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Preface

The theory and applications of C*-algebras are related to such diverse
fields as operator theory, group representations, topology, quantum me-
chanics, non-commutative geometry and dynamical systems, In light of the
Gelfand transformation, the theory of C*-algebras is also regarded as non-
commutative topology. Despite the great influence of this subject to other
fields, the understanding of C*-algebras itself was very limited. About a
decade ago, George A. Elliott initiated the program of classification of C*-
algebras (up to isomorphism) by their K-theoretical data. It started with
the classification of AT -algebras with real rank zero. Since then, great
efforts have been made to classify amenable C*-algebras, a class of C*-
algebras that appears most naturally. Large classes of simple amenable
C*-algebras were discovered to be classifiable. With these rapid develop-
ment, the theory of C*-algebras becomes increasely important to many
other fields. For example, the applications of these results to dynamical
systems have been well established.

The purpose of this book is to introduce some of the recent develop-
ments of the theory of classification of amenable C*-algebras to a broad
range of readers including non-experts and graduate students. It is an am-
bitious plan. However, the material presented here has been limited by the
author’s knowledge as well as the page limitation of this volume. For ex-
ample, the aspects of classification of purely infinite simple C*-algebras
which is quite complete are not mentioned in this volume. The author’s
effort was concentrated to finite C*-algebras. Even in this case, only simple
C*-algebras with tracial topological rank zero are treated in detail.

The first three chapters contain the basics of the theory of C*-algebras
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ii “ Preface

which are particularly important to the theory of the classification of
amenable C*-algebras. References to these three chapters include (but not
limited to) [147], [173], [143] and [48]. Chapter 4 offers the classification of
the so-called AT-algebras of real rank zero. The results in Chapter 6 cover
the results in Chapter 4, however, the proofs given in Chapter 4 are much
more elementary. It is the author’s intention to present the classification
of simple AT-algebras of real rank zero with limited tools so non-experts
and graduate students may be able to read it without advanced knowledge
of C*-algebras and K-theory. The first four chapters and first 6 sections
of Chapter 5 are self-contained. This part could serve as a text book for a
graduate course on C*-algebras. Indeed the author used it for a graduate
course in University of Oregon and a lecture series in East China Normal
University. The last two chapters contain more advanced topics. In partic-
ular, they contain the classification theorem for simple AH-algebras with
real rank zero, the work of Elliott and Gong. To achieve these goals in such
a limited volume, the author was often forced to give some new proofs (to
avoid introducing too much new concepts and materials). Starting Chapter
4, at the end of each chapter, brief remarks are inserted. The intention is
to give the reader some rough idea of the development related to the ma-
terial presented there. They are bound to contain errors. The author asks
forgiveness from those experts whose works have not been mentioned.

The majority of this book was written when the author was visiting East
China Normal University during the summer of 2000, the Mathematical Sci-
ences Research Institute at Berkeley during the fall of 2000 and University
of California at Santa Barbara in spring of 2001. It is his pleasure to express
his gratitude for all hospitalities he received at these institutes. The exciting
environment at the MSRI has left him with a great memories far beyond
this book. Even though it is difficult for the author to express his exact
appreciation to the people whom he met at MSRI, now is perhaps the only
opportunity to record his sincere appreciation. The author thanks Professor
N. C. Phillips and Shuang Zhang for their comments and suggestions. He
would also like to take this opportunity to thank following persons who were
exposed to earlier drafts and made corrections, comments and suggestions:
Warren Akers, Shanwen Hu, Bobby Ilapogu, Benjamin Itza-Ortiz, Junping
Liu, Shudong Liu, Nancy Livingston, Lisa Oberbroeckling, Michael Raney
and Tadg Woods.
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Chapter 1
The Basics of C*-algebras

1.1 Banach algebras

Definition 1.1.1 A normed algebra is a complex algebra A which is a
normed space, and the norm satisfies

llab]l < lall]lb]| for all a,be A.

If A (with this norm) is complete, then A is called a Banach algebra.
Every closed subalgebra of a Banach algebra is itself a Banach algebra.

Example 1.1.2 Let C be the complex field. Then C is a Banach algebra.
Let X be a compact Hausdorff space and C(X) the set of continuous func-
tions on X. C(X) is a complex algebra with pointwise operations. With
[l f]| = supgcx | f(z)], C(X) is a Banach algebra.

Example 1.1.3 Let M, be the algebra of n x n complex matrices. By
identifying M, with B(C"), the set of all (bounded) linear maps from the
n-dimensional Hilbert space C™ to C", with operator norm, i.e, |z| =
SuPgecn,jej<1 |Z(€)|l, we see that My is a Banach algebra.

Example 1.1.4 The set of continuous functions A(D) on the closed unit
disk D in the plane which are analytic on the interior is a closed subalgebra
of C(D). Therefore, A(D) is a Banach algebra.

Example 1.1.5 Let X be a Banach space and B(X) be the set of all
bounded linear operators on X. If T, L € B(X), define TL = T o L. Then
B(X) is a complex algebra. With operator norm, B(X) is a Banach algebra.

1



2 The Basics of C*-algebras

A commutative Banach algebra is a Banach algebra A with the property
that ab = ba for all a,b € A Examples 1.1.2 and 1.1.4 are of commutative
Banach algebras while Example 1.1.3 1.1.5 are not commutative.

Definition 1.1.6 In a unital algebra, an element @ € A is called invertible
if there is an element b € A such that ab = ba = 1. In this case b is unique
and written a=!. The set

GL(A) = {a € A:a is invertible}

is a group under multiplication.
We define the spectrum of an element a to be the set

sp(a) = spa(a) ={A € C: Al —a & GL(A)}.

Whenever there is no confusion, we will write A1 simply as A.
The complement of the spectrum is called the resolvent and R()) =
(A —a)~?! is the resolvent function.

Example 1.1.7 Let A = C(X) be as in 1.1.2. Then sp(f) = f(X) for all
f € A. In other words, the spectrum of f is the range of f.

Let A = M,. If a = (aij) € A, then the reader can check that sp(a) is
the set of eigenvalues of the matrix a.

Proposition 1.1.8 For anya and b in A,
sp(ab) \ {0} = sp(ba) \ {0}.

Proof. 1If A & sp(ab) and A # 0, then there is ¢ € A such that
c(A—ab) = (A —ab)e=1.

Thus c(ab) = Ac — 1 = (ab)e. So we compute that

(1 +bca)(A—ba) = A—ba+ Abca — becaba
= A—ba+b(A—ab)ca=A—ba+ba=A,

which shows that A=1(1 + bca) is the inverse of A — ba. Hence A ¢ sp(ba)
and sp(ba) \ {0} C sp(ab) \ {0}. O

Definition 1.1.9 A Banach algebra A is said to be unital if it admits a
unit 1 and ||1|| = 1. Banach algebras in 1.1.2, 1.1.3 and 1.1.4 are unital.
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Lemma 1.1.10 Let A be a unital Banach algebra and a be an element of
A such that |1 —al|| < 1. Then a € GL(A) and

a”l= z—%(l —a)".

-— — 1‘_‘-
Moreover, |la=!|| < ﬁ"iTa‘T and |1 —a™! < ‘ﬂl_Lﬂ:lan'

Proof. Since

oo . o0 ey 1 o
2 10 -al <3 It -al” = g——gm <

n=0 n=0
the series ) - /(1 — a)™ is convergent. Let b be its limit in A. Then ||b]| <
=Ti=ap &nd

o0
11— af
1-b| < l—a||" = ———.

One verifies

k k

o} (1-a)M)=(1-(1-a)(Q (1-a")=1-(1-a)*
n=0 n=0

and that it converges to ab = ba = 1 as k — oo. Hence b is the inverse of a.
O

Definition 1.1.11 A function f from an open subset {2 C C to a Banach
algebra is said to be analytic, if for any A¢ € (2 there is an open neigh-
borhood O(Xo) such that f(A) = Y. an(A — Ao)™ converges for every
A € O(Ao). To include the case that A\ = 0o, we say f is analytic at infinity
if f(A) =3 o ganA~™ for all A in a neighborhood of infinity.

Theorem 1.1.12 In any unital Banach algebra A, the spectrum of each
a € A is a non-empty compact subset, and the resolvent function is analytic
on C\ sp(a).

Proof. If |A| > ||a]], then |A"a"|| < (12l So the series

o0 e
Z n+1
n=0 ,\




4 The Basics of C*-algebras

converges (in norm). Similarly to 1.1.10,

ak+ 1

(’\-G)Z W (W)

n=0

which converges to 1. This shows that supyeqpq) |Al < |lafl and R()) is
analytic in {A : |A| > ||a|/}. Moreover,

L
Jim RO < Jim @D =0. (el.1)

Similarly, if Ag — a is invertible and |A — Ao| < “—(Ao—_an, then

A —a)7 =" (Ao = N)™((ho —a) )™,
n=0
This also shows that the resolvent is open. Since sp(a) has been shown to be
bounded, sp(a) is compact. We have also shown that the resolvent function
is analytic on the complement of the spectrum.

In particular, f(R(A)) is a (scalar) analytic function for every bounded
linear functional f € A*. If sp(a) were empty, then f(R(\)) would be an
entire function for every f € A*. However, (e1.1) shows that f(R(})) is
bounded on the plane. Thus Liouville’s theorem implies that f(R())) is a
constant. But (e 1.1) also implies that f(R(A)) = 0. So, by the Hahn-Banach
theorem, R(\) = 0. This is a contradiction. Hence sp(a) is not empty. [

Corollary 1.1.13 The only simple commutative unital Banach algebra
is C.

Proof. Suppose that A is a unital commutative Banach algebra and a €
A is not a scalar. Let A € sp(a). Set I = (a — A\)A. Then I is clearly a closed
ideal of A. No element of the form (a — A)b is invertible in the commutative
Banach algebra A. By 1.1.10,

(= A)b—1| >1.

So 1 ¢ I and I is proper. Therefore, if A is simple, a must be a scalar,
whence A = C. O

Lemma 1.1.14 If p is a polynomial and a is an element of a unital
Banach algebra A, then

sp(p(a)) = p(sp(a)).
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Proof. We may assume that p is not constant. If A € C, there are
¢, 31, ..., Bn € C such that

p(z) - A= cH(z - Bi),
i=1

and therefore

n

p(@) = A =c[[(e- 4.

i=1

It is clear that p(a)— A is invertible if and only if each a—g; is. It follows that
A € sp(p(a)) if and only if A = p(a) for some a € sp(a). Thus sp(p(a)) =
p(sp(a)). O

Definition 1.1.15 Let A be a unital Banach algebra. If a € A, its spectral
radius is defined to be

r(a) = sup |A|
Aesp(a)

Theorem 1.1.16 Ifa is an element in a unital Banach algebra A, then

— niil/n
r(a) = lim [a™||'/".
Proof. If X € sp(a), then A" € sp(a™) by 1.1.14, so |A\"| < ||a™||. There-
fore, r(a) < liminfn—q [|a™||*/™. Let  be the open disk in C with center
0 and radius 1/7(a) (or oo if r(a) = 0). If A € 2, then 1 — Xa € GL(A). If
f € A*, then f((1— Aa)~1) is analytic. There are unique complex numbers
zn such that

F(1=2)™) ="z (Aeq).
n=0

However, if |A| < 1/|la|| < 1/r(a), then ||Aa|| < 1, so (1 — Xa)~! =
Yomeo A™a™, and therefore, f((1 — Aa)~1) = 3°°° A" f(a™). It follows that
zp = f(a™) for all n > 0. Hence the sequence {A\" f(a™)} converges to zero
for each A € (0, and therefore is bounded. Since this is true for every f € A*,
by the principle of uniform boundedness, {A\"a"} is a bounded sequence.
So we may assume that |\*|||a™|] < M for all n > 0 and for some positive
number M. Hence

MY
n|l/n ek S § i
fla™|*™ < T n=0,1,..
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Consequently,
lim sup [la™[|*/™ < 1/|A].
n—oo
This implies that if r(a) < F{T’ then limsup,,_, |[a”|[*/" < 1/|A. It fol-

lows that limsup,_, ., [[@®||*/* < r(a). From what we have shown at the
beginning of this proof, we obtain

limsup [|a™]|V/™ < 7(a) < lﬁigéf l[a™)|*/™.

n—00
This implies that r(a) = limp, o ||a™||*/™. O
1/2 1 0
Example 1.1.17 Let A=Mzanda=| 0 1/2 0 |.Thenl|a| 2>
0 0 1/3

1 and sp(a) = {1/2,1/3}. So r(a) = 1/2. It follows that [a™||'/™ — 1/2.
Let T € B(L?([0,1])) be a bounded linear operator defined by

7(f) = [ fe)da.

The reader can compute that ||T"|| < 2. Hence r(T') = 0. Note that T' # 0
(see Exercise 1.11.3).

We now establish the holomorphic functional calculus for elements in
Banach algebras (1.1.19). The first application appears in 1.2.9. Later, we
will establish continuous functional calculus for commutative C*-algebras
(1.3.5) and Borel functional calculus for normal elements in von Neumann
algebras (1.8.5).

Definition 1.1.18 Let z be a fixed element in a unital Banach algebra
A. Let f be a holomorphic function in an open neighborhood Oy of sp(z),
and C be a smooth simple closed curve in Of enclosing sp(z). We assign
the positive orientation to C as in complex analysis. For each ¢ € A*, we
consider a continuous function which maps A to f(A)¢((A — z)~!) on the
curve C. Set

L) = 5 [ TN~ =) )ar

The map ¢ — L(¢) is a linear functional on A* and

IL(¢)| < 2%”«;5” sup{|f(N[[|(A— =)~ : A€ C},
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where [ is the length of the curve C. Hence there exists an F' € A** such
that F(¢) = L(¢).

On the other hand, the function A — f(A\)(A — z)~! is a continuous
function from C into A. So the limit of

3 FO) —2) M = Aigr) (as maxi| A — Aiga| = 0),

i=0
where {Ao, ..., An, Any1 = Ao} is a partition of the curve C, converges in
norm in A to y. By the continuity of ¢, we know that ¢(y) = L(¢) = F(¢)
for all ¢ € A*. Hence F € A. By Cauchy’s theorem, F' does not depend on
the choice of the curve C, but only on the function f. Therefore we may
denote F by f(z) and write

f(z) = % /C FO)A —z)"dA.

We denote by Hol(sp(z)) the algebra of all functions which are holo-
morphic in a neighborhood of sp(z).

Theorem 1.1.19 Fiz an element z in a unital Banach algebra A. The
map f +— f(z) from Hol(sp(z)) into A is a homomorphism which sends
the constant function 1 to the identity of A and the identity function on
C to the element z. If f(z) = ¥ oo cnz™ in a neighborhood of sp(z), then

f(l' En:O C"z

Proof. Linearity is clear. Let f and g be functions holomorphic in neigh-
borhoods Oy and O, of sp(z), respectively. Set O = O;y N Oy and let
C;,i = 1,2 be smooth simple closed curves in O enclosing sp(z) such that
C lies completely inside the curve Cy. Then

f@e(e) = m ot |, SO0 =@ N [ o(e) e o)
L W [ / FN9(2)A = 2)~Y(z — z)~ dz]dA
- W / / Fg(2) = “:)_ (’\"”) L gz

- = / TR =2 (5 /C 2 zg(z) dz)d

s [ oo)e- 2)7 (s {8‘ LY 13)d

27t




