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Part One

M echanics



Chapter 1
Kinematics

Kinematics is the study of the geometry of mation: it deals with the mathematical description of
mation in terms of position, velocity, and acceleration. Kinematics serves as a prelude to dynamics,
which studies force as the cause of changes in mation.

8 1-1 Frame of Reference Particle

1. Frame of reference coordinate sysem

The world we live in is made of matter, from the largest bodies, such as the earth, one dof the
nine planets in solar system, the galaxies and the entire universe, to the smallest particles, such
as molecules, atoms and subatomic particles. eections and nucleus composed of pratons and
neutrons, each praton and each neutron is made of two kinds of quarks , called up quark and down
quark. Although the objects above differ in sizz by a factor of more than 10", they have a
universality—being in endless mation, and from this point of view, we say that the mation is
absdute.

In the remainder of this chapter we shall discuss the pasition and the speed of various objects.
To do this scientificaly we mug firsd answer the question® postion with respect to what?” and

“ veocity with respect to what” ? If we choose different objects as the reference to describe the motion
of a gven body, the indications will be different. For example, if you stand on the ground in atrain
station and let a ball drop freely from your hand, the motion of the ball seems to be along straight
line by you, but along a parabda of trgectory projected horizontally by the observer seating in a
moving coach passng through the station. From this point of view, we say that mation is a relative
concept and it must always be referred to a particular body that serves as a reference chosen by the
observer. Snce different observers may use different frames of reference, it is important to know how

The nine planets of solar system include the inner planets. Mercury, Venus, Eath and Mars; the outer planets: Jupiter,
Saturn, Uranus, Neptune and Pluto. The sunisin the center of solar system.

There are so many galaxies in the universe that there are about 2. 3x 10° galaxies in an angular patch of the sky, 40° by
40°. They are in at a middle distance, a about 1.4x 10° li ght-years from the Earth. Our sun is in a spiral galaxy: the Galaxy of the
Milky Way. The total number of stars in our own galaxy is about 10™. Thesun isin e of the spiral arms.

The quarks within protons and neutrons are of two kinds, called up and down. The proton consi sts of two up quarks and one
down quark bound together; the neutron consists of one up quark and two down quarks bound together. Besides these two kinds of
guarks, physicsts have discovered four other kinds, called by quaint names Srange, Charmed, Top and Bottom. These quaint quarks
do not occur in pieces of ordinary matter, they can only be manufactured under exceptional circumstances in high-energy collisions

between subatomic particles.



observations made by different observers are related. For example, when we discuss motions on the
surface of the earth, thisis the most casesin our course, it is convenient to take the earth’ s surface
as our frame of reference. For the mation of the earth or ather planets, a particular set of sars called
fixed stars, for ingance, sun is a good choice, whereas for the motion of the electrons in an atom,
the nucleus of the atom is preferred. You are free to choose the frame of reference, but in all cases
it is necessary to specify what reference frame is being used and you must aways be aware of your
choice and be careful to make al your measurements with respect to it.

In physics a frame of reference is usualy pictured in terms of a coordinate system, congsting of
three mutually perpendicular axes, caled the X, Y and Z axes, relative to which paosition in space,
velocity, accederation and orbit can be specified. These three axes intersect at the origin ( O) of the
coordinate system. In Fig. 1-1, let us consider two dbservers, one of them on the sun and the ather
on the earth, both dbservers are sudying the same motion of an artificia satellite of the earth. To the
observer usng frame X'Y'Z', the satelite appears to describe an almost circular path around the
earth. To the solar dbserver using frame XYZ, the satelite’ s orbit appears as a wavy line.

/l §
Path of
salellite relative

| arth

1o the sun
Path of ~=— Arificial
alh o T-ﬁﬁ— -.Ll:]||l|
satellite relative ——r

1o the earth T

\
o _ 1/
Sun Path of

X earth relative
to thie sun

Figure 1-1 Orbit of a satellite reative to the earth and the sun.
The wigdes in the satellite’ s orbit are greatly exaggerated here.

2. Particles

The moving dbjects that we might examine are among countless possibilities. We shal redrict
our concentration on a simple case—translational mation of a particle first, which is defined as the
change of pogtion of the particle as a function of time. In the case of an ideal particle—a body with
mass, but with no size and no shape, therefore postion as a function of time gives a complete
description. We can represent an object as a particle ( that is as a mass pant) if every small part of
the dbject moves in exactly the same way. The concept of particle is an idea model, the motion of
objects are usually more complicated. In some circumstances we are not interested in the sze,
orientation, and internal structure of a body, we can treat the body as a particle, concentrate on its

2



translational mation and ignore al the other motions. For example, we can describe the mation of a
ship sailing dowvn a river or a car traveling on a street as a particle mation—for maost purposes it is
sufficient to know the pasition of the center of the ship or the car as a function of time.

You must be aware that an object can be treated as a particle in one situation but not in
another. The earth behaves pretty much like a particle if we are interesed only in its orbital motion
around the sun. If we sudy the rotation of the earth ( revolve on its omn axis) , however, the earth
is nat a particle a dl.

It isa very useful method in physics to simplify an object as an ideal model which helps us to
sdve the mgor problem in a subject. You will use more idea models in the other parts of this
course.

3. Time interval and time

It is necessary to diginguish two concepts, time interval and time. When we say time in
physcs, we mean a give ingant. For example, some scheduled flight takes off at 8 00 am from
Beijing, lands a 11 00 am on Kunming, 8 0’ clock isan instant and so is11 o' clock. The 3 hours
that the whole flying lasts is a time interval. The position of a moving particle is corresponding to a
given instant labeled with t while the distance it passed is coresponding to a given time interval
labeled with At.

8§ 1-2 Postion Vector and Displacement

1. Podtion vector

When we describe the mation of a particle, the firs i ~
guesion is“ Where is it?” . In three dimensiona world, we “»HT
need a vector to answer this quegsion. We locate a particle by ¢ / I

"
I
1
|
|

a vector r, extending from the origin of the coordinate sysem | o

to the particle’ s postion as in Fig. 1-2. Thus, :/ T
r=x +yj+zk (1-1) S 4

in which, i, j and k are unit vectars and X, y and z are the 7
components of the vector r. The components can be pasitive,
negative or zero. Figure1-2 Position vector

We shall define position, displacement, veocity and acceleration for the general case of three
dimensions. To simplify the figures, we shal illustrate them in two dimensions in the rest of this
chapter.

2. Podgtion function

Mechanica mation is defined as the process of change in position with time. In principle, the
paosition vector can be correlated with the time by means of a vector function



r=r(t) (1-2a)
Its three components are written by the falowing scalar functions
x=x(t), y=y(1), z=21) (1-2b)
Eq. (1-2a) or (1-2b) isdefined as the position function that determines the location of a particle at
any given time. Combining Eq. (1-1) and (1-2b), we have
r=x(t)i+y(t)j+zAt)k (1-3)
which is equivaent with Eq. (1-2a and ( 1-2b) .
The path equation can be dbtained by eliminating t from Eq. (1-2b) :
f(x,y,2 =0
If the path of a particle is a straight line, the mation is called as a rectilinear motion; if the path is
a curve, the mation is called as a curvilinear motion.

3. Digplacement

Displacement is the change in podtion during a given time interval. In Fig. 1-3, at timet the
particle is a pant A, given by postion vector r = OA. At a later time t,, the particle will be at B
with r; = OB. Although the particle has moved aong the arc AB = AS, the displacement is the
vectar given by

AB = OB - OA

or Ar =, - r1 (1-4)
¥ As Note that displacement indicates the change in postion,
A
p B not the path length over the same time interval. Displacement
Ar

IS a vector, its magnitude | Ar | is the length of the chord
r AB; path is a scdar As = AB, the length of the arc AB. In
most cases, |Ar|# As ( Fig.1-3), only in the limiting case

0 ¥ At-0, |Ar| can be regarded equal to As. For example, a
man walks from point A dong the rim of a circle of radius R

Figure 13  Displ t Ar duri N : '
igure \placement Ar duing . - haf a round, his digplacement is 2R, but path is TR. A

time interval At. ) . . . .
particle moves back and forth in x axis for one periad, its

displacement is zero, but path equals to 2A (A is the amplitude) . You should also be aware of the
difference between |Ar | and Ar.

8 1-3 Vdocity and Acceleration

1. Vdocity

The second quedtion to describe the mation of a particle is* How fast is the change of
position?” . If Ar isthe displacement that occurs during the time interval At , its average velocity for
this interval is defined as



v = 4r
At
The direction of average velocity paints in the same direction of displacement ( Fig. 1-3) ; the
magnitude of it equas |Ar|/At. Obvioudy, average velocity is related to the specified time interval
At, and it takes into account only the net displacement in the time interval At, ignores the details of
the motion, and gives no credits for back and forth mation or the length of the path.

To describe the mation of a particle a a gven timet or at a given pant, we must make At very
small. The instantaneous velocity at time t is dotained by evauating Ar/At in the limit that At
approaches zero
= lim ar

st-o At
Thus, the instantaneous velocity is defined as the time derivation of the pogtion vector.

_ dr
% = ot (1-5)

Direction of ingantaneous velaocity:

To determine the direction of v a A, let us see Fig.
1-4, When At approaches 0, point B approaches point
A, as indicated by B', B",... With the vector AB
changing continuously in both magnitude and direction,
in the limit when B is very close to A, AB = Ar
cancides in direction with the tangent at A, therefore,

the instantaneous vel ocity is a vector tangent to the path,
and points to the advance direction.

Magnitude of instantaneous velocity: Figure 1-4 The velocity is tangent
Substituting r from Eq. (1-3) into Eq. (1-5) gives to the path a A
_d _dx ,dy |, dz _
vV = dt(X|+yj+zk) dt|+dtJ+dtk (1-6)
or V = Vi +Vj) +vk (1-7)

As we see, the three components of the velocity vector are gven by

dx dy dz
= ==, ==L vy == 1-8
T T e T e (1-8)
and the magnitude of the velocity is
v Mo+ Y (19

For the case of the mation in a plane, ange 6 formed between v and + x direction is determined by
tgd =v, /v, as shown in Fig. 1-5, usually used to indicate the direction of velocity.

Velocity and speed:

On the other hand, the magnitude of velocity vector can be written as

v=| vl =| &= imArl ( 1-10)
dt at-o At

Let As represent the path length over At, which is given by the length of the arc AB ( Fig. 1-3) , and
the closer B is to A, the closer the magnitude of Ar isto As, that is



lltm AS =1
therefore vV = IimJAL = IimA—S _ Os (1-11)
ateo At as-0 At dt

where As/At, the path length divided by the time taken, is
cadled the average speed, so ds/dt is the ingantaneous

X :
! speed. Note that speed is a scalar, and Eq. ( 1-11) means

Figure 1-5  Velocity in two dimension that the magnitude of ingantaneous velocity equas
ingantaneous speed, which can be briefly called as velocity
and speed.

The unit of gpeed is m/s, that is, meter per second in 9 system.

Example 1-1 The position of a particle moving in x-y plane is given by x =R + Rcos wt, y =

Ranwt, haee R=1m, w= %/s.

Calculate: (1) The path function f( x,y) =0;
(2) Veocity at any time;
(3) Pogtion vector at t =0 and t =65, the displacement Ar and path length As
during this time interval.
Solution
(1) Rearrange the podtion function as
X - R = Rcoswt
y = Rsinwt

then we have (x-R)2+y2:R2
This is the path function of a circle with radius R and the
position of center locates a ( R,0) as Fig. 1-6 shows.

_ax_ : _dy _
(2) vx—OIt = - Rwsnwt vy—dt—choswt

vV = - Rwsinwti + Rwcosuxj

T
V= Jvi +V,s= Roo:Im/s

which means that the mation is a circular motion with constant speed. The angle 6 between v and

Figure1-6 for example 1-1

+ X direction is gven by
tgl = v, /v, = - ctgwt
By ingpection of the signs of v and v, at the particular time, you can determine which quadrant the
angle is in.
(3) When t=0, we have ro =2Ri
represented by OA, and at t =6s

r.=(R+ Rcos%n)i + Rsin %nj

that isr, =Ri - R]



represented by OB. The displacement during At =6s is
Ar =1, -1, =- R - R
represented by AB in Fig. 1-6,

|Aar]= (-R*+(-R°= LR =1.41m
while the path length during the same At is
3

As = arc AOB = ET[R =4.71m

2. Accderation

The path of a particle moving in two or three dimendsons is a curve in general, its veocity
changes bath in magnitude and in direction. The magnitude of the velocity changes when the particle
speeds up o slows down. The direction of the velocity changes because the velocity is tangent to the
path and the path bend continuoudy. Fig. 1-6 indicates the velocity v a time t, and v, a ti,
corresponding to the position A and B, respectively. The change in velocity during the time interval
At =t - t, isrepresented by Av in the vector triangle in which v + Av =v,, then Av=wv, - v. To
describe the average rate of change in veocity for the interva At, the average acceleration is defined
by

Av
At

Using the same method as in definition of velocity, the ingantaneous acceleration at time t, referred

a =

simply as acceleration is defined by

Av

a =Ilim
at-0 At

dv
= = 1-12
t ot (1-12)
which is the time derivation of velocity vector.
Direction of acceleration: ¥

Acceleration vector has the same direction as the limit

direction of change in veocity when At -0, which is adways
pointing tonard the concavity of the curve and, because Av is

always in the direction in which the curve bends, as shown in
Fig.1-7. Suppose that the direction the acceleration is a an
angde of a to the veocity, a <90°, a >90°, and a=90°
caresponding to the cases of |v, | > |v|, |v.| <|v|] and |v,]| =

Figure 1-7  Accderaion in curvilinear

moti on
[v|, respectively. It is important to be aware that there is an

acceleration whenever the velocity changes either in magnitude or in direction.
Magnitude of acceleration:

From Eq. (1-5), we can also write Eq. (1-12) in the form
_dv _ dr

=" (1-13)

7w T

Substituting Eqg. 1-3 into Eq. 1-13 gves



2 2 2
94X 9, 45
dt dt dt
or a=ai+a,+ak (1-14)
The three components of acceleration are given by
d*x d’y d’z
== a = ., a, = — 1-15
e e (1-15)

and the magnitude of the acceleration is

X

a = Jaf + ai + a. (1-16)

The unit of acceleration is m/s” in SI system.

¥ In the case of a motion in x-y plane, suppose @ is the ange
foomed by a and +y direction, thus,

a'y
tge = . (1-17)
Figure 1-8 for example 1-2 Example 1-2 Suppose the postion function is the same as in

example 1-1. Find the acceleration at any time.
Solution  From the reault of example 1-1, we have
_dv, dv,

a, = = - Rw’ cosut, a, = — =- Rw sinwt
dt o |

2
a= Ja +a = Rw = VEm/s2 = 0.62m/s’

which means that the magnitude of a is a congant, the direction of it can be represented by angle a
between a and + x direction, and

t = — = tgwt
o 0V)
g a g

For example, if t =3, tga:tg?’Af—n: -1, because a. >0, a, <0, sothat a = - 1t/4, in the forth

quadrant, as shown in Fig. 1-8. On the other hand, we can rewrite a, and a, as
a, =- (x- R, a =- yw /that is/a =- &'[(x- R)i +yj]
Note that, there is a vector
R =(x-R)i+yj
which is pointing from the center of the circle to the position of particle in Fig. 1-8, therefore
a=-wR

which means the acceleration is aways pointing toward the center of the circle. So it is called
centripetal acceleration.

Example 1-3 A particle moves o that its paosition as a function of time in S unit is r(t) =2ti +

(%t2 -5t +3)j. Cdcdate (1)r; (2)v; (3)a whent =2s.

Solution
(1) r, =4i - 5j



(2) vx:d—x— v—gxzt-S. whent=2, v, =2, V,y = - 3

dt 7 7 dt
= 2+9° = [13 =3.6m/s

SO W%
angle 8 is gven by tg9 = - % Consider v >0, v, <0, we choose
_ 3 _ o
0 = arctg - > =-56.3
3 —dVX-O -%-1 =] = =1m/s
( )ax—dt— : ay_dt_ , a=j, a=|al =1m/s

a is painting in +y direction, so that the ange
between a and + x direction is 90°.

Example 1-4 Someone standing on a cliff, pulls
a boat by a pulley, as shown in Fig. 1-9. Suppose that
the height of the cliff is h, the rate of the rope pulled is
u. Find:

(1) the velocity of the boat;

(2) itsacceleration.

Figure 1-9 for example 1-4

Solution Because the mation of the baat is in one dimenson, set x axis painting right, choose
the origin at the foot paint of the pulley, and let | representing the variable length of the rope a any
time. So that, paosition vector of the boat is

r = xi, Note that X’ = 1> - h* orx = (I° - h*)"?

take time derivation of x:

dl
I_
dx dt - lu dl . i
= = , here —/—= - the rate of hortened, then th d of boat
dt W X ere dt u IS the rate rope snorten en € §oeed O oal IS
g X e
dt X X

which is the velocity as a function of coordinate. The negative sign indicates the velocity is in the - x
direction. The acceleration of the boat is then

2 2 2
a:d—i‘zd—":d(-u—JX”‘)/dtz- {
dt X X

which is the acceleration as a function of coordinate. The results indicate that a and v are in the

same direction, so the magnetude of v becames larger and larger with the value of x decreased.

8§ 1-4 Two Types of Problems in Kinematics Sample Problems

The problems solved by means of vector derivation
From the example 1-1 and 1-2, we can make conclusion that if we know the position vector of
the moving particle as a function of time, r =r(t), according to Eq. (1-8) and ( 1-15), by taking
9



