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The subject of this chapter is finite-set statistics (FISST), which is described extensively in Mathernatics
of Data Fusion,' and summarized in the recent article, “An Introduction to Multisource-Multitarget
Statistics and its Applications.”? FISST provides a fully unified, scientifically defensible, probabilistic
foundation for the following aspects of multisource, multitarget, multiplatform data fusion: (1) multi-
source integration (i.e., detection, identification, and tracking) based on Bayesian filtering and estima-
tion;*7 (2) sensor management using control theory;>®° (3) performance evaluation using information
theory;'®" (4) expert systems theory (e.g., fuzzy logic, the Dempster-Shafer theory of evidence, and rule-
based inference);'*16 (5) distributed fusion;'” and (5) aspects of situation/threat assessment.!®

The core of FISST is a multisource-multitarget differential and integral calculus based on the fact that
belief-mass functions are the multisensor-multitarget counterparts of probability-mass functions. One
purpose of this calculus is to enable signal processing engineers to directly generalize conventional,
engineering-friendly statistical reasoning to multisensor, multitarget, multi-evidence applications. A
second purpose is to extend Bayesian (and other probabilistic) methodologies so that they are capable
of dealing with (1) imperfectly characterized data and sensor models and (2) true sensor models and
true target models for multisource-multitarget problems. One consequence is that FISST encompasses
certain expert-system approaches that are often described as “heuristic” — fuzzy logic, the Dempster-
Shafer theory of evidence, and rule-based inference — as special cases of a single probabilistic paradigm.

FISST has attracted a great deal of positive attention — and two distinct forms of criticism — since
it was first described in 1994. “An Introduction to Multisource-Multitarget Statistics and its Applications™
was written as a response to both reactions, and this chapter is essentially a distillation of that monograph.

On the one hand, many engineering researchers have complained that Mathematics of Data Fusion is
difficult to understand. “An Introduction to Multisource-Multitarget Statistics and its Applications”
explains that if the foundations outlined in that book are taken for granted, FISST can — by design —
be reduced to a relatively simple “Statistics 101” formalism suitable for real applications using real data.
Some applications currently being investigated at the applied-research level are?

« Multisource datalink fusion and target identification,'

+ Naval passive-acoustic anti-submarine fusion and target identification,”

+ Air-to-ground target identification using SAR,*!

+ Scientific performance evaluation of multisource-multitarget data fusion algorithms, 222

« Unified detection and tracking using true multitarget likelihood functions and approximate non-

linear filters,
« Joint tracking, pose estimation, and target identification using HRRR.*

In recent years, FISST has been the target of a few attacks that can be summarized by the following
statement: “The multisource-multitarget engineering problems addressed by FISST actually require noth-
ing more complicated than Bayes rule, which means that FISST is of mere theoretical interest at best
and, at worst, is nothing more than pointless mathematical obfuscation.” “Multisource-Multitarget Sta-
tistics” demonstrates that this assertion is extraordinary — less in the ignorance that it displays regarding
FISST than in the ignorance that it displays regarding Bayes’ rule. Venturing away from standard appli-
cations addressed by standard textbooks and applying Bayesian approaches in a “cookbook” fashion
(rather than using a FISST approach) can create severe difficulties. This chapter highlights these diffi-
culties and shows how and why FISST resolves them.

The chapter is organized as follows. Section 14.1 introduces the basic practical issues underlying Bayesian
tracking and identification. Section 14.2 summarizes the basic statistical foundations of single-sensor,
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single-target tracking and identification. Section 14.3 introduces the concept of a multisource-multitarget
measurement model; multitarget motion models are likewise introduced in Section 14.4. The mathemat-
ical core of the approach — the FISST multisource-multitarget integral and differential calculus — is
summarized in Section 14.5. The basic concepts of multisource-multitarget statistics — especially those
of true multitarget measurement models and true multitarget motion mode]s — are described in
Section 14.6. Optimal-Bayes and Robust-Bayes multisource-multitarget fusion, detection, tracking, and
identification (including sensor management) are described in Sections 14.7 and 14.8, respectively. Con-
clusions are presented in Section 14.9.

14.1 Introduction

This section describes the problems that FISST is meant to address and summarizes the FISST approach
for addressing them. The section is organized as follows. Sections 14.1.1 and 14.1.2 describe some basic
engineering issues in single-target and multitarget Bayesian inference — the “Bayesian Iceberg.” The
FISST approach is summarized in in Section 14.1.3, and Section 14.1.4 shows why this approach is
necessary if the “Bayesian Iceberg” is to be confronted successfully.

14.1.1 The “Bayesian Iceberg”: Models, Optimality, Computability

Recursive Bayesian nonlinear filtering and estimation has become the most accepted standard for devel-
oping algorithms that are optimal, theoretically defensible, and practical. However, the success of any
optimal-Bayes technique hinges on a number of subtle issues. In recent years, shortcomings in conven-
tional Bayesian thinking — and corresponding desires to expand the conceptual scope of Bayesian
methods to deal with them — have become evident. The purpose of this section is to explain why this

is the case. Our jumping-off point is Bayes’ rule:

M (14.1)

f posrerior(x, z) = f(z)

where:

x denotes the unknown quantities of interest (e.g., position, velocity, and target class)
Sorior (X), the prior distribution, encapsulates our previous knowledge about x

Z represents new data
f (x|z), the likelihood function, describes the generation of data

Froserior (X|2), the posterior distribution, encapsulates our current knowledge about x

f(z) is the normalization constant

If time has expired before collection of the new information, z, then f,,, (x) cannot be immediately
used in Bayes’ rule. It must first be extrapolated to a new prior f,,, (x) that accounts for the uncertainties
caused by possible interim target motion. This extrapolation is accomplished using either the Markov

time-prediction integral®®
f;,-w(X) = ff ’ (X1 Y)fp,,-(,,(y)dy (14.2)

or solution of the Fokker-Planck equation (FPE).”” In Equation 14.2, the density f* (x]y) is the Markov
transition density that describes the likelihood that the target will have state x if it previously had state y.

The density, fyoerior (X|2), contains all relevant information about the unknown state variables (i.e.,
position, velocity, and target identity) contained in x. One could, in principle, plot graphs or contour
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maps of f,,...,, (x|2) in real time. However, this presupposes the existence of a human operator trained
to interpret them. Since current operational reality in most data fusion and tracking applications consists
of fewer and fewer operators overwhelmed by more and more data, full automation is a necessity. To
render the information in f,,,.,, (x|z) available for fully automated real-time applications, we need a
Bayes-optimal state estimator that extracts an estimate x of the actual target state from the posterior.
The maximum a posteriori (MAP) and expected a posteriori (EAP) estimators

L MAP =argmfxfpommr(x}z) K EAP = Jx posmm(xlz)d(x) (14.3)

are the most familiar Bayes-optimal state estimators. (Here, X = arg max, f (x) means that f (x) is the
largest possible value of f(x).)

The current near-sacrosanct status of the Bayesian approach is due in large part to the fact that it leads
to provably optimal algorithms within a simple conceptual framework — one that imposes no great
mathematical demands on its practitioners. Since engineering mathematics is a tool and not an end in
itself, this simplicity is a great strength — but also a great weakness. Recent years have seen the emergence
of a “cookbook Bayesian” viewpoint, which seems to consist of the belief that it is possible to appear
deeply authoritative about any engineering research and development problem — and at the same time
avoid careful thinking — by (1) writing down Bayes’ rule, (2) uttering the sacred incantation “Bayes-
optimal” (usually without a clue as to what this phrase actually means), (3) declaring victory, and then
(4) portraying complacency toward possible unexpected difficulties as a sign of intellectual superiority.
What such a belief reveals is a failure to grasp the fact that in and of itself, Bayes’ rule is nearly content-
free — its proof requires barely a single line. Its power derives from the fact that it is merely the visible
tip of a conceptual iceberg, the existence of which tends to be forgotten precisely because the rest of the
iceberg is taken for granted. In particular, both the optimality and the simplicity of the Bayesian frame-
work can be taken for granted only within the confines of standard applications addressed by standard
textbooks. When one ventures out of these confines one must exercise proper engineering prudence —
which includes verifying that standard textbook assumptions still apply.

14.1.1.1 The Bayesian Iceberg: Sensor Models

Bayes’ rule exploits, to the best possible advantage, the high-fidelity knowledge about the sensor contained
in the likelihood function f (z|x). If f (z|x) is too imperfectly understood, then an algorithm will “waste”
a certain amount N, of data trying (and perhaps failing) to overcome the mismatch between model
and reality. Many forms of data (e.g., generated by tracking radars) are well enough characterized that
f(z]x) can be constructed with sufficient fidelity. Other kinds of data (e.g., synthetic aperture radar (SAR)
images or high range resolution radar (HRRR) range profiles) are proving to be so difficult to simulate
that there is no assurance that sufficiently high fidelity will ever be achieved, particularly in real-time
operation. This is the point at which “cookbook Bayesian” complacency enters the scene: we jot down
Bayes’ rule and declare victory. In so doing, we have either failed to understand that there is a potential
problem — that our algorithm is Bayes-optimal with respect to an imaginary sensor unless we have the
provably true likelihood f(z|x) — or we are playing a shell game. That is, we are avoiding the real
algorithmic issue (what to do when likelihoods cannot be sufficiently well characterized) and instead
implicitly “passing the buck” to the data simulation community.

Finally, there are types of data — features extracted from signatures, English-language statements
received over link, and rules drawn from knowledge bases — that are so ambiguous (i.e., poorly understood
from a statistical point of view) that probabilistic approaches are not obviously applicable. Rather than
seeing this as a gap in Bayesian inference that needs to be filled, the “cookbook Bayesian” viewpoint
sidesteps the problem and frowns upon those who attempt to fill the gap with heuristic approaches such

as fuzzy logic.
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Even if f (z|x) can be determined with sufficient fidelity, multitarget problems present a new challenge.
We will “waste” data — or worse — unless we find the corresponding provably true multitarget likelihood —
the specific function f (z,...,2,[X,,...,x,) that describes, with the same high fidelity as f(z|x), the likeli-
hood that the sensor will collect observations z,,...,z,, (m random) given the presence of targets with
states x,,...X, (n random). Again, “cookbook Bayesian” complacency overlooks the problem — that our
boast of “Bayes-optimality” is hollow unless we can construct the provably true f (z,,...,z,,|x,,...x,) —
or encourages us to play another shell game, constructing a heuristic multitarget likelihood and implicitly

assuming that it is true.

14.1.1.2 The Bayesian Iceberg: Motion Models

Much of what has been said about likelihoods f (z{x) applies with equal force to Markov densities f* (x|y).
The more accurately that f* (x|y) models target motion, the more effectively Bayes’ rule will do its job.
Otherwise, a certain amount N, of data must be expended in overcoming poor motion-model selection.
Once again, however, what does one do in the multitarget situation if f* (x|y) is truly accurate? We must
find the provably true multitarget Markov transition density — i.e., the specific function
f (XX, |y ¥,) that describes, with the same high fidelity as f* (x|y) how likely it is that a group of
targets that previously were in states y,,...y,  (n” random) will now be found in states x,,...x, (n random).
The “cookbook Bayesian” viewpoint encourages us to simply assume that

f (Xv--~>anYn---)Yn') = f+ (XIIYI)"'](+ (anYn')

meaning, in particular, that the number of targets is constant and target motions are uncorrelated.
However, in real-world scenarios, targets can appear (e.g., MIRVs and decoys emerging from a ballistic
missile re-entry vehicle) or disappear (e.g., aircraft that drop beneath radar coverage) in correlated ways.
Consequently, multitarget filters that assume uncorrelated motion and/or constant target number may
perform poorly against dynamic multitarget environments, for the same reason that single-target trackers
that assume straight-line motion may perform poorly against maneuvering targets. In either case, data
is “wasted” in trying to overcome — successfully or otherwise — the effects of motion-model mismatch.

14.1.1.3 The Bayesian Iceberg: Output Generation

When we are faced with the problem of extracting an “answer” from the posterior distribution, compla-
cency may encourage us to blindly copy state estimators from textbooks — e.g. the MAP and EAP
estimators of Equation 14.3 — or define ad hoc ones. Great care must be exercised in the selection of a
state estimator, however. If the state estimator has unrecognized inefficiencies, then a certain amount,
N,,,, of data will be unnecessarily “wasted” in trying to overcome them, though not necessarily with
success. For example, the EAP estimator plays an important role in theory, but often produces erratic
and inaccurate solutions when the posterior is multimodal.

Another example involves joint-estimation applications in which the state x has the form x = (u, v),
where u, v are two different kinds of state variables — e.g. kinematic state variables u versus target-
identity state variables v. In this case, we may be tempted to treat u, v as nuisance parameters and compute

separate marginal-MAP estimates:

a4 = arg maxJ. fpmw(u,v lz) dv VM =arg maxj f pOm‘w(u,v 'z)du (14.4)

Because integration loses information about the state variable being regarded as a nuisance parameter,
estimators of this type can converge more slowly than a joint estimator. They will also produce noisy,
unstable solutions when u, v are correlated and the signal-to-noise ratio is not large.?®

In the multitarget case, the dangers of taking state estimation for granted become even more acute.
For example, we may fail to notice that the multitarget versions of the standard MAP and EAP estimators
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are not even defined, let alone provably optimal. The source of this failure is, moreover, not some abstruse
point in theoretical statistics. Rather, it is a “cookbook Bayesian” carelessness that encourages us to
overlook unexpected difficulties caused by a familiar part of everyday engineering practice: units of
measurement.

14.1.1.4 The Bayesian Iceberg: Formal Optimality

The failure of the standard Bayes-optimal state estimators in the multitarget case has far-reaching con-
sequences for optimality. One of the reasons that the “cookbook Bayesian” viewpoint has become so
prevalent is that — because well-known textbooks have already done the work for us — we can, without
expended effort or cost, proclaim the “optimality” of whatever algorithms we propose. A key point that
is often overlooked, however, is that many of the classical Bayesian optimality results depend on certain
seemingly esoteric mathematical concerns. In perhaps ninety-five percent of all engineering applications —
which is to say, standard applications covered by the standard textbooks — these concerns can be safely
ignored. Danger awaits the “cookbook Bayesian” viewpoint in the other five percent. Such is the case
with multitarget applications. Because the standard Bayes-optimal state estimators fail in the multitarget
case, we must construct new multitarget state estimators and prove that they are well behaved. This
means that words like “topology” and “measurable” can no longer be swept under the rug.

14.1.1.5 The Bayesian Iceberg: Computability

If the simplicity of Equations 14.1 and 14.3 cannot be taken for granted in so far as modeling and
optimality are concerned, then such is even more the case when it comes to computational tractability.”
The prediction integral and Bayes normalization constant must be computed using numerical integration,
and — since an infinite number of parameters are required to characterize f,,,..,, (x]y) in general —
approximation is unavoidable. A “cookbook Bayesian” viewpoint may tempt us to apply blindly (decep-
tively) easy-to-understand textbook techniques that seem to promise high (i.e., O(N) or O(N log N))
computational efficiencies per data-collection cycle. Naive approximations, however, create the same
difficulties as model-mismatch problems. An algorithm must “waste” a certain amount N, of data
overcoming — or failing to overcome — accumulation of approximation error, numerical instability, etc.
One example is the use of central finite-difference schemes to solve the Fokker-Planck equation (FPE)
for f,,.,,. In filtering problems, the convection term of the FPE dominates the diffusion term. Under such
circumstances, central differencing results in loss of probability mass (as well as creation of negative
probability), not only at the boundaries but throughout the region of interest, often resulting in poor
solutions and numerical instability. This fact has long been well known in the computational fluid
dynamics community.*® Not only has this problem been cited as one of “Seven Deadly Sins of Numerical
Computation,”! it is such a well-known error that it is cited as such in Numerical Recipes in C.**

14.1.1.6 The Bayesian Iceberg: Robustness

The engineering issues addressed in the previous sections (measurement-model mismatch, motion-
model mismatch, inaccurate or slowly-convergent state estimators, accumulation of approximation error,
numerical instability) can be collectively described as problems of robustness — i.e., the “brittleness”
that Bayesian approaches can exhibit when reality deviates too greatly from assumption. One might be
tempted to argue that, in practical application, these difficulties can be overcome by simple brute force —
i.e., by assuming that the data-rate is high enough to permit a large number of computational cycles per
unit time. In this case — or so the argument goes — the algorithm will override its internal inefficiencies
because the total amount N, of data that is collected is much larger than the amount Nz =
Nt Nigrgt NN, of data required to overcome those inefficiencies.

If this were the case, there would be few tracking and target identification problems left to solve. Most
current challenging problems are challenging either because data rates are not sufficiently high or because
brute force computation cannot be accomplished in real time. This unpleasant reality is particularly evident
in target-classification problems. An optimal-Bayes target identification algorithm that is forced to use
less-than-high-fidelity sensor models has a tendency to be highly confident about incorrect identifications.
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This is because it treats its imperfect target models as though they are perfect, thus potentially interpreting
a weak or spurious match (between data and target model) as a high-likelihood match. Because data is
either too sparse or too low-quality, not enough information is available to compensate for avoidable
algorithm inefficiencies. The brute force approach is likely to fail even when data rates are large. In tracking
applications, for example, Bayes filtering algorithms will usually be barely tractable for real-time operation
even if they are ideal (i.e., N, = 0 and even if they have O(N) computational efficiency.)? This is because
N (which typically has the form N = Ny? where d is the dimensionality of the problem) is already very
large — which means that the algorithm designer must use all possible means to reduce computations,
not increase them. In such situations, brute force means the same thing as non-real-time operation. Such
difficulties will be even more pronounced in multitarget situations where 4 will be quite large.

14.1.2 Why Multisource, Multitarget, Multi-Evidence Problems Are Tricky

Given the technical community’s increased understanding of the actual complexity of real signature and
other kinds of data, it is no longer credible to invoke Bayesian filtering and estimation as a cookbook
panacea. Likewise, given the technical community’s increased understanding of the actual complexity of
multitarget problems, it is not credible to propose yet another ad hoc multitarget tracking approach. One
needs systematic and fully probabilistic methodologies for

* Modeling uncertainty in poorly characterized likelihoods

+ Modeling ambiguous data and likelihoods for such data

+ Constructing multisource likelihoods for ambiguous data

Efficiently fusing data from all sources (ambiguous or otherwise)

Constructing provably true (as opposed to heuristic) multisource-muititarget likelihood functions
from the underlying sensor models of the sensors

Constructing provably true (as opposed to heuristic) multitarget Markov densities, from the
underlying motion models of the targets, that account for target motion correlations and changes

.

in target number

Constructing stable, efficient, and provably optimal multitarget state estimators that address the
failure of the classical Bayes-optimal estimators — in particular, that simultaneously determine
target number, target kinematics, and target identity without resort to operator intervention or
optimal report-to-track association.

.

14.1.3 Finite-Set Statistics (FISST)

One of the major goals of finite-set statistics (FISST) is to address the “Bayesian Iceberg” issues described
in Sections 14.1.1 and 14.1.2. FISST deals with imperfectly characterized data and/or measurement
models by extending Bayesian approaches in such a way that they are robust with respect to these
ambiguities. This robust-Bayes methodology is described more fully in Section 14.1.7. FISST deals with
the difficulties associated with multisource and/or multitarget problems by directly extending engineer-
ing-friendly single-sensor, single-target statistical calculus to the multisensor-multitarget realm. This
optimal-Bayes methodology is described in Sections 14.3 through 14.7. Finally, FISST provides mathe-
matical tools that may help address the formidable computational difficulties associated with multisource-
multitarget filtering (whether optimal or robust). Some of these ideas are discussed in Section 14.7.3.
The basic approach is as follows. A suite of known sensors transmits, to a central data fusion site, the
observations they collect regarding targets whose number, positions, velocities, identities, threat states,

etc. are unknown. Then

1. Reconceptualize the sensor suite as a single sensor (a “global sensor”).
2. Reconceptualize the target set as a single target (a “global target”) with multitarget state X =

{Xp. X,} (2 “global state”).
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. Reconceptualize the set Z = {z,,...,z,,} of observations, collected by the sensor suite at approxi-

mately the same time, as a single measurement (a “global measurement”) of the “global target”
observed by the “global sensor.”

Represent statistically ill-characterized (“ambiguous”) data as random closed subsets © of (mul-
tisource) observation space (see Section 14.8). Thus, in general, Z = {z,,...,z,, ©,,...,0,,}.

Just as single-sensor, single-target data can be modeled using a measurement model Z = h(x, W),
model multitarget multisensor data using a multisensor-multitarget measurement model — a
randomly varying finite set £ = T(X) U C(X) (See Section 14.3.).

Just as single-target motion can be modeled using a motion model X, ,, = ®,(x,,V,), model the
motion of multitarget systems using a multitarget motion model — a randomly varying finite set
Ty = (X Vi) U Bi(X,). (See Section 14.4.)

Given this, we can mathematically reformulate multisensor, multitarget estimation problems as single-
sensor, single-target problems. The basis of this reformulation is the concept of belief-mass. Belief-mass
functions are nonadditive generalizations of probability-mass functions. (Nevertheless, they are not
heuristic: they are equivalent to probability-mass functions on certain abstract topological spaces.') That

is,

Just as the probability-mass function p (S|x) = Pr(Z € S) is used to describe the generation of
conventional data, z, use belief-mass functions of the general form p(©|x) = Pr(® c X{x) to
describe the generation of ambiguous data ©. (See Section 14.8.)

Just as the probability-mass function p(S|x) = Pr(Z € S) of a single-sensor, single-target measure-
ment model, Z, is used to describe the statistics of ordinary data, use the belief-mass function
B(S|X) = Pr(£ < S) of a multisource-multitarget measurement model Y to describe the statistics
of multisource-multitarget data.

Just as the probability-mass function p;.,;(S|x,) = Pr(X, € S) of a single-target motion model
X, is used to describe the statistics of single-target motion, use the belief-mass function
Bra1k(S1X) = Pr(T',, < S) of a multitarget motion model T, , to describe multitarget motion.

The FISST multisensor-multitarget differential and integral calculus is what transforms these mathemat-
ical abstractions into a form that can be used in practice.

Accordingly, let Z® =

Just as the likelihood function, f{z]x), can be derived from p(S|x) via differentiation, so the true
multitarget likelihood function f(Z|X) can be derived from B(S|X) using a generalized differen-
tiation operator called the set derivative. (See Section 14.6.1.)

Just as the Markov transition density fi.,x (X, |%,) can be derived from Pir1x(S]x) via differen-
tiation, so the true multitarget Markov transition density index can be derived from B, (S | X
via set differentiation.

Just as f(z|x) and p(S|x) are related by p(S|x) = Js f(z|x)dx, so f(Z| X) and B(Z|X) are related by
B(Z|X) = |5 f(Z| X)8Z where the integral is now a multisource-multitarget set integral.

{Z,,...,Z,} be a time sequence of multisource-multitarget observations. This

enables true multitarget posterior distributions f,; (X|Z®) to be created from the true multisource, mul-

titarget likelihood (see Section 14.6.4):

fk‘ v (@ ‘Z (k)) = posterior likelihood that no targets are present

fk'k({x],...,xn}

z (k)) = posterior likelihood of # targets with states x,,...,X,

From these distributions, simultaneous, provably optimal estimates of target number, kinematics, and
identity can be computed without resorting to the optimal report-to-track assignment characteristic of
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TABLE 14.1 Mathematical Parallels between Single-Sensor, Single-Target Statistics
and Multisensor, Multitarget Statistics

Random Vector, Z Finite Random Set, X
Sensor, © Global sensor, ©O*

Target, ® Global target, ®*

Observation, z Observation-set, Z

Parameter, x Parameter-set, X

Sensor model, z = h(x, W) Multitarget sensor model, Z = T(X) U C(X)

Motion model, X, =®, (xk 'V, ) Multitarget, multi-motion, X, =®, (Xk A )U B.(X,)

Differentiation, dl Set differentiation, ﬁ@.
dz 6z
Integration, Js f(z’x)dz Set integration, js f(Z)X)SZ

Probability-mass function, p(S!x) Belief-mass function, ﬁ(S)X)

Likelihood function, f(z]x) Multitarget likelihood function, f(ZJX)

Posterior density, fk‘k (x‘lzk) Multitarget posterior, fk|k(X‘Z(k))

)

Markov densities, f, o (X 1 Xk ) Multitarget Markov densities, f, o (X ol

multihypothesis approaches (see Section 14.6.7). Finally, these fundamentals enable both optimal-Bayes
and robust-Bayes multisensor-multitarget data fusion, detection, tracking, and identification (see
Sections 14.7.1 and 14.8).

Table 14.1 summarizes the direct mathematical parallels between the world of single-sensor, single-
target statistics and the world of multisensor, multitarget statistics. This parallelism is so close that general
statistical methodologies can, with a bit of prudence, be directly translated from the single-sensor, single-
target case to the multisensor-multitarget case. That is, the table can be thought of as a dictionary that
establishes a direct correspondence between the words and grammar in the random-vector language and
cognate words and grammar of the random-set language. Consequently, any “sentence” (any concept or
algorithm) phrased in the random-vector language can, in principle, be directly “translated” into a cor-
responding sentence (corresponding concept or algorithm) in the random-set language. This process can
be encapsulated as a general methodology for attacking multisource-multitarget data fusion problems:

Almost-Parallel Worlds Principle (APWOP) — Nearly any concept or algorithm phrased in random-
vector language can, in principle, be directly translated into a corresponding concept or algorithm in

the random-set language.*>'

The phrase “almost-parallel” refers to the fact that the correspondence between dictionaries is not
precisely one-to-one. For example, vectors can be added and subtracted, whereas finite sets cannot.
Nevertheless, the parallelism is complete enough that, provided some care is taken, 100 years of accu-
mulated knowledge about single-sensor, single-target statistics can be directly brought to bear on mul-

tisensor-multitarget problems.
The following simple example has been used to illustrate the APWOP since 1994. The performance

of a multitarget data fusion algorithm can be measured by constructing information-based measures of
effectiveness, as shown in the following multitarget generalization of the Kullback-Leibler cross-

entropy. 1L4,10
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Single-sensor, single-target ~ Multisensor, multitarget

2 fx)), = A f(X)
K( f, g)_ | f(x)log(@)dx K( £, g)_I f(X)log[E(—)JSX

(14.5)

Here the APWOP replaces conventional statistical concepts with their FISST multisensor, mulitarget
counterparts. The ordinary densities f,g and the ordinary integral on the left are replaced by the multi-
target densities f,g and the set integral (Section 14.5.3) on the right.

14.1.4 Why Random Sets?

Random set theory was systematically formulated by Mathéron in the mid-1970s.® Its centrality as a
unifying foundation for expert systems theory and ill-characterized evidence has become increasingly
apparent since the mid-1980s.>** Its centrality as a unifying foundation for data fusion applications has
been promoted since the late-1970s by L.R. Goodman. The basic relationships between random set theory
and the Dempster-Shafer theory of evidence were established by Shafer,” Nguyen,* and others.” The
basic relationships between random set theory and fuzzy logic can be attributed to Goodman,** Orlov,*
and Hohle.* Mahler developed relationships between random set theory and rule-based evidence.*>4
Mori, Chong, et al. first proposed random set theory as a potential foundation for multitarget detection,
tracking, and identification (although within a multihypothesis framework)." (Since 1995, Mori has
published a number of very interesting papers based on random set ideas.**!)

FISST, whose fundamental ideas were codified in 1993 and 1994, builds upon this existing body of research
by showing that random set theory provides a unified framework for both expert systems theory and
multisensor-multitarget fusion detection, tracking, identification, sensor management, and performance
estimation. FISST is unique in that it provides, under a single probabilistic paradigm, a unified and relatively
simple and familiar statistical calculus for addressing all of the “Bayesian Iceberg” problems described earlier.

14.2 Basic Statistics for Tracking and Identification

This section summarizes those aspects of conventional statistics that are most pertinent to tracking and
target identification. The foundation of applied tracking and identification — the recursive Bayesian
nonlinear filtering equations — are described in Section 14.2.1. The procedure for constructing provably
true sensor likelihood functions from sensor models, and provably true Markov transition densities from
target motion models, is described in Sections 14.2.2 and 14.2.3, respectively. Bayes-optimal state esti-
mation is reviewed in Section 14.2.4. In all four sections, data “vectors” have the form y = (y;,..., ¥
Wyse.., W,) where y,,..., y, are continuous variables and w,...,w, are discrete variables.! Integrals of
functions of such variables involve both summations and continuous integrals.

14.2.1 Bayes Recursive Filtering

Most signal processing engineers are familiar with the Kalman filtering equations. Less well known is the
fact that the Kalman filter is a special case of the Bayesian discrete-time recursive nonlinear filter.26:2752
This more general filter is nothing more than Equations 14.6, 14.7, and 14.8 applied recursively:

xk)fk\k(xk‘zk)dxk (14.6)

fm}k(xkﬂ Zk)zjfzm!k(xkn

ka)kaIk(ka
f(zk+l Zk)

f(zk+1 Zk) (14.7)

k+1}_
fk+1\k+1(xk+1z )”
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:;(Ap—argmaxﬁ(lk( ’Z") f(fl‘zpzj‘x fk[k(x]dex (14.8)
where

f(Z1 |79 = J-f(lh UYir ) feo1ie (Fis 11294y, | is the Bayes normalization constant

f(z|x) is the sensor likelihood function

Sew e ey |Z*) is the target Markov transition density

Su (%] Z¥) is the posterior distribution conditioned on the data-stream Z* = (z,,....,%}
Sis ik (Xi41]Z8) is the time-prediction of the posterior f, (X,[Z*) to time-step & + 1

The practical success of Equations 14.6 and 14.7 relies on the ability to construct effectively the likelihood
function, f(z|x), and the Markov transition density; f; , j; (X, ,|%). Although likelihood functions some-
times are constructed via direct statistical analysis of data, more typically they are constructed from sensor
measurement models. Markov densities typically are constructed from target motion models. In either
case, differential and integral calculus must be used, as shown in the following two sections.

14.2.2 Constructing Likelihood Functions from Sensor Models

Suppose that a target with randomly varying state X is interrogated by a sensor that generates observations
of the form Z2 Z|,_, 2 h(x) + W (where W is a zero-mean random noise vector with density f, (w))
but does not generate missed detections or false alarms. The statistical behavior of Z is characterized by
its likelihood function, f(z]x) £ f,x (z|x), which describes the likelihood that the sensor will collect mea-
surement z given that the target has state x. How is this likelihood function computed? Begin with the
probability mass function of the sensor model: p (S}x) £ p(z|x) = pr(Ze S). This is the total probability
that the random observation Z will be found in any given region S if the target has state x. The total
probability mass, p(S|x), in a region S is the sum of all of the likelihoods in that region: p (S|x) =

L fy|x)dy. So,

p(Ez’x)lef(y‘x)dyzf(z’x) -X(El)

when E, is some very small region surrounding the point z with (hyper) volume V = A (E,). (For example,
E, = B,, is a hyperball of radius € centered at z.) So,

p(Ex) = f(2x)

where the smaller the value of A(E,), the more accurate the approximation. Stated differently, the
likelihood function, f (z|x), can be constructed from the probability measure, p (S[x), via the limiting

process

E

\_/

The resulting equations

p(sx) J;gidz —z—j #{v}er=7 (2] (14.10)
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are the relationships that show that f(z|x) 2 8p|dz is the provably true likelihood function (i.e., the density
function that faithfully describes the measurement model Z = h(x, W)). For this particular problem, the
“true” likelihood is, therefore:

f(z[x):lim-})r(ﬁ%'—z)

s pw(Bs,z—h(x)
e A(B,) e

e (B, o) =fw{z—h(x))

&,z

14.2.3 Constructing Markov Densities from Motion Models

Suppose that, between the k™ and (k + 1)* measurement collection times, the motion of the target is
best modeled by an equation of the form X;,, = ®, (x;) + V, where V, is a zero-mean random vector
with density fv,(v). That is, if the target had state x; at time-step k, then it will have state ®, (x,) at time-
step k + 1 — except possible error in this belief is accounted for by appending the random variation V.
How would f,, ,, (X,,,|X,) be constructed? This situation parallels that of Section 14.2.2. The probability
mass function p,, | (S|x) 2 Pr(X,,, € S) is the total probability that the target will be found in region S
at time-step k +1, given that it had state x, at time-step k. So,

i pkH(Be,xkﬂ xk)
x,‘)zhxm—~——————=ka (xk+l -P, (xk))
(5

ka‘k (Xk+1

is the true Markov density associated with the motion model X, = ® (X,) + V, more generally, the
equations

)

are the relationships that show that £, (%, [x;) £ 8Py i / 8x,,, is the provably true Markov density —
i.e., the density function that faithfully describes the motion model X, ,, = ®; (x;, V}).

Spkﬂ)k 8
pk+1‘k (S‘Xk): s dX,,)» kﬁxk 1J;ﬁ:+11k (xk+l xk)dxk“ =fk+1\k (Xm

14.2.4 Optimal State Estimators

An estimator of the state x is any family X(z,,...,z,,) of state-valued functions of the (static) measurements
Zpy. . oz, “Good” state estimators X should be Bayes-optimal in the sense that, in comparison to all other
possible estimators, they minimize the Bayes risk

Rc(i,m)=JC(x,f((z,,...,zm))f(zl > .,zmix)f(x)dxdzl--dzm

for some specified cost (i.e., objective) function C (x, y) defined on states x, y.5 Secondly, they should
be statistically consistent in the sense that X(z,,...,z,) converges to the actual target state as m —> oo,
Other properties (e.g., asymptotically unbiased, rapidly convergent, stably convergent, etc.) are desirable
as well. The most common “good” Bayes state estimators are the maximum a posteriori (MAP) and
expected a posteriori (EAP) estimators described earlier.

14.3 Multitarget Sensor Models

In the single-target case, probabilistic approaches to tracking and identification (and Bayesian approaches
in particular) depend on the ability to construct sensor models and likelihood functions that model the
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data-generation process with enough fidelity to ensure optimal performance. As argued in Section 14.1.1,
multitarget tracking and identification have suffered from the lack of a statistical calculus of the kind
that is readily available in the single-target case. The purpose of this section is to show how to construct
FISST multitarget measurement models. These models, and the FISST statistical calculus to be introduced
in Section 14.5, will be integrated in Section 14.6.1 to construct true multitarget likelihood functions.

The following sections illustrate the process of constructing multitarget measurement models for the
following successively more realistic situations: (1) multitarget measurement models with no missed
detections and no false alarms/clutter; (2) multitarget measurement models with missed detections;
(3) multitarget measurement models with missed detections and false alarms or clutter; and (4) multi-
target measurement models for the multiple-sensor case. The problem of constructing single-target and
multitarget measurement models for data that is ambiguous is discussed in Section 14.8.

14.3.1 Case I: No Missed Detections, No False Alarms

Suppose that two targets with states x, and x, are interrogated by a single sensor that generates obser-
vations of the form Z = h (x) + W, where W, is a random noise vector with density f,(w). Assume also
that there are no missed detections or false alarms, and that observations within a scan are independent.
Then the multitarget measurement is the randomly varying two-element observation set.

Zz{Z,,ZZ}z{h(xl)+Wl,h(x2)+wl} (14.11)

where W), W, are independent random vectors with density f,(w). We assume that individual targets
produce unique observations only for the sake of clarity. Clearly, we could just as easily produce models
for other kinds of sensors — for example, sensors that detect only superpositions of the signals produced
by multiple targets. One such measurement model is

Z:{Z}:{hl (xl) +h, (x2)+W}

14.3.2 Case II: Missed Detections

Suppose that the sensor of Section 14.3.1 has a probability of detection pp, < 1. In this case, observations
can have not only the form Z = {z,, z,}, but also Z = {z} or Z = @ (missed detection). The more complex
observation model 3 = T, U T, is needed, which has T}, T, observation sets with the following properties:
(a) T, = 0 (i.e., missed detection) with probability 1 — p;, and (b) T is nonempty with probability pp, in
which case, T, = {Z}. If the sensor has a specific field of view, then p;, = p;, (x, y) will be a function of
both the target state x and the state y of the sensor.

14.3.3 Case III: Missed Detection and False Alarms

Suppose the sensor of Section 14.3.2 has probability of false alarm py, # 0. Then we need an observation
model of the form

target clutter

=T u ¢ =T,uT,uC

where C models false alarms and/or (possibly state-dependent) point clutter. As a simple example, C
could have the form C = C, U...UC,, where each C, is a clutter generator — meaning that there is a
probability, pg,, that C; will be nonempty (i.e., generator of a clutter-observation) — in which case C =
{C} where C; is some random noise vector with density fc(z). (Note: Y = T, U C models the single-

target case.)
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14.3.4 Case IV: Multiple Sensors

In this case, observations will have the form z!s! 2 (z, 5) where the integer tag s identifies which sensor
originated the measurement. A two-sensor multitarget measurement will have the form ¥, = Y11} U X2
where 2! for s = 1, 2 is the random multitarget measurement-set collected by the sensor with tag s and

can have any of the forms previously described.

14.4 Multitarget Motion Models

This section shows how to construct multitarget motion models in relation to the construction of single-
target motion models. These models, combined with the FISST calculus (Section 14.5), enables the
construction of true multitarget Markov densities (Section 14.6.2). In the single-target case, the construc-
tion of Markov densities from motion models strongly parallels the construction of likelihood functions
from sensor measurement models. In like fashion, the construction of multitarget Markov densities
strongly resembles the construction of multisensor-multitarget likelihood functions.

This section illustrates the process of constructing multitarget motion models by considering the
following increasingly more realistic situations: (1) multitarget motion models assuming that target
number does not change; (2) multitarget motion models assuming that target number can decrease; and
(3) multitarget motion models assuming that target number can decrease or increase.

14.4.1 Case I: Target Number Does Not Change

Assume that the states of individual targets have the form x = (y, c) where y is the kinematic state and
¢ is the target type. Assume that each target type has an associated motion model Y, ,,, = @, (y,) + W,,.

Define

A

Xitix =®k+1(x’wk) (d)c,k (Y)+ W[,k>c)

where W, denotes the family of random vectors W_,.
To model a multitarget system in which two targets never enter or leave the scenario, the obvious

multitarget extension of the single-target motion model would be I, = ®, (X,, W,), where I, ,, is the
randomly varying parameter set at time step k + 1. That is, for the cases X = 0, X = {x}, or X = {x,, x,},
respectively, the multitarget state transitions are:

I,,=0
Len i{xkﬂ,x} = {q)k (x, W, )}

A

L z{xkﬂ,xl X, } = {(Dk (xl’ Wi )’(Dk (xz’wk )}

14.4.2 Case II: Target Number Can Decrease

Modeling scenarios in which target number can decrease (but not increase) is analogous to modeling
multitarget observations with missed detections. Suppose that no more than two targets are possible,
but that one or more of them can vanish from the scene. One possible motion model would be Iy, =
@ (X, Wy) where, for the cases X = 0, X = {x}, or X = {x,, x,}, respectively,

L =0, L, =T, » T =T VT,
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where T,  is a track-set with the following properties: (a) T, # @ with probability p,, in which case T, =
{Xt. 14> and (b) T, = O (i.e., target disappearance), with probability 1 — p,. In other words, if no targets
are present in the scene, this will continue to be the case. If, however, there is one target in the scene,
then either this target will persist (with probability p,) or it will vanish (with probability 1 - p, ). If there
are two targets in the scene, then each will either persist or vanish in the same manner. In general, one
would model @, ({x,,....x,}) = T, U...L Tk.x,.

14.4.3 Case III: Target Number Can Increase and Decrease

Modeling scenarios in which target number can decrease and/or increase is analogous to modeling
multitarget observations with missed detections and clutter. In this case, one possible model is

®, ({x,00%,}) =T - UT,, OB,
where B, is the set of birth targets (i.e, targets that have entered the scene).

14.5 The FISST Multisource-Multitarget Calculus

This section introduces the mathematical core of FISST — the FISST multitarget integral and differential
calculus. That is, it shows that the belief-mass function B(S) of a multitarget sensor or motion model
plays the same role in multisensor-multitarget statistics that the probability-mass function p(S) plays in
single-target statistics. The integral J; f(z)dz and derivative dp/dz — which can be computed using
elementary calculus — are the mathematical basis of conventional single-sensor, single-target statistics.
We will show that the basis of multisensor-multitarget statistics is a multitarget integral L f(z)8z and a
multitarget derivative 88/8Z that can also be computed using “turn-the-crank” calculus rules. In partic-
ular we will show that, using the FISST calculus,
« True multisensor-multitarget likelihood functions can be constructed from the measurement
models of the individual sensors, and
« True multitarget Markov transition densities can be constructed from the motion models of the
individual targets.
Section 14.5.1 defines the belief-mass function of a multitarget sensor measurement model and

Section 14.5.2 defines the belief-mass function of a multitarget motion model. The FISST multitarget
integral and differential calculus is introduced in Section 14.5.3. Section 14.5.4 lists some of the more

useful rules for using this calculus.

14.5.1 The Belief-Mass Function of a Sensor Model

Just as the statistical behavior of a random observation vector Z is characterized by its probability mass
function p (S}x) = Pr(Z e S), the statistical behavior of the random observation-set X is characterized

by its belief-mass function:!
A A
B(SIX) =By (SX)=Pr(Zes)
where T is the random multitarget state. The belief mass is the total probability that all observations in

a sensor (or multisensor) scan will be found in any given region S, if targets have multitarget state X.
For example, if X = {x} and £ = {Z} where Z is a random vector, then

B(SX)=Pr(2cS)=Pr(Z 5)=p(Sl)
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In other words, the belief mass of a random vector is equal to its probability mass. On the other hand,
for a single-target, missed-detection model X = T,

B(S|X)=Pr(T, =5)=Pr(1,=0)+Pr(T, 0,2 €5)

(14.12)
=Pr(T,=0)+Pr(T; % 0)Pr(Z€S)=1-p, + p,, p, (Slx)
and for the two-target missed-detection model 3 = {T, U T,} (Section 14.3.2),
B(51X)=Pr(T, = S)Pr (T, =) =[1- p, + pop(8lx, )|[1-Po + 2 P(SIx, )|
where p (§]x) 2 Pr (T, S|T,# 0) and X = {x,, X,}. Setting p,, = 1 yields
B(six)= p(sx,) p(S}x, ) (14.13)

which is the belief-mass function for the model ¥ = {Z,, Z,} of Equation 14.11. Suppose next that two
sensors with identifying tags s = 1,2 collect observation-sets 3, = X!/l U X2 The corresponding belief-
mass function has the form By (S!) U S?1|X) = Pr(Z0 < S, 22 < S121) where SV, SI?! are (measurable)
subsets of the measurement spaces of the respective sensors. If the two sensors are independent then the
belief-mass function has the form

B, ( stus) X)zﬁzm( st X)BZIZI ( s X) Gars)

14.5.2 The Belief-Mass Function of a Motion Model

In single-target problems, the statistics of a motion model X,,, = ®(X,, W) are described by the
probability-mass function py,; (S|x,) = Pr(X;,,€ S), which is the probability that the target-state will
be found in the region S if it previously had state x,. Similarly, suppose that [, = @, (X, W,) is a
multitarget motion model (Section 14.4). The statistics of the finitely varying random state-set I';,, can

be described by its belief-mass function:

Br,. (S’Xk)ipr( =)

This is the total probability of finding all targets in region S at time-step k+1 if, in time-step k, they

had multitarget state X; = {X; - -»Xg 0}
For example, the belief-mass function for the multitarget motion model of Section 14.4.1 is

Bkﬂ‘k (Slxk,yk)zPr((I)k(xk)+VkeS)Pr(@k(yk)+WkeS)=ka(S|xk)ka (S|y,) This is entirely analo-
gous to Equation 14.13, the belief-mass function for the multitarget measurement model of

Section 14.3.1.

14.5.3 The Set Integral and Set Derivative

Equation 14.9 showed that single-target likelihood can be computed from probability-mass functions
using an operator /z inverse to the integral. Multisensor-multitarget likelihoods can be constructed

from belief-mass functions in a similar manner.



