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Preface

Schoenberg’s fundamental work on spline functions in 1946" is the
corner stone in the history of the spline theory. Spline functions originally
derived from the approximation theory. As the computer science and tech-
nologies developing, the spline theory has became an important tool in
computational mathematics over 40 years after 1970s. It has both pro-
found theoretical and applicable significance. Its applications include the
fields such as mathematics, engineering, and even social sciences. Splines
have been applied to numerical analysis, curve and surface construction,
differential equation, etc. In the field of engineering, it has been used
in signal analysis, image processing, computer recognition, seismic ex-
ploration data processing, edge detection, music and speech synthesis,
mechanical fault diagnosis and other fields. In the social sciences, spline
theory has been successfully applied to econometrics and statistics in the
1990s. With the deepening development of the spline theory, people found
that the splines are closely related to some areas in fundamental mathe-
matics, such as discrete geometry, combinatorial mathematics, asymptotic

analysis and probabilistic statistics.

The book focuses on the divided difference and the problems related
to the splines theory in the fundamental mathematics, probability the-
ory and statistics. The main contents are as follow: the several divided
difference formulas with super-convergence are investigated; the spline
methods in discrete geometry are proposed, the splines in combinatorics,

biorthogonal systems and the statistics.



Divided difference is the important topic in computational mathe-
matics, which is closely related to many basic problems. Such as, the
multivariate splines have a definition of divided differences. Therefore,
the development of multivariate difference theory is quite related to the
development of the multivariate spline theory. The book begins with a
proof of the conjecture of the divided difference. If the nodes of the suf-
ficient smoothness functions are very close, it is very difficult to calculate
the divided differences of the functions. So the Hermite interpolation poly-
nomials of the function can calculate the divided differences on another
set of nodes. The distances of this set of nodes can be made large enough
such that the computation of the divided differences can be carried out

smoothly.

In chapter 2, Xinghua Wang, Heyu Wang and MingJun Lai esti-
mated the remainders of the numerical divided difference formula for suf-
ficient smooth function and derived the Lagrange expression of several
divided difference formulas with super-convergence. But the conditions
of formulas are only limited for 4 knots. The conjecture about several
divided difference formulas with super-convergence for any positive inte-
gers are proposed by them. We proved the conjecture and derived a type
of more general super convergent remainders for Lagrange interpolation
which contains Brodskii[e‘]7 de Boor [4]7 Floater Xinghua Wang’s[ﬁ] [7]
recent derivative expansions as special cases. It also extended the range

of the divided differences given by mathematician Carl de Boor and made

the Bridskii’s formula as a special case of the theorem.

Spline methods in discrete geometry are proposed in chapter 3. The
volumes of portions of hypercubes determined by hyperplanes play im-

portant roles in discrete geometry and other branches of Mathematics. It



seems that Laplace and Polya investigated this problem in the context of a
question in probability. They gave the integral expression and asymptotic
formula for the volume of a central slab of a hypercube. Pdlya’s formula
and its close relatives are striking important in solving the problems aris-
ing in cube slicing. For example, Good conjecture was solved by Hensley
with the help of probabilistic methods and Pdlya’s formula. Hensley also
gave another conjecture about the upper bound for the volume of the
slice. Ball used probabilistic methods, ending it up making ingenious es-
timates on integrals corresponding to the integral formula for the volume
treated by Pélya. In this dissertation, we observed that the volume of
the slice can be transformed to an equivalent problem in spline theory.
Having related it directly to B-splines [15], we can take advantage of many
powerful spline techniques to derive various results of these objects. the
asymptotic properties of B-splines and their derivatives are investigated
and the convergence orders are also derived. The results given by Laplace
and Polya are reproved with brevity and elegance by using spline nota-
tion. The asymptotic properties of B-splines are not only play a part in

cube slicing but also striking important in combinatorial enumeration.

In chapter 4, a novel method for discrete mathematics is studied. The
related problems in enumeration combinatorics were solved by multivari-
ate splines which constructed the frames of fundamental theory of spline
methods in discrete problems. For instance, problems in combinatorial
enumerations, integer partition function, log-concavity for some combina-
torial sequences are studied. The famous Worpitzky identical equation in
combinatorics can be considered as the special case of the Marsden iden-
tical equation in splines. There are series results of the classical Eulerian
numbers which are derived from the B-spline. The asymptotic analysis is

the attractive topic in combinatorics. People always concern about how to



use the probabilistic methods to solve such problems. But we find that a
class of the combinatorial asymptotic problems can be solved elegantly by
using spline functions derived from approximation theory. Different from
probability methods, the spline methods describe the approximation rate
of combination number more accurately. L. Carlitz " et al. obtained the
asymptotic formula of Eulerian numbers with the approximation order of
% by using the central limit theorem. But a more accurate approximation

order is gotten by the spline theory.

The log-concavity of combinatorial sequences is one of the impor-
tant problems in enumeration combinatorics. In general, there are several
methods to study the log-concavity of combination sequences: polynomial

real root method, the analytic method, the mixed volume method, and
]

b

the algebraic method, etc. Combinatorial mathematician R. P. Stanley[11
F. Brenti """ and others have done a lot of profound research in this
field. We present a new spline method to study the log-concavity of the
combinatorial sequences. The log-concavity of various generalized Eule-
rian numbers is proved by this method. In particular, E. Steingrimsson
proved that the coefficients of the generalized descent polynomial D7 (t),

denoted by D(d,n,k) are unimodal on k. We got the stronger results

that D(d,n,k) on k are log-concavity by the spline theory.

Spline explanations for some mixed volumes are derived by explor-
ing the relations between mixed volumes and splines. Constructing log-
concave sequences by using the explanation, a partial answer to the open

" The explicit

problems which was proposed by Schmidt and Simion
and recursive representations of refined Eulerian Numbers and decreasing

polynomials are given.



The initial motivation for the development of spline functions in chap-
ter 5 was to extend the vast knowledge on polynomial approximation and
interpolation to spline functions. These extensions then developed rapidly
because of their applicability in computer aided design of free-form curves
and surfaces, as well as in wavelets and frames for sparse data represen-
tation and image processing. In an attempt to extend orthogonal polyno-
mials to orthogonal splines, Schoenberg constructed an orthogonal basis
for a class of uniform spline functions on a finite interval, in which the
orthogonal basis functions were referred to as the “Legendre splines” .
The construction and results of this simple case of a uniform spline ana-
logue of Legendre polynomials do not show promise of the availability of
efficient algorithms or a general theory for orthogonal splines, and there
has been no progress since then. Since orthogonal polynomials and special
functions form an important discipline with many applications, this chap-
ter aims to make another attempt to extend the vast knowledge of the
asymptotic properties of the orthogonal polynomials and special functions

to spline functions.

The biorthogonal relations between the orthogonal polynomials and
special functions are derived from the biorthogonal property of uniformed
B-splines and Bernoulli polynomial. A new theoretical framework is es-
tablished to study the asymptotic properties of the polynomials. In this
chapter, we focus on the properties of the functions asymptotic to Her-
mite polynomials and Laguerre polynomials. Hermite polynomials can
be considered as a biorthogonal relation between the derivatives of the
Gaussian and the Hermite polynomials. We extend the biorthogonal re-
lation between Hermite polynomials and the derivatives of the Gaussian
to a family of functions ¢ that approximate the Gaussian function and

to construct a family of Appell sequences of “biorthogonal polynomials”



that approximate to Hermite polynomials. The Appell polynomials and
the distributional derivatives of ¢ form a biorthognal system. In particu-
lar, the Appell polynomials generated by the uniform B-spline of order N
are the classical Bernoulli polynomials of order N and the Appell polyno-
mials generated by the binomial distributions of order N are the classical
Euler polynomials of order N. After suitably normalized, they converge
to Hermite polynomials as N — oco. A necessary and sufficient condition
for two Appell polynomial sequences whose generating functions satisfy
the a-scaling equation is derived. as corollaries of the theorem for polyno-
mial sequences that approximate to Hermite polynomials, the asymptotic
properties of generalized Buchholz polynomials, Ultraspherical (Gegen-
bauer) polynomials and Laguerre polynomials are verified. Similarly, the
asymptotic formulas for Meixner-Pllaczek polynomials and Meixner poly-
nomials are derived from the theorem for polynomial sequences that ap-
proximate to generalized Laguerre polynomials. The Askey scheme of the

hypergeometric orthogonal polynomials has verified.

In the last chapter of the book, we discuss the applications of the
spline functions in probability and statistics. The splines are the top-
ics originally from computational mathematics, but due to their unique
properties, It becomes attractive to the people from probability theory and
statistics. The probabilistic interpretation of multivariate spline functions
started from the work of Watson in 1956. C. A. Micchelli and Y.Rinott
systematically generalized the interpretation as a special probability den-
sity function to derived the recurrence formula and the logconcavity of

the multivariate spline in 1986.

The importance of this paper also lies in the fact that a generalized

multivariate spline function defined by the Dirichlet probability density



