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PREFACE

The seventh Metal Structures Conference was organised by the National Committee on Structures
of The Institution of Engineers, Australia and held at Monash University, Victoria.

The papers presented at this Conference have beenogrouped under six subject headings:

Dynamics, Strength of Members, Performance and Design, Bins, Numerical Methods and
Reliability and Codes.

The papers reflect the current interests of engineers dealing with metal structures.
The organising committee wishes to thank all those who submitted papers for presentation at the
Conference. Participants are urged to study those papers of interest prior to the Conference because

authors will merely review their topics so as to allow maximum time for discussion.

The Organising Committee extends a very warm welcome to all participants and hopes that each wilt
contribute to the exchange of ideas and therefore to the success of this Conference.
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SUMMARY

high intensity stress waves generated by transient loading.
Elastomeric inserts hav
The paper presents an experimental analysis of the effects of stress waves

safe operation of structures.
able effects of stress waves.

In many situations, the performance of steel structures is greatly affected by the presence of

Attenuation of these waves is necessary for
been used as a wave trap to alleviate the undesir-

through steel/elastomer interfaces in a simulated structural system and highlights the factors responsible

for optimum design of elastomeric components.

In particular, the modulus of rubber under impact conditions

is investigated and a correlation between the dynamic behaviour of elastomer and the plastic behaviour of
metals provides guidelines for selection of rubber components to achieve maximum attenuation of stress waves.

1 INTRODUCTION

The study of stress wave propagation in solids has
been a matter of interest to researchers for a long
time in view of problems involving high speed de-
formation processes as well as high impact destruc-
tion processes, High speed cutting, forging, pile
driving, blast loading and failure in steel struc-
ture due to shocks are but few of many problems

that call for a proper understanding of the phenom-
enon of stress waves and an appropriate design of
systems involving these effects. Though the classi-
cal theories of elastic stress waves have been
available for over a hundred years now, it is only
in the last few decades that attempts have been made
to apply these theories in understanding practical
problems. However, the theories have not been re-
adily applicable to design situations because so-
lutions of three-dimensiopal stress wave equation
for a real problem becomé mathematically intractable
and those of one-~dimensional equation are physically
inconformable to the actual situation.

It is considered that the stress waves may lead to
premature failure of mechanical components in steel
structures by localised plastic flow or fatigue or
fracture depending upon the mode of loading. Elas-
tomers have been used in the wave path to attenuate
these undesirable effects of stress waves. Commer-
cial components, such as flexible coupling, anti-
vibration mountings, bushes and belts are available
using an elastomer and they have been applied more
or less successfully in many industrial and struc-
tural situations. However the design of such com-
ponents is usually carried out without imvolving
any quantitative analysis of the effects of stress
waves because sufficient information, both theore-
tical and experimental, is not available on which
design decisions could be based.

In the design of elastomeric components used in
structural systems, the modulus or #tiffness of
rubber is one of the major factors to be considered
as its value depends considerably on the operating
conditions. Extensive data are available for mech-
anical properties of rubber under static condition.
The dynamic properties which are usually inter-
preted as the properties of rubber when subjected

to cyclic deformation, are important in a large
number of engineering applications and are generally
more useful in the design of rubber springs and sus-

pensions than the results of simpler static tests'
Several test methods have been developed for
dynamic properties involving either free vibration
or forced vibration of the test piece (Brown, 1979).
For the generation of engineering design data,
forced vibration methods are generally considered o
be the most useful. Wave propagation is one of
these methods in which the dynamic modulus of rubber
can be deduced from the velocity and attenuation of
waves passing through it. A major limitation ef the
various systems developed so far involving wave pro-
pagation technique is that the specimen is subjected
to sinusoidal excitation with frequency levels onlvy
upto 200 Hz (Payne and Scott, 1960). In many eng-
ineering structures, such as the mipe hoisting
system in a mining shaft, the components are sub-
jected to impact loads, generating impact pulse of
very high magnitude (of the order of half the yield
strength of steel). For design of elastomeric com-
ponents in such cases, the properties under tran-
sient conditions and particularly the modulus under
impact loading conditions must be known. No such
data appear to be available. Also the faccors af-
fecting the value of this modulus under such con-
ditions do not appear to have been investigated.
This paper presents an investigation of the effects
of stress waves through steel/elastomer interfaces
1n structures subjected to impact loads and high-’
lights the major factors responsible for optimum
design of elastomeric components. A specially de-
signed apparatus is used to analyse the propagation
of high impact stress waves in long steel bars
through an elastomer inserted in a pair of connect-
ing links. Preliminary experimental results obtain-
ed with this apparatus have highlighted the signi-
ficance of high strain rates associated with stress
waves, (Krok and Masood, 1979). The effect of pre-
load, hardness and thickness of rubber specimens on
the attenuation of stresses and strain rates have
also been studied previously, (Masood and Xrok,
1983). The present study is aimed at investigating
the effect of strain rates on the impact modulus of
elastomer under stress wave conditions. The study
demonstrates an experimental techmique to analyse
the wave propagation in a structural system and lays
down criteria of selection of modulus of rubder to
achieve maximum attenuation oi waves under i(mpact
loading conditions. As rudder is considered to bde
virtually incompressible, its dynamic behavioue is
compared vith the <¢ynamic respounse ol netal soeci-




mens in plastic state under identical loading con-
ditions in the apparatus. An interesting correla-
tion is observed between the behaviour of rubber

and lead and this fact is used to establish suitable
guidelines for design of rubber components under
transient loading conditions.

2 STRESS WAVE BEHAVIOUR

The simple one-dimensional theory of longitudinal
wave propagation in linearly elastic bar predicts
non-dispersive propagation of \infinitesimal strain
waves along the bar at a wave velocity C_ = (E/p)
and a relationship between the longitudinal stress
J and longitudinal particle velocity v, given by

0 = pC v. In these expressions, p 1s the density
and E Bhe Young's Modulus of the bar material., The
impedance Z of a component to propagation of stress
waves is given by Z = ApC where A is the cross-—
section area, (Jolmson, 1972).

In considering the rubber inserts, since conditions
will vary radially, it is more convenient' to make
the same assumption of elastic non-dispersive be-
haviour and express the relatiouship in terms of
average axial quantities.
quantities, the probfem of propagation and attenuat-
ion of loagitudinal stress waves through cylindrical
rubber specimens can be analysed.

When stress wave propagates through the same cross-
section of steel and rubber, the reflection and
transmission of wavés at steel/rubber interface is
controlled by the ratio of impedances of the two
materials, which in turn depends upon the density
and the elastic modulus of each material. For steel,
the Young's Modulus is a constant and within the
elastic limit, the variation ia density is negligi-~
ble. Since rubber is virtually incompressible, the
variation in its density may also be assumed to be
‘megligibly small. This leaves the elastic modulus
of rubber to be a major variable, which would con-
trol the reflection and transmission at the inter-
face and hence would affect the magnitude of atten-
tuation. In situation like impact loading, for which
conventional test methods are not available, the
value of elastic modulus of rubber, as derived from
wave reflection and transmission, would be consi-
dered to be adequate for design of elastomeric
components. e

3 THE AfPARATUS AND TEST PROCEDURE

The stress wave apparatus, shown schematically in
Figure 1, consists of two vertical steel bars
(approximately 18 mm diameter by 2500 mm long) each
fitted with a rectangular link through which the
load is applied to and received from the specimen.
The bars are supported in a vertical frame (not
shown), the top of the upper bar being attached
through a rubber bush while the bottom of the lower
bar has provision for preloading and for the ini-
tiation of stress waves by impact loading.

Preload is spplied by an adjusting nut on the lower
bar compressing conical washers against a reaction
plate on the frame while the stress wave is ini-
tiated by dropping a mass onto a collar carried by
the bottom end of the bar. With this arrangement
the rubber specimen is loaded in compression which
is necessary in this mode of operation and the long
measuring bars are. loaded in tension to maintain
stability.  The cylindrical rubber specimens used
Ain the apparatus are bonded to thin steel end plates
and have the same diameter as that of the measuring
bars.

A dual beam storage cathode ray oscilloscope is used

With a knowledge of these’ .

in single sweep mode with a standard time base to
record the signals of the stress pulses from the
strain gauges on the lower and upper measuring bars.
A separate strain gauge on the lower bar is used to
trigger the single sweep operation. The height of
the recorded signal is a measure of the maximum
strain in the bar while its slope is a measure of
rate of loading or strajin rate in the bar.

The stress wave apparatus represents a typical ex-
ample of a steel structural system in which high
impact propagating stress waves are involved and the
effect of introduction of impedance mismatch is
studied by observing the dynamic response of the
steel members including the complex shaped rectan-
gular links. ’

Elastomeric specimens of different shape factor can
be uged in the apparatus. A steel specimen is used

' for calibration purpose and for comparison of

results. When steel specimen is used, the only
impedance effect is due to the geometry of the rec-
tangular links.. This impedance change has no
appreciable effect on the reduction of strese mag-
nitude in steel bars but has a significant effect
on the attenuation of strain rate.

When rubber specimens are used in the apparatus,
both the rubber material and the geometry of the
links cause the impedance changes. While the im~
pedance due to geometry is a constant, the impedance
due to rubber is influenced by the shape factor of
rubber specimen as well as by the applied preload.
The shape factor of a rubber component is defined

as the ratio of the crdéss-section area normal to the
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Figure 1 The Stress Wave Apparatus



 timens of &

the direction of the stress wave to the free surface
area parallel to the direction of the wave. This
relationship is important in the degign of rubber
components used to attenuate the consequences of
impact loading. )

The experimental test procedure basically consists
of determining the magnitude of the reflected stress
in the lower bar for each test of rubber specimen
and then determining the dynamic impedance, the wave
velocity and the impact modulus by using one-dimen-
sional stress wave theory. As the magnitude of re-
flected stress depends upon the magnitude of inci-
dent impact stress, the rubber hardness, the shape
factor and the applied preload, the value of impact
modulus would change with variatiom in any of these
parameters. In the computation of the modulus of
rubber, the impedance change due to geometry of the
rectangular links is considered and the apparatus

is represented as a geometric model consisting of a
series of co-axial cylinders of appropriate acoustic
impedance determined by a separate analysis,
(Masood, 1983). Results have been obtained with
cylindrical rubber specimens of same diameter
(19-mm) but of different thickness (2.3 to 13 mm)
and hardnesses. Maximum range of results were ob-
tained for the hardest rubber specimens as softer
and thicker specimens induce buckling problems. The
curves of impact modulus (ER) variation with strain
rate at various preloads (P§ and shape factors (S)
_for the hardest rubber specimens are shown in
Figures 2 and 3 while ithose for medium hgrd spéci-
mens. are shiown in Figures 4 and 5. The results for
soft specimens are plotted in Figure 6 ouly _for

zero preload.

4 DISCUSSION OF RESULTS

The curves plotted in Figures 2 to 6 give a general
trend of the behaviour of dynamic stiffnéss of rub-
ber used in specific conditions of the stress wave
apparatus. For each rubber matérial, having a spe-
.cific shape factor and a hardness, the impact modu-
lus is very sensitive to the strain rate and pre-
load variation. All the curves shown in Figures 2
and 3 indicate that the modulus increases with
strain rate as well as with preload. Comparing tne
curves in these figures, it is observed that the
magnltu!ea of moduli are very high for rubber spe-
i@ne shape factor, § = 2.06, as com
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pared to those of smaller shape factors. For spe-
cimens of similar shape factors, the moduli of the
harder rubber specimens are larger than those of
soft rubber specimens. Curves in Figure 2 show that
rubber specimens of very high shape factor or very
small axial thickness would have very high stiffness
even at low strain rate and small preload and there-
fore rubber components of such characteristic would
not be suitable for stress attenuation or strain
rate attenuation. Comparing the Figures 2 and 3, it
is noted that the components with smaller shape fac-
tor and higher preload would have almost the game
dynamic effect on the rubber stiffness as the com~
ponents with larger shape factot and smaller pre-
load. P1gures 4,5 and 6 show tiat the value of im-
pact modulus is low for softer rubber specimens but
increases with an increase of preload and an in-
crease of shape factor.

The curves shown in Figures 2 to 6 provide a general
quantitative idea of the magnitudes of the approxi-
mate values of impact modulus of rubber under
various conditions  of shape factor, preload and
strain rate used in atypical structural system.
These are useful inthe selection of elastomeric com-
ponents designed for attenuation of siress waves.

If an appropriate value of the effedtive modulus of
rubber in a particular situstion is known, it can be
used to determine the effective impedance of rubber
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.and the stress attenuation factor, which would pro-
vide a suitable criterion of selection of rubber
components,

5 COMPARISON WETH BEHAVIOUR OF METALS

The design and versatility of the stress wave appa-.
ratus has made it possible to compare the dynamic
behaviour of elastomers and metals under stress
wave conditions and thereby deduce some useful de-
sign information for rubber components used in
structures. The stress-strain behaviour of rubber
differs widely from that of metals. While rubber
within the elastic limit has a non-linear stress-
strain characteristics and is virtually incompress-
ible with large recoverable deformation capability
under small forces, metals have a linear and com—
pressible behaviour and exhibit small deformation
under large applied forces. In the plastic state,
however, metals are essentially incompressible aund
show a large permanent deformation for a small in-
crease in force. Thus there appears to be some
similarities between the plastic behaviour of metals

175qL Rubber Specimen: Preload P = 0 1
Hardness H = 40 SAD
15004
8
=
12501
L
mlOOq
El
-
ko]
T 7500
=
g J
o
2
g 5008
L=}
2508
0 )
6 7 2 11 13 15 17 19
-1
Strain Rate s
Figure 6 Impact Modulus (P = 0, H = 40)

and the elastic behaviour of elastomers. 1In the
study of the plastic flow of metals, the well known
slip-line field theory is based on the assumption of
a rigid plastic material and gives acceptable res-
sults in the evaluation of loads and velocities in
certain metal working operations (Hill, 1950).

Among common eagineering metals, pure lead fulfils
the requirements of the slip-line theory and can
thus be chosen as an ideal meterial for theoretical
and experimental investigation of its incompressible
behaviour in plastic state at a room temperature,

The experimental tests of rubber specimefns on the
stress wave apparatus have shown that the dépendence
of rubber modulus on shape factor, preload and hard-
ness is most critical. The variation of impact mo~
dulus with thickness for hardest rubber specimens
is shown in Figure 7 for a given value of impact
load but for three different values of applied pre-
load. At the instant of impact loading, the effect-
ive impedance of rubber changes suddenly. As rubber
is incompressible, there is virtually no change in
density, and therefore the change in impedance is
due to the change in impact modulus of rubber. Sim--
ilar results can be expected for modulus of lead
under plastic deformation which is incompressibie.
Experimental tests were performed with lead speci-
mens of different thicknesses (3 to 15 mm) and con-
stant diameter {19 wm) on the stress wave apparatus.
As in the case of rubber, the lead specimens were
also bonded to steel ends to achieve similar end
effects. No preload was necessary since it does not
affect the molecular structure of lead. At the ins-—
tant of impact loading, the lead undergoes plastic
deformation, attains incompressibility and its ef-~
fective impedance decreases sharply. This impedance
change is attributed to the change in the dynamic
modulus of lead. An appreciable amount of reflected
stress wave is observed in the lower bar. The vari-
ation of dynamic modulus of lead (Ep), calculated
from stress wave theory, with the thickness is shown
in Figure 8 for two values of impact stress (DI).

Comparison of Figures 7 and 8 indicate that under
identical stress wave test conditions, rubber and
lead exhibit similar patterns of dynamic charac-
teristics. For lead specimens, like rubber, the
interface effect and not the internal structure of
material appears to be the main controlling factor
in the reflection and transmission of stress waves.
It appears that the common factor of incompress-
ibility is very significant in making the two mater-
ials comparable under dynamic loading. While a com-
plete theoretical analysis of metals under dynamic
situation is not readily available, the slip-line
thecry offers a convenient method of correlation be-
tween the static and dynamic behaviour of lead,

Figure 9 shows the variation of apparent modulus of
lead with thickness, which has been obtained by con—
sidering the averhage, pressure required for the qua-
si-static compression of lead blocks between two
rough plates using the slip~line theory. This curve,
which has the same form as the experimental curve of
Rigure 8, provides a more realistic appreciation of
modulus of lead in terms of deformation at a cous~-
tant stress. This correlation between the static
and dynamic behaviour of lead and the common trend
between the dynamic behaviour of lead and rubber can
be used to provide initial solutions to the design
of rubber blocks under impact conditions.

6 DESIGN CONSIDERATIONS
The results of the experimental tests on the stress

wave apparatus provide a reasonable guidance for the
selection of impact modulus and shape factor of
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rubber for specific situations. For maximum atten-
uation of stress waves in steel structures, the im-
pedance of the damping material should be as low as
possible.
ites density remains constant, so the attenuation
could be increased if rubber components are designed
to have a low dynamic modulus. However, the choice
of low modulus is limited by the size of the compo-
nent and ¢he magnitudes of applied preloads and
‘strain rates. In structural systems, rubber is al-
ways subjected to certain preload, the applied dy-
namic stresses aré normally fixed according to re-

. quirements, and the size of the rubber component is

often decided by other factors. In such cases, the
components should be designed such that an optimum
shape factor is used. Such a shape factor would
provide an optimum modulus for rubber under given
loading conditions and would therefore ensure maxi-.
mum attenuation of stress waves.

The variation in slope of the curve in Figure 7 in-
dicates how far the values of modulus varies with
thickness. The desirable point would be one where
the slope of the curve is fairly small or near zero
and remains so for a range of thicknesses. For
specimens of thickness 8 mm and higher, the slope is
nearly zero and fairly steady.
range will ensure maximum reflection and minimum
transmission of waves through the rubber thus pro-
viding maximum safety against stress wave effects.
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However specimeéns of these sizes would not be able
to bear high preload and high impacts and would be
liable to buckling failure. The specimens in the
range 2 to 4 mm will no doubt be more stable and
capable of high loads but as the slope of the curves
increases sharply in this range, they would not be
able to provide sufficient attenuation. The speci-
mens of optimum size appear to be in the range of

4 to 7 mm thickness. In this range the variation

in slope with thickness is not very grrat, the mag-
nitudes of effective modulus are small, and the
specimens would be able to sustain reasonable amount
of preload and impact stress., These specimens would
provid optimum attenuation of stress waves and would
be stable under given conditiogs of loading.

Results of lead specimens, shown in Figure 8, in-
dicate that, like in rubber tests, the value of im-
pact modulus of lead also increases asymptotically
for very thin specimens but remains fairly steady
for thicker specimens. The variation of the slope
of the curve is identical to that of the curves for
rubber sperimens, and the range of 6 mm to 9 mm
appear to be the optimum range. This same range
can also be seen to be the optimum thickness range
by reference to Figure 9, which gives the theore-
tical results of slip-line field analysis.

The tests on stress wave apparatus have thus pro-
vided a qualitative and a quantitative approach to
the design of rubber components under impact loading
conditions. Curves of slip-line field theory -
apparent modulus vs thickness - provide the cri-
terion of selection of an optimum thickness or an
optimum shape faRtor for :he component in order to
attain a low value of modulus. This is a quali~
tative criterion. The curves of rubber tests - im-
pact modulus vs thickness provide the guidelines
for selection of an optimum rubber modulus for a
chosen thickness or shape factor for a specific ap-
plied impact locad and a simultaneous preload. This
is the quantitative criterion. {

7 CONCLUSIONS

An experimental study of the dynamic response of a
structural system involving high impact stress wave
has been made. Stress wave theorv offers a con-
venient technique of deriving the impact modulus of
rubber components used to alleviate the adverse
effects of stress waves 1n siecl stractures., The
modulus of is found to be greatly attfectod
bv the variation in cpplied sirain

“ubler

vate, preload,



hardness and shape factor. A proper selection of
impact modulus of elastomer based on these factors
is critical in order to improve the performance of
steel structures in transient conditions. A cor-
relation between the dynamic behaviour of rubber’
and the plastic behaviour of lead is observed under
stress wave conditions. This has been used to
establish quantitative and qualitative criteria for
optimum design of rubber components used under such

conditions.
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SUMMARY

method used for analysis is suitable for free or forced vibratioms.

A method is presented for analyses of frames with semi-rigid joints.

The dynamic deformation
The method incorporates all influences

such as semi-rigidity, axial force, rotary inertia and shear force into one expression with improved

numerical stability desirable for computer modelling.

1 - INTRODUCTION

The underlying common assumption for the analysis of
frames is complete rigidity of the joints. The shortcomings of
this assumption have been recognised for some time (}2,3] Baker
1930). During the last decade renewed interest in the topic is
shown by the number of published papers, extending the original
static, linear snalysis into the plastic range as well as
taking some dynamic behaviour into account. Also the original
investigation dealing with steel member connection has been
expended into composite structures and reinforced concrete. The
majority of research papers consider that the loads produce
some plastic deformations. Furthermore, quasi-static load is
favoured, typically of several herts; possibly because of the
difficulty of inducing. higher frequencies under complete
control. In this analysis only small deformations are assumed
and the anslysis shown here follows Firt i}, which assumes
completely rigid “core’ of s :joint and semi-rigid connection
(s semi-rigid hinge) of & bar to the core.

2 PROBLEM FORMULATION

Consider a bar of the constant flexural stiffness £/ and
the constant mass m connected semi-rigidly to the infinitely
rigid cores

Figure 1. Deformations and forces on a bar
with semi-rigid joints.

For the purpose of our snalysis we assume that a rather
complicated relationship between the forces and deforma-—
tions, which occurs at the joints, can be approximated
by a single functional relationship which in general is

V. /4
Mij= — 0 (N, & ./ and
, :
m
Y. 4
M= — g (N, &, )

/

The functions ¢ depend on seversl parameters {not completely
specified here) such as an axial force A, and angle of
rotation. No loss of generality will occur in the following
procedure which considers these Lwo parameters. The ¢
functions can be expanded by s Taylor series about the origin
to give

gij = Cijj + Cagi 8 + Casi e + Cosiby + Crii b’ +
(2)

i = Ciji + Co & + Csii &'+ Cojili + Co ki +

where C; sre constants and £ is a parameter reflecting the

influence of an axial force. The above step is justified only for
small deformations, which is sufficient to allow the natural
frequencies to be investigated. However, it does not allow the
amplitudes of deformations for undsmped vibrations to be
established and only shapes (eigenfunctions) can be calculated.
For the investigations of vibrations in the elastic range presen—
ted here, the claim that linear relationship exists between
moment and rotation made by Firt [1]}, and Faulkner [2| seems
justified.

3 LINEAR ANALYSIS
For this case equation (1) will be simplified to

V.74
”n =T Ty tu and
{
(3)
.74
Mn =- - 7|i(ii
/

“with the relationship between 7;;8nd &, from Figure 1 being

given by

& =6 + () and

spi =d|*{i|-



Hence, fromn (3) and (4),

M
£y =6, - — — - and
£l vy
(%)
M
én = 6 - B
£/ 7

where 7;;and 7, are constants representing the semi-rigidity of

a joinb for the particular bar/joint connection.

The common view, and the one adopted here, is that only the
moment is primarily sffected, while the shear force is carried
through Lthe joint. Equation (5) fully describes this class of a
seini-rigid joint.

The relationships between bending moments and the shear forces
in the deformation method are given in Table 1 (details are
given in Kohoutek [9}).

N\ TABLE 1
Forces due to unit deformations Clamped — clamped beam
£,=1 w,:l £,=1 wi=1
El £/ E/ Vo4
M” ’-‘Fg __F4 _Fl _"‘Fs
‘ (% / (?
£/ E/ /4 E!
V" ‘—F4 —Fb _Fs —Fs
/? ‘3 ‘2 i
£/ £/ £7 /4
M — F — Fy — F, —Fy
] /2 / -4t
VoA 4 £/ K7 V.74
Vii ‘_—Fa —Fs —F4 _F‘
/2 A /? ‘8

These expressions can be rewritten in a more suitable form for
further manipulation and are listed below.

£/ wi, wji
My= —(Flij+ Fi& -~ Fe—-Fs— )

{ { {

&/ i Ui" Uﬁ
My= —(Fitj+ Fob+ Fys—+ Fe— )

{ { {

' (6)

K/ wi, Wn
Vi = (- Fabij+ Fobj+ Fo— + Fg— )

/2 / /

£/ w;, v,
Vn: -—{—f':,("4f'4f"+ﬁ’s~4f'°——}

2 / /

The equations (0) can be expressed in matrix notation as
M 4

v w

Substitution of equation (5) into equation (7) yields

M s £+ IM/yEl
- F = F
_V | - |w w
and
[ ] 177727/ BT
= F +F
v | 0 w

Defining a new matrix F 'by Fy =1 - F (defined in
Appendix 2) leads to

ruﬂ E
F, =F
A v
[ ¢ 8
= F'F = ¢ (8)
LV4 w »

The matrix F,” ! enables a new definition of frequency functions
® ;- n = 1,6 which incorporates the semi-rigidity of the indivi-

dual connections. The detailed derivation is given in Appendix 1,
with the new frequency functions listed below. Since the limit
cases of semi-rigidity are hinge and complete fixity, only six
frequency functions are required to cover all basic support
conditions.

&(ij) = 7;; D' Fy 7;
&) = 7 D' (Fo7; - F* + Fy¥)

®y(ij) = 7;; D' (- Fy 7; + FaFg + FyFy)
. 9
@,(i}) = 7D ( - Fe 7y + FaF¢ + F;Fy)

&(ij) = Fs + D' (- F{F « FyFy(y, + 7i) - 2F;3) - F, F4')

®4ij) = Fo «+ D' (Fl (7, - F2) - 0F, FyFy + F (7, ~ F,))

where
D= y;7i-Faly+7y)+F’-F2

Frequency funclions in the other direction (ji) on a bar are
simply crealed from (9) by the interchange of idexes ¢/ and
J¢. The arguments of the frequency function F, for the rigid

joint are otnrnited for clarity.



Different types of frequency functions are possible:

: {z) F(A) when only flexural deformation
is considered and

{27) F{s,d) when the effects of axial force,

shear deformations, rotary inertia and some forms of damping,
are included either individually or in some combination. The
algorithms for natural frequencies, forced vibrations [9] and
dynamic stability {7, are maintained but the computational
effort is substantially increased because of (9).

4 CONCLUSIONS

The boundary conditions play an important role in all dynamic
analyses. The correct estimation of the boundary conditions
significantly influences the determinations of: the static
critical load {(Sweet et al) (11}, Segal and Barnuch [10f);
natural frequencies {Firt (1}, Faulkner {2, Xohoutek (4]};
and dynamic stability (Kohoutek (6,7]).

Generalised boundary conditions such as those applying at a
joint in the frame will have a major influence on a// #the
critical design paramelers above. The derivation of modified
frequency functions for linear semi-rigid joints permits the
dynamic deformation method to be used in the investigalion of
dynamic stability problems, as well as in stalic stability and
natural frequencies, which are only special cases of dynamic
stability.

Further research is needed to asceriain whether the linearity,
the affect of a frequency on and the influence of an axial
force should be incorporated into the analysis of a semi-rigid
joint. The influence of an axial force was obviously present in
Carlson's experiment and modified the boundary conditions
(Kohoutek [6]).

The linear analysis is computationally difficult bul feasible
for some important structures.
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APPENDIX 1
Derivation of frequency functions for semi-rigid joints.

A general outline is given by equations (7) to (8) and this will
not be repeated here. The problem is reduced to a definition of
F,, and its inversion F,”! and an evaluation of a product F,”' F,.

The matrix Fy = [ - F is, in full,

[‘1 - _F2/7n' - Fx/'l,i 0 0
i of [$i0| [-F/ny 1-Fy, 0 0
Fl = - =
0 i 32 0 F‘/?ij - FS/7;) 1 0
Fa/?’;. - F4/7n 0 IJ )
which can be written as
I-% 0 £ 2
F, = with the inverse =P (A1)
-¥, 1 R ¥
The identity matrix
N-%)2=1 1-$)2=0
I=FF"'= (A 19)
-F,P+R=0 ~-F, 2+ 4 =1

implies the following relationships:

£l 5

. 2=0,
R=%0-F)" and
S =1



Hence
a-%) 0
F'= : (A 13)
g - ) 1
The first submatrix of (A 1.3), in full, is
L (7 - Falvij ~ Py |-t
P=(-%)"= =
- Fi/7ij (7i - Fall7ii
(7ri ~ Falvii Fi/7i
=D (A 14)
Fl/Tii (7i; - Fa)/?i,
where

D, = (7ly7n o (7» + 7\]) + F22 - Fl2 )/7ii 7ii-

The second submatrix of (A 1.3) similarly gives

E Fovii  Falra
R=%0-%)'=-Dp" ‘
- Fs/'?n F‘/7ji
r .
(riy - Fa7s LYY 'y
Fi7i (7ii - Fa)rs
- Fyp Fi) + F3F Fy(7i - F3) - Fy Fn]
- D! (A 15)
- Flyy - Fa) v FyF, Flyy - Fo) - Fy F.J

The inverse F,™" defined by (A 1.3), using (A 1.4) and (A- 1.5), is

(7, - P, R o o
Fl/7li (71] - Fz)/’l., 0 0
o, (A 16)

=~ Flyyp - Fa) + FgFy Fyly, - F)) -FF, Dy 0

- Fo(7ji - Fa) + F4F; Fyly;; - F)) - FsF, 0 Dﬂ
The product -F;' F, with F,™ given by (A 1.6) and F from

‘Table 1, gives modified frequency functions (Appendix 2) for
semi-rigid joints described by (6). Here only the six functions
are needed because limit cases cover both hinge and fixed con-
nections. The frequency functions for clamped—-clamped support
conditions, considering only flexural deformations are given in
Appendix 3. :

APPENDIX 2
Frequency functions &,(ij)
The frequency functions F; , i = 1,6 could be those of

Appendix 3, if only flexural deformsation is considered or
F; (sd) of 7, if the influences such as shear deforma-

tions, rotary inertia and axial force are included.

&(ij) = 7; D' Fy 7;

&i) = 7, D' (Fa73 - F' + F")

#5(ii) = 7, D7 (- Fy 74 + FaFs + FyFy)

#4ii) = 7 D' (- Feys + FaFy + F, Fy)

B = Fy + D (- B + FyFulyy + 7 - 2F,) - Fys?)
%4(ii) = Fo + D' ( F{® (75 - Fa) - 2F Fs Fy + Fo? (3, - Fy )
where

D= 7;7i- Falyi + 7i) + F* - F2

APPENDIX 3
Frequency functions Fi(})

The frequency [unctions for vibration without damping;
only flexural deformations sre considered. The first six
frequency functions needed are shown here (clamped ~ clamped
bar), for other basic support conditions: hinged - clo.mped,
cantilever, and hinged - hinged refer to {7] or [9]

A parameter A is calculated from
A = / (mo*/E) °®

{

where / is a length of the beam, m is a mass per unit length,
@ is a frequency, and El a flexural stiffness.

Fy(A) = - A (1 - exp(-2) (2 sin A + exp(-A))/1,(A)
Fa(A) = - A (sin A - cos A + exp(~2A) (sin A + cos A))/f,(A)

Fs(A) = - A*(1 + exp(~A) (exp(-2) - 2 cos A))/f(A)

Fe(A) = A*sin A (1 - exp(~2A))/1(A)

Fo(A) = A3(1 + exp(-A) (2 sin A - exp(-A))lf.'(A)

Fg(A) = - A%(sin A + cos x + exp(~2A) (sin. A ~ cos A))/f; (A)

where

f;(A) = cos A - exp{-A) (2 - exp(~A) cos A)

10 -
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SUMMARY A useful approach to detarmining the vibrational characteristics of beam systems utilizes the
receptance method. ' However' the receptance method has not been applied extensively to the analysis of
plate or shell type Structures. In this paper the application of receptances to the axisymmetric
vibrations of annular plates is discussed. A continuous annular plate simply supported along the two
boundary edges and simply supported at the intermediate- support is considered. The method presented
gives an exact solution and can be readily extended to any standard boundary conditions and also to non-

axisymmetric vibrations.
1 INTROUUCTIUN

Most structures are combinations of shell, plate,
beam and lumped elements. Several methods of
calculating dynamic response and eigenvalues have
been developed such as finite difference, transfer
matrix and finite element methods. A useful
approach to determining the vibrational
characteristics of beam, shaft and lumped
parameter systems is the receptance method
discussed in detail by Bishop and Johnson, 1960.
Also Sakharov, 1966 used the method of dynamic
rigidities which are reciprocal receptances to
calculate the vibrational characteristics of an
cylindrical Shell with an annular plate at one
end. In a recent paper Azimi, Hamilton and
Soedel, 1984 applied the receptance method to the
free vibration of rectangular plates and Soedel,
1981 presented a review. of the receptance method
with application to shell type structures.

The object of this paper 1is to cl'arify the
application of this method to the free vibration
of annular plates. For the sake of simplicity
only axisymmetric vibration of simply supported
annular plates is considered. )

2  TIP RECEPTANCES OF AN ANNULAR PLATE SIMPLY
SUPPORTED ON BOTH EDGES

Consider a plate shown in Figure 1

M, = M, cosn@ coswt

’

FIGURE 1 Annular plate simply supported on
both edges.

The classical differential equa‘tion of motion for
the transverse displacement w of a plate is given

by
2

4W+pa—-g- = 0 ‘ (1)
at

ov

where D is the flexura) rigidity and is defined by
3 ,
Eh
D = ——- (2)
12(1-v7)

E is Young's modulus, h is the plate thickness,
v is Poisson's ratio, p is mass density per unit
agea ofzt!e plate, 5 is time, and
v =9°v", where v is the Laplace operator.

When free vibrations are assumed
w =W cosut ’ (3)

where w is the circular frequency and W is a
function only of the position coordinate r.
Substituting equation (3) into equation (1) yields

CA S "I (4)
" where k is a parameter defined as
k4 ) (%)
The general solution of equ.ation (4) 15,

W(r) = [A 9, (kr) + BY (kr)
Cnln(kr) + FnKn(kr)] cosne

(6)

where J. and Y, are the Bessel functions of the
first and second kinds of order n, and I, and

are the modified Bessel functions of the ﬁrst an
second kinds of order n respectively. The

1"



eonstants I\‘,

shape

and

conditions.

Bpys C
are

determined

and F, determine the mode

from the boundary

A tip receptance for the plate of Figure 1 is
aid of equation (6) and the
following boundary conditions

derived with the

w(r,t)
Ml.‘ =0
w(r,t)

Mr = Mo cosno coswt at r = b

L]

0

=0

r=a
r=a
r=»>o

where M. for axisymmetric vibrations is given by

A tip receptance for the plate of Figure 1 is

M. = =D + 2
r 'l T

defined as

%p =

amw/ar
r

at

aw
)

r=»>b

(8)

(9)

If expressions (6) and (8) are introduced.into the
boundary conditions, the following expression for

the receptance %b is obtained

K

S T 3D 8y Jp(8) + aY(83)

’ ) []
+ 851 (83) + 8,K (82)]

g =

- where b
a

A =

Al-

Ar=

Ay =

3,0

J,(81)

IXTORER O]

2o

o) e
2.0

Y,

ALY

IXNORT AN
3,

9,(80)

) e )

30

3,(80)

a0 *J:‘u)

v

A = ka

AT

Y.(8)

v;(n) +

£ ',‘,(n)

Y00 ¢

"n

1,0
1,(0%)

L) + 3 10
()

Ia(81)

10+ 31,0

v

Yam)

VRSN

(10)
1) - K, (2)
1,(0) K,(s)
(s + K(m) ¢
T s
1) ¢ K0 +
21,0 ALY
K, ()
X (8)

k() + 26,00)
X(2)

K, ()

K + 2K
k()

K (82)

)+ 2k

12

Ag=

A"-

A.'

Y.(0) + 2V (1)

5,030
e
9,(03) + 2 J.(83)
3,0

Jp($2)

BB+ L m)
9,0

9,(82)

I (88) ¢ 20 (82)

() + 2 1.(82)

l”(n)

1,(08) « 2 1.(82)
Y0

v,(80)

i) {v;(n)
Y, ()

V()

Y(8) ¢ Y0

J"m’ Y, () 1,00)
by =[9,(81) Ya(8r) I(s2)
)+ 2o ) v0) edv ) 1 e 21,00 (1)
The derivatives of the Bessel functions can be
calculated using the following formulas
(McLachlan, 1955)
L}
2, =91 " a1
1]
2Y =Y -Y
r'\ n-1 n+l (12)
2ln = In-l * In+1
L}
ZK“ = -(K“_1 + Kn+1)
In a similar way the receptance a,, Can also be
derived by -appropriate change " of boundary
conditions i.e. .
w(r,t)‘= 0 at r = a
"r = Mo cosnd coswt at ‘r = a
w(r,t) =0 at r =b (13)
Mr =0 at r=b»b
_Therefore, the receptance a,, is defined as
aw/ar .
% -n-ﬁ— at r = a (14)
Hence, the following expression for %a
obtained -
M l ] []
%2 = "0 [Asdn(x) + A6Yn(x)
] +
+ A, 1 (A) + agK (A)] (15)
where 7°n 8°n
Y (2 () K,(2)
As =1 (82) 1,(m) K, (a2)

INCVRS LRI

X (81)

Ka(8A) ¢ & K (83)
K0
K, (82)
Ke(83) ¢ £ K (83)
1,0
1,(s)

l;(n) + § l;(n)

(16)



The natural frequency equation may be found from
the condition that the appropriate receptance
become infinite. That is, the natural frequencies
of a plate under consideration are given by the
equation

A=0 (17)

3 NUMERICAL -EXAMPLES

In order to confirm the validity of the theary
presented, the calculation of the first natural
frequency has been carried out and compared with
the known results in literature. Figure 2 shows
the relation between frequency parameter A and
radius ratio 8, for n = 0. It has been found that
this curve is exactly the same as that obtained by
the classical method according to Leissa, 1969.

9 ——r——v—r v
8 r . :
.7 i ]
A 6T T
5t n=0 b
ol .
s} 4
.0 0:1 0:2 013 014 015 6Tg40:7 0.8

b/a

FIGURE 2 Values of A for a simply supported,
simply supported annulus, v = 1/3.

obtained allow more complex
For example consider the

The receptances

systems to be analysed.
plate shown in Figure 3.

h=0.005m

PLATE A

PLATE C

FIGURE 3 Annular plate simply supsbrted along the
boundary edges and simply supported at the
intermediate support. (E = 2.08x101l N/m?
v=1/3, p=139,29 kg/a?) :

If the plate (system A) is broken into sub-systems
B and C (see Figure 4), having receptances g and

13

y respectively, then the natural frequency
equation of the plate is given by (Soedel, 1981)

By *vp =0 (18)
r"-———- o
| [
I B 1 c |
| |
e e e e e — e - J
SYSTEM A

FIGURE 4 Receptance model for the plate
of Figure 3

The notation system for receptances adopted here
is that used by Bishop, 1960 and Soedel, 1981,
Therefore, index 1 means that the sub-systems are
linked by co-ordinate 1 which is in this case a
slope at the point where the two plates (B and C)
are joined together.

The receptance 8,, and y;, are equivalént to -
receptances @, arH a dérlived in the 1last
section. Table l\ shousﬂﬁome results for the plate

under consideration.
TABLE 1

NATURAL FREQUENCIES OF VIBRATION
in rad/s for n = 0
Plate A

Plate B Plate C

2043 1951 2062

4- CONCLUSIONS

The procedures developed in this -paper based on
the receptance method have proved to be adequate

for the study of the vibration of annular
plates. A continuous annular plate simply
supported has been considered. However, the

method presented can be easily extended to any
standard boundary conditions ands also to non-
axisymmetric vibrations.
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