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Preface to Volumes III and IV

Although the mathematical literature is growing at an exponential rate, with pa-
pers and books published every day on various topics and with different objectives:
research, expository or historical, the editors of the present Handbook feel that
the mathematical community still needs good surveys, presenting clearly the bases
and the open problems in the fundamental research fields. Group actions consti-
tute one of these great classical and always active subjects which are beyond the
fashionable and non-fashionable, at the heart of several domains, from geome-
try to dynamics, passing by complex analysis, number theory, and many others.
The present Handbook is a collection of surveys concerned with this vast the-
ory. Volumes I and II appeared in 2015.) Volume III and IV are published now
simultaneously.

The list of topics discussed in these two volumes is broad enough to show the
diversity of the situations in which group actions appear in a substantial way.

Volume III is concerned with hyperbolic group actions, groups acting on metric
spaces of non-positive curvature, automorphism groups of geometric structures
(complex, projective, algebraic and Lorentzian), and topological group actions,
including the Hilbert—Smith conjecture and related conjectures.

Volume IV contains surveys on the asymptotic and large-scale geometry of
metric spaces, presenting rigidity results in various contexts, with applications in
geometric group theory, representation spaces and representation varieties, homo-
geneous spaces, symmetric spaces, and several aspects of dynamics: Property T,
group actions on the circle, actions on Hilbert spaces and other symmetries.

Several surveys in these two volumes include new or updated versions of inter-
esting open problems related to group actions.

We hope that this series will be a guide for mathematicians, from the graduate
student to the experienced researcher, in this vast and ever-growing field.

L. Ji (Ann Arbor)

A. Papadopoulos (Strasbourg and Providence)
S.-T. Yau (Cambridge, MA)

April 2018

L. Ji, A. Papadopoulos and S. T. Yau (ed.). Handbook of Group actions, Volumes I and II,
Higher Education Press and International Press, Vol. 31 and 32 of the Advanced Lectures in
Mathematics, 2015.



Introduction to Volume IV

Volume 4 of the Handbook of Group Actions consists of three groups of chapters.
The first group deals with the asymptotic (large-scale, or coarse) geometry of
infinite groups and associated metric spaces, the second consists of homogeneous
spaces, their quotient spaces, and discrete subgroups of Lie groups, and the third
is concerned with group actions on nonlinear spaces, in particular ergodic theory
and dynamics.

Part A: Asymptotic and Large-scale Geometry

One basic point of view in geometric group theory is to consider groups as metric
spaces, and understand and relate algebraic properties of the groups to their metric
properties. For a finitely generated group G, any finite symmetric generating set S
defines a proper left invariant word metric dg, and different generating sets define
quasi-isometric metrics. On the other hand, if a group G is not finitely generated,
any infinite generating set still defines a left invariant metric. But the metric is
not proper anymore. The properness property is crucial for some applications. For
any countable group H, by embedding it into a finitely generated group G, the
restriction of a word metric of G to H defines a proper left invariant metric on H
which is not a word metric. The chapter by Cornulier and de la Harpe gives an
introduction to such proper left invariant metrics and more general pseudo-metrics
on locally compact groups. The authors develop notions corresponding to those
in the coarse geometry of finitely generated groups.

In complex analysis, conformal maps are basic, and they can be generalized
to metric spaces using cross-ratios. The resulting maps are called Mébius maps.
On the other hand, Mobius maps often do not exist between different spaces,
and several generalizations have been proposed and studied. They include quasi-
conformal maps, quasisymmetric maps and quasi-Mdbius maps. The chapter by
Haissinsky gives a systematic study of actions of groups by quasi-Mobius maps,
which are also called quasi-Mobius groups. This is a natural class of group actions
for the following reasons: compared with actions by quasi-conformal maps, they
are defined by global properties, while they have richer dynamics than actions
by quasisymmetric maps. Consequently, they form a rich class of groups that
sits between the more rigid class of conformal transformation groups and the too
flexible class of group actions by homeomorphisms.

Though they are not conformal maps, quasi-Mobius maps capture the global
behavior of conformal mappings on compact manifolds, and also capture the large
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scale geometry of groups acting by isometries on hyperbolic spaces.
After defining and discussing their basic properties, Haissinsky addresses the
following issues:

1. Determine when an action of a group by homeomorphisms is conjugate to
that of a group by quasi-Mébius maps.

2. Determine when a group action by quasi-Mobius maps is conjugate to a
group action by Mobius maps.

3. Describe the group of quasi-Mébius self-maps of a given metric space.
4. Classify metric spaces with large groups of quasi-Mdbius maps.

5. Use quasi-Mobius group actions to describe the geometry of the spaces on
which they act.

The notion of quasi-isometry is basic in geometric group theory. Two vir-
tually isomorphic finitely generated groups are quasi-isometric with respect to
any word metric. The question of quasi-isometric rigidity of a group I' asks if
any group which is quasi-isometric to it is virtually isomorphic to I'. This ques-
tion was actively studied in the 1990s for lattices of semisimple Lie groups. The
chapter by Frigerio discusses the quasi-isometric rigidity of fundamental groups
of manifolds that can be decomposed into pieces, in particular, it describes the
behavior of the quasi-isometric rigidity of fundamental groups of three-manifolds
with respect to the Milnor-Kneser prime decomposition and JSJ-decomposition.
The quasi-isometric rigidity of fundamental groups of high-dimensional manifolds
is also discussed.

One important source of geometric group theory is the Mostow strong rigid-
ity for rank 1 locally symmetric spaces, especially hyperbolic manifolds, and the
methods of its proof. In the chapter by Bourdon, a careful introduction to the
Mostow strong rigidity of hyperbolic manifolds of finite volume and dimension at
least 3 is given, together with a survey of related rigidity results and some recent
results. The key idea is to consider actions of fundamental groups of hyperbolic
manifolds on the boundary of hyperbolic space by quasi-conformal maps and to
obtain regularity properties of the quasi-conformal actions. The methods can be
applied to more general Gromov hyperbolic spaces and groups. Alternative proofs
of the Mostow strong rigidity also lead to significant results, such as the entropy
rigidity of Besson-Courtois-Gallot. This chapter gives a comprehensive survey of
all these rigidity results.

Part B: Representation Spaces and Representation
Varieties, Homogeneous Spaces,
Symmetric Space, Mostow Rigidity

One important class of group actions consists of actions of discrete subgroups of

Lie groups on homogeneous spaces, in particular symmetric spaces. The well devel-
oped Lie theory makes it possible to understand refined properties of these actions.
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The classical example is the modular group SL(2,Z) acting on the upper half plane
which was already considered by Lagrange and Gauss. The group SL(2,Z) is an
arithmetic subgroup of the Lie group SL(2,R), and a natural generalization is to
consider arithmetic subgroups of semisimple Lie groups and their actions on sym-
metric spaces. More generally, we can consider lattices of semisimple Lie groups
and their actions on symmetric spaces. These actions give rise to locally sym-
metric spaces of finite volume, which are important in the theory of automorphic
forms and provide special Riemannian manifolds which often have rigidity proper-
ties as we saw in the previous chapter. The structure near infinity of these locally
symmetric spaces and consequently these compactifications are well studied and
understood. On the other hand, discrete subgroups which are not lattices occur
right from the beginning of the theory of discrete subgroups, especially in the the-
ory of Kleinian groups. They can be easily constructed from the uniformization
theorem of Riemann surfaces. For a long time, it was not easy to construct discrete
subgroups of semisimple Lie groups which are not lattices but are not contained
in proper Lie subgroups. Recently, there was an explosion of activities around the
notion of Anosov representations of hyperbolic subgroups and the resulting Anosov
discrete subgroups, which provide a rich class of non-cofinite discrete subgroups
of semisimple Lie groups, or equivalently locally symmetric spaces of infinite vol-
ume. One immediate problem is to understand compactifications of such locally
symmetric spaces of infinite volume. The Chapter by Kapovich and Leeb gives
a comprehensive introduction to these non-cofinite discrete subgroups and locally
symmetric spaces of infinite volume.

Actions of linear algebraic groups on algebraic varieties arise naturally in sev-
eral contexts, in particular, in the construction of moduli spaces by the method
of geometric invariant theory, and to understand structures of toric varieties. One
crucial step is to obtain local linearizations of such actions. More concretely, sup-
pose an algebraic group G acts on a normal algebraic variety X by morphisms.
Then the linearization of the action says that every point of X admits a G-stable
neighborhood which is G-equivariantly isomorphic to an action of G on a G-stable
subvariety of some projective space by linear transformations. This is an equivari-
ant version of the basic fact that a projective variety is obtained by gluing affine
subvarieties. A positive answer to the linearization problem was given by a theo-
rem of Sumihiro. The chapter by Brion explains Sumihiro’s theorem and related
results.

In the geometric invariant theory as developed by Hilbert and Mumford, the
key question is to construct quotients of actions of linear reductive algebraic groups
on irreducible varieties. The chapter by Bérczi, Hawes, Kirwan and Doran de-
scribes the question on constructing geometric quotients of actions of general linear
algebraic groups, i.e., not necessarily reductive, on irreducible varieties over alge-
braically closed fields of characteristic zero. This chapter is rather comprehensive
and also introductory. Besides giving a survey of some recent work on geometric
invariant theory and quotients of varieties by linear algebraic group actions, it
also gives background material on linear algebraic groups. The linearization result
discussed in the chapter by Brion plays a crucial role in this chapter.

Locally symmetric spaces form an important class of quotient spaces of infinite
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discrete group actions. Hyperbolic manifolds of dimension 3 of finite volume are
special among locally symmetric spaces due to their rich geometry in connection
with low dimensional topology. Reidemeister torsion was introduced to classify
3-dimensional lens spaces and also to give an important invariant of 3-dimensional
manifolds. The chapter by Porti gives a systematic discussion of applications of
Reidemeister torsion to hyperbolic manifolds of dimension 3. It also discusses
Reidemeister torsion for representations of the fundamental group of hyperbolic
manifolds of dimension 3 and hence view it as a function on the character variety
of such fundamental groups. Group actions and representations of groups play a
basic role in this chapter.

Homogeneous spaces and locally symmetric spaces often give rise to special
manifolds, for example in the study of rigidity properties of manifolds. In the
proofs of the Mostow strong rigidity and Margulis superrigidity, ergodic theory
plays an important role. It turns out that the ergodic theory of group actions
on homogeneous spaces is also important for the metric theory of Diophantine
approximation. The chapter by Ghosh surveys some recent developments in the
metric theory of Diophantine approximation with special emphasis on Diophantine
properties of affine subspaces and their submanifolds.

The most basic group action is probably the regular action of a group on itself.
A variant is the conjugation action. A conjugation is an automorphism of a group,
and hence a natural extension is to consider the action on a group by a subgroup of
its automorphism group. In the chapter by Dani, the author discusses actions on
a connected Lie group by subgroups of its automorphism group. Such actions play
an important role in the study of various topics, including geometry, dynamics,
ergodic theory, probability theory on Lie groups, etc. After discussing basic results
on the structure of the automorphism groups of a Lie group, ergodic theory and
dynamics of such actions are discussed in this chapter.

In the study of rigidity of locally symmetric spaces and more general problems
in ergodic theory, actions of locally compact groups on measure spaces occur nat-
urally. They give rise to unitary representations of the groups on Hilbert spaces.
The chapter by Bekka reviews results on the rigidity of these actions from the
spectral point of view. More precisely, the rigidity means the existence of a spec-
tral gap, i.e., the absence of almost invariant vectors, for associated averaging
operators and their consequences. The spectral gap property has several striking
applications to several topics, and this chapter explains two applications: con-
struction of expanders graphs and bounds on the escape rate of random matrix
products.

Part C: Dynamics: Property T, Group Actions on
the Circle, Actions on Hilbert Spaces and
Other Symmetries

The spectral gap property discussed in the previous chapter is defined and studied
by actions of locally compact groups. The chapter by Valette deals with actions
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satisfying a property called a-(T)-menability. It is closely related to the Haagerup
property, which is expressed in terms of unitary representations. These properties
have applications to the Baum-Connes conjecture in the theory of C*-algebras.
The above concepts and applications are discussed in this chapter.

The most basic infinite group action is probably the action of Z, and a natural
extension is the action of Z" for r > 1. It turns out that there is a marked difference
in rigidity between the cases r = 1 and r > 1 when the action is hyperbolic in a
suitable sense. Specifically, when r > 1, actions are rigid. This is consistent with
the Mostow strong rigidity and the Margulis superrigidity for lattices in semisimple
Lie groups of rank strictly greater than 1. The chapter by Hasselblatt explains
such results.

Periodic functions such as sinz and cosz are essential for many applications.
One generalization consists of almost periodic functions of one real variable, which
roughly are periodic to within any desired level of accuracy with respect to suit-
ably well-distributed “almost-periods”. This notion has been generalized to locally
compact abelian groups. The chapter by Veech deals with a generalization to dis-
crete groups. It starts from the basic definitions and constructions such as the Bohr
compactification, and then almost periodic functions are motivated by functions
on the Bohr compactification. This chapter also discusses almost automorphic
functions. One of the main results of this chapter relates almost automorphic
functions to almost periodic functions. This chapter was written in 1970 and is
also of historical value, besides giving an introduction to these basic notions.

The circle is probably the simplest compact connected manifolds, and in the
study of group actions, actions on the circle are naturally believed to be among the
most basic ones. It turns out that this case has many striking results and features.
The chapter by Mann surveys rigidity results for groups acting on the circle. The
main example concerns actions of surface groups and rigidity in both local and
global settings. This chapter can serve as an introduction to recent developments
and new tools in the study of group actions by homeomorphisms.
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Zooming in on the Large-scale Geometry
of Locally Compact Groups

Yves Cornulier*and Pierre de la Harpef

Abstract

The purpose of this survey is to describe how locally compact groups can be studied
as geometric objects. A locally compact group is o-compact if and only if it has
a so-called adapted pseudo-metric (such a pseudo-metric, as defined in the text,
is left-invariant, but need not be continuous), and two such pseudo-metrics on a
o-compact group are “coarsely equivalent”. A locally compact group is compactly
generated if and only if it has a so-called geodesically adapted pseudo-metric, and
two such metrics on a compactly generated group are “quasi-isometric”.

Various properties of locally compact groups can be defined and studied in terms
of these pseudo-metrics, such as local ellipticity (generalizing local finiteness from
discrete to locally compact groups), growth, amenability, compact presentation
(generalizing finite presentation), and splittings as HNN-extensions. In this way,
the survey offers a short introduction to a point of view adopted in a recent book
by the same authors.
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4 Yves Cornulier and Pierre de la Harpe

1 Introduction

The purpose of this survey is to describe how locally compact groups can be studied
as geometric objects. We will emphasize the main ideas and skip or just sketch
most proofs, often referring the reader to our much more detailed book [5].

It is now classical to view any finitely generated group G as a geometric object.
If S is a finite generating subset, the Cayley graph I'(G, S) is the graph whose
vertex set is GG, and whose edges are the pairs (g,gs) where (g,s) ranges over
G x S. Note that this can be viewed as an oriented and labeled graph, possibly
with self-loops (if 1 € S), but this does not play any role in the sequel. Since S
generates G, this graph is connected, and therefore there is a well-defined metric
on the vertex set G, for which the distance ds(g, h) between g, h € G is the number
l5(g~'h) defined as the smallest k such that g~'h can be written as a product
of k elements in S*!. This metric, called the word metric (with respect to S),
enjoys the following properties:

1. it is left-invariant, i.e. the left action of G on itself is by isometries;
2. it is proper, in the sense that bounded subsets are finite;

3. it satisfies the following geodesicity property: for all integers n and g,h € G
such that dg(g, h) = n, there exist go, g1, - - -,gn € G such that ds(gi—1,9:) =
1foralli=1,...,nand (go,gn) = (g,h).

The main drawback of this metric is that it depends on the choice of a finite
generating subset S; in particular, a metric property of this metric need not be
intrinsic to G. Nevertheless, if S’ is another finite generating subset, an easy
induction shows that, for some constants ¢, ¢ > 0, we have

cdgr < dg < C/dsl.

In other words, the identity (G,ds) — (G,dg-) is a bilipschitz map.

Word metrics on finitely generated groups have proved useful on several occa-
sions, for example in [6], [12, 11], and (7, 8, 9]. It is natural to wonder how this
concept generalizes to a broader setting.

Let us first discuss a generalization to discrete groups, beyond finitely generated
ones. If we consider the word metric with respect to a generating subset S, then
obviously S is bounded; if we require the properness of the metric, S is necessarily
finite, so, in a sense, the word metric is only suitable for finitely generated groups.
Beyond the case of word metrics, it is natural to consider left-invariant proper
metrics. For instance, for a group G with a finite generating subset S and a
subgroup H C G, the restriction of dg to H is a left-invariant proper metric on H.
This is not, in general, a word metric on H. Actually, by a theorem of Higman-
Neumann-Neumann [10], every countable group is isomorphic to a subgroup of
a finitely generated group, and thus admits a left-invariant proper metric by the
above construction. Conversely, it is clear that the existence of a proper metric
implies the countability of the group. The uniqueness up to bilipschitz maps fails
for infinite groups, since when d is a proper left-invariant metric on G then so
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is V/d, and (G,V/d) can be checked to never be bilipschitz (nor quasi-isometric,
see Definition 2.3) to (G,d). However, if G is a discrete group with two proper
left-invariant metrics d,d’, there exist nondecreasing functions ®_, &, from the
set of nonnegative numbers to itself, tending to +o00 at +oo, such that ®_ od’ <
d < @, od'. This is interpreted by saying that the identity map (G,d) — (G,d’)
is a coarse equivalence.

A further generalization is to consider topological groups, especially locally
compact groups. Given a topological group G, we consider metrics, or pseudo-
metrics (in the sense that distinct points can be at distance zero) on G; we do
not consider the topology defined by these metrics and only refer to the given
topology on G. It is natural to require that compact subsets are bounded (not-
ing that this is automatic when the metric or pseudo-metric is continuous). The
properness assumption is that bounded subsets have a compact closure. A con-
venient setting is to assume the topological group to be locally compact (and in
particular, Hausdorff, by definition); note that this includes discrete groups as an
important particular case. Furthermore, to avoid local topological issues, we allow
pseudo-metrics.

In §2, we introduce some general metric notions, including coarsely Lipschitz
maps and coarse equivalences. In §3, we import the coarse language in the context
of locally compact groups, and we characterize o-compact locally compact groups
in a metric way. In §4, we introduce the coarse and large-scale geodesic notions,
which allow to characterize compactly generated locally compact groups in a metric
way. In §5, we introduce coarsely ultrametric spaces, which provide a coarse
characterization of locally elliptic locally compact groups, which generalize locally
finite groups from the discrete setting. In §6, we introduce the notion of coarse
properness for metric spaces, which allows to define in a coarse setting the notions
of growth and amenability. In §7, we introduce coarsely simply connected metric
spaces and use them to characterize metrically compactly presented groups, which
generalize finitely presented groups in the setting of locally compact groups. In
the last two sections, we illustrate compact presentability: in §8, we describe the
Bieri-Strebel Theorem, which provides constraints for surjective homomorphisms
of compactly presented locally groups onto Z, and §9 provides further examples.

2 Metric categories

We denote by R the set of nonnegative real numbers. The standard metric d is
defined on Ry by d(z,y) = |y — =|.

The objects we will consider are pseudo-metric spaces, that is, pairs (X, d)
where d is a symmetric function X x X — R, satisfying the triangle inequality
and vanishing on the diagonal (z,y € X with « # y and d(z,y) = 0 may occur).
By a common abuse of notation, a pair (X,d) will often be identified with the
underlying set X.

Definition 2.1. A map f: X — Y between pseudo-metric spaces is

e coarsely Lipschitz if there exists a nondecreasing map @, : Ry — Ry



6 Yves Cornulier and Pierre de la Harpe

such that d(f(z), f(z')) < @, (d(z,z")) for all z,2’ € X; we say that f is
$_ -coarse;

e large-scale Lipschitz if it is ®-coarse for some affine function @ .

Two maps f, f' : X — Y are close, written f ~ f', if sup ¢ x d(f(z), f'(z)) < oc.
Equivalence classes of this equivalence relation are called closeness classes.

For instance, the map f, : Ry — R, mapping z to 2% (a > 0) is coarse if
and only if it is large-scale Lipschitz, if and only if a < 1. If (X, d) is an arbitrary
unbounded metric space, then the identity map (X,d) — (X, Vd) is large-scale
Lipschitz (hence coarse), while its inverse is coarse but not large-scale Lipschitz.

It is clear that, if f is coarse (respectively large-scale Lipschitz) and f ~ f/,
then f’ satisfies the same property.

Definition 2.2. The metric coarse category (respectively large-scale cate-
gory) is the category whose objects are pseudo-metric spaces and morphisms are
closeness classes of coarsely Lipschitz maps (resp. of large-scale Lipschitz maps).

Definition 2.3. Let f: X — Y be a map between pseudo-metric spaces.
e The map f is essentially surjective if sup,cy d(y, f(X)) < oo.

e The map f is coarsely expansive if there exists a non-decreasing function!
®_ : Ry — R tending to infinity at infinity, such that d(f(z), f(z')) >
®_(d(z,2")) for all z,2' € X; we say that f is ®_-coarsely expansive.

e The map f is large-scale expansive if it is ®-coarsely expansive for some
affine function ®.

e The map f is a coarse equivalence if it is coarse, coarsely expansive and
essentially surjective.

e The map f is a quasi-isometry if it is large-scale Lipschitz, large-scale
expansive and essentially surjective.

e Two pseudo-metric spaces X, Y are coarsely equivalent (respectively quasi-
isometric) if there exists a coarse equivalence (resp. quasi-isometry) X — Y.

Proposition 2.4. Let f: X — Y be a map between pseudo-metric spaces.

1. f induces an isomorphism in the metric coarse category if and only if f is a
coarse equivalence;

2. f induces an isomorphism in the large-scale category if and only if f is a
quasi-isometry.

In particular, to be coarsely equivalent (resp. quasi-isometric) is an equivalence
relation between pseudo-metric spaces.

1One could equally consider functions ®_ : Ry — Ry U {oc}. This would not change the
definition.



