupled systems [5].

Assumption 1 There exists a sequence of cutsets C;
for all i > 1, that satisfies the following properties:

P1 there are finitely many events that are not
reachable from Cf.

P2 foralli>1,
C; = {’Ui v € Cl}

P3 for all i different from j, C; is disjoint from C;.
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In the rest of this paper, we only consider systems
satisfying Assumption 1. Let G; = (Vi, E;) de-
note the subgraph between C; and Cj;1, namely,
V; = R(CZ) n (R'(C’H_l) @] C¢+1) and El = {<’U,,?}> 5
u,v € V; and (u,v) € E*}.

One obvious but extremely useful fact about the
structure of timing constraint graphs with min and
max events is that for each timing constraint graph
G, we can associate a unique Monotone Boolean net-
work G which we refer to as the skeleton of G in the
following. By monotone, we mean only two logical op-
erations OR and AND are involved. For each event v
in G, if v is a max event, then v is assigned as an OR
vertex in G; if v is a min event, then v is assigned as
an AND vertex in G. In G, all delay labelled on the
edges of G are simply dropped and keep the marked
edges as marked and unmarked edges unmarked. The
notions of acyclic component, cyclic component and
the unfolded graph are defined in the obvious way.
In the unfolded graph G*, we attach a value Oy, to
each vertex v,. These values are determined in the
following way. If v; is an OR vertex, then

Oy, = vueprcds(vk)gu» (3)

Here V is the logical operation OR. Similarly, if v is
an AND vertex,

Oy, = /\ueprods(vk)au‘ (4)

Here A is the logical operation AND. Note if we re-
gard the Boolean space as a subset of real space, V
can be interpreted as max and A can be interpreted
as min.

Denote X; = (O'ui,ui € Ci)nxl € B™ where n = |02|
It is evident from the construction of G* that the
values X; can be expressed as a monotone Boolean
function of X;. Denote this function F*~!. By def-
inition F° is the identity function. In terms of the
composition of functions, it is easy to verify that
F' = F(F71), for all i > 1. For the example in
Figure 1, we have

Oay V (Ub1 A 001)

Xo=F(Xy) = Oay, V Op, V O¢, ,
Oay V Op, VO,
~ Oay V Op, VO,
X3=F*(X;)= | 04, Vou Voo,

Oay V Ob, VO,
where X; = ( 04, o, ¢ )7
Definition 2 A well-formed cyclic timing constraint

graph G satisfying Assumption 1 is said to be uni-
form, if there exists a non-negative integer r > 1 and

a monotone Boolean function g(X1) : B — B such
that for all X; € B™,

F'(X1) = g(X1)1, (5)

where g(X1)1 is an n-dimension vector whose ele-
ments are uniformly g(X1). n is the size of Cy. The
minimal such integer r is called the height of G.

The system in Figure 1 is uniform since Assumption
1 is satisfied and F?(X1) = \/,, ¢, 0u, 1. Recall the
definition of tightly coupled systems introduced in
[12] and [5].

Definition 3 [12][5] A timing constraint graph is
tightly coupled, if the unfolded graph has a sequence
of cutsets, C; for all i > 1, such that Assumption 1
and the following condition is satisfied:

P4 for every u in C; and every v in C;y1, there ex-
ists at least one path from u to v, such that all
events along the path are associated with max
constraints.

Proposition 1 Tightly coupled systems are uniform
systems with height r = 1.

Proof. Omitted.

From Proposition 1, we can find that tightly coupled
system is a special case of uniform system. And not
all uniform systems are tightly coupled. In the sys-
tem of Figure 1, there is no path from b; and ¢; in C
to ag containing only max events, so it is not tightly
coupled. But as we have shown before, it is a uniform
System.

C. The problem

The time separation problem for general timing con-
straint graphs is determining upper bounds on the
time separations of all ordered pairs of events in G,
maximized over all i > 0.

3. The main results

Before we show the boundedness results, we need
define some convenient notations. Assume |C;| =
n and |G;] = m. Denote A;(u;,v;) as the ex-
act bound of time separation from the event u; to
v; in C; and let A; = (A;(ui,v;);ui, v € Ci)nxn-
Similarly, define Q;(u;,v;) as the exact bound of
time separation from the event u; to v; in G;
and Q; = (Q(us,vi);ui,vi € Gi)mxm. Denote
I(u) as the set of paths from events in cutset C
to u. The shortest and longest path lengths to
u, denoted l(u) and L(u), are defined as follows:

Z(U) = minPGH(u)(E(z,y)alongPdm,y) and L(u) =
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maxPEH(u)(Z(m,y)along pDay).  Let Af(uivi) =
L(vi) = Uus) and A} = (Af (ui, vi); ui, vi € Ci)nxn-

The problem in Section II can be decomposed into
two problems below:

1. Compute the upper bounds of Q; for all i =
O, ceey Ko;

2. Compute the upper bounds of €; for all i >
Ko+ 1.

The first problem relates to the initial behavior of the
system while the second one relates to the long term
behavior. Since the first problem corresponds to a
finite unfolding graph, its upper bounds must be fi-
nite for the systems with finite edge delays. So the
second problem becomes the key part to determine
whether the upper bounds of €;(u;,v;) are finite or
not. Furthermore, if the upper bounds of A;(u;,v;)
are finite, the bounds of Q;(u;,v;) must be finite for
the system with finite edge delays. So the key point
of boundedness condition is to study the long term
behavior of A;(u;,v;). For uniform systems, the up-
per bounds of A;(u;,v;) are finite as shown in the
following theorem.

Theorem 1 Let G be a uniform system with height
r.  The value of A;(us,v;) is bounded above by
AF L (Upg1,vp41) for all i > 7+ 1 and ug,v; € C;
regardless of the value of A;.

Proof. Omitted.

From Theorem 1, Q;(u,v) (# > r + 1) must also be
finite for all uniform systems. A nature question is
raised here, i.e., how about the long term behavior
of non-uniform system. It can be answered by the
theorem below.

Theorem 2 For all non-uniform systems, there
must exist at least one pair of events u;,v; € C; such
that A;(u,v) becomes +oo with some special edge de-
lays when i goes to +o0.

Proof. Omitted.

From Theorem 1 and 2, we can conclude the unifor-
mity is a sufficient and necessary structural condi-
tion for the boundedness of time separation of events
in cyclic event rule systems with both min and max
constraints. It should be noted that the non-uniform
system may still have bounded time separations for
specific set of edge delays.

4. Concluding remarks
In this paper, our main contribution is identifying a

sufficient and necessary structural condition for Prob-
lem C1. For Problem C2, based on Theorem 1, we

will develop algorithms to get finite upper bounds for
all uniform systems.
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Abstract: In this paper, we consider robust control problems for a class of semi-Markov control processes (SMCPs)
with dependent or independent uncertain parameters, and focus on the application of global optimization methods to
derive the optimal robust control policy. Different global optimization methods, such as smulated annealing and filled
function approaches, are adopted respectively in the cases of both discrete and continuous parameter (or policy) spaces.
The numerical examples show that, with the application of these global optimization methods, an average-cost problem

isthe limitation of a discounted problem as the discount factor goes to zero.
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The NDP Optimization of Markov Decision Processes Based
on TD(0) L earning and Perfor mance Potentials

Yuan Jibin, Tang Hao, Han Jianghong
(School of Computer and Information, Hefei University of Technology, Hefel 230009)

Abstract: We discuss the reinforcement learning-based optimization methods of Markov decision processes (MDPs)
using the Markov performance potentials. By one uniformized chain of a MDP and the approximation representation of
performance potentials with a neural network, we focus on the critic model of neuro-dynamic programming (NDP)
methodology. We derive parameterized TD(0) learning rules and parameter-updating formula for both average criteria
and discounted criteria problems, and discuss the potential-based approximate policy iteration agorithms. Finaly, a
numerical example is provided, and the results show that the average-cost criteria is the limitation of discounted-cost
criteria as the discount factor goes to zero for our NDP optimization.

Key Words. Markov decision processes, performance potentials, TD(0) learning, neuro-dynamic programming
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