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Preface

This text has evolved from lecture notes for a one-semester course which I have
taught 5 times in the last 8 years as an introduction to the ideas of algebraic
geometry using the theory of algebraic curves as a foundation.

There are two broad aims for the book: to keep the prerequisites to a bare
minimum while still treating the major theorems seriously; and to begin to con-
vey to the reader some of the language of modern algebraic geometry.

In order to present the material of Algebraic Curves to an initially relatively
unsophisticated audience I have taken the approach that Algebraic Curves are
best encountered for the first time over the complex numbers. Therefore the
book starts out as a primer on Riemann surfaces, with complex charts and mero-
morphic functions taking center stage. In particular, one semester of graduate
complex analysis should be sufficient preparation, and it is not assumed that the
reader has any serious background in either algebraic topology or commutative
algebra. But I try to stress that the main examples (from the point of view
of algebraic geometry) come from projective curves, and slowly but surely the
text evolves to the algebraic category, culminating in an algebraic proof of the
Riemann-Roch theorem. After returning to the analytic side of things for Abel’s
theorem, the progression is repeated again when sheaves and cohomology are
discussed: first the analytic, then the algebraic category.

The proof of Riemann-Roch presented here is an adaptation of the adelic
proof, expressed completely in terms of solving a Mittag-Leffler problem. This
is a very concrete approach, and in particular no cohomology or sheaf theory is
used. However, cohomology groups clandestinely appear (as obstruction spaces
to solving Mittag-Leffler problems), motivating their explicit introduction later
on.

The other goal is to begin to convey, as much as possible, the language of
modern algebraic geometry to the student. This language is that of rational
functions, divisors, bundles, sheaves, cohomology, and the Zariski topology, to
name some of the highlights presented here. I hope that a student who has
read the later chapters of this book will be prepared to understand at least the
first few minutes of a modern colloquium talk discussing algebraic curves and
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algebraic geometry. I consider the treatment of sheaves and cohomology given
here to be rather gentle; for example, most of the sheaves which are used as
the initial examples were introduced in a natural way much earlier in the text.
Hence by the time a sheaf is even defined the reader will actually have a decent
understanding of what the technicalities entail. In addition, the zero-th and first
cohomology groups will already have been seen in the proof of the Riemann-Roch
theorem (without them being called that of course).

The first three chapters are introductory, discussing the basic definitions of
Riemann surfaces and holomorphic maps between them. Of the 12 sections in
these chapters, 5 are devoted entirely to examples of one sort or another. The
main theorems here are that the sum of the orders of a meromorphic function on
a compact Riemann surface is zero, and Hurwitz’s Formula relating the genera
of compact Riemann surfaces given a map between them. The fourth chapter
on integration is meant to get to the Residue Theorem in a direct manner.

Chapters 5-8 form the technical heart of the text. Divisors and how they are
used to organize forms, functions, and maps are introduced in Chapter 5, and
in Chapter 6 the Riemann-Roch Theorem and Serre Duality are proved, after
introducing the concept of an algebraic curve, which is defined here as a compact
Riemann surface whose field of global meromorphic functions separates points
and tangents. Chapter 7 is devoted to applications of Riemann-Roch. Here is
found the classification of curves of low genus, Clifford’s Theorem, the analysis
of the canonical map, and Riemann’s count of 3g — 3 parameters for curves of
genus at least two. A section on the degree of a projective curve culminates in
Castelnuovo’s bound on the genus. It is here most of all that the reader will
feel an urge to learn more algebraic geometry, and in particular some higher-
dimensional theory. The final section concerns inflection points of linear systems
and Weierstrass points in particular. In Chapter 8 Abel’'s Theorem is proved;
along the way the algebraic proof of the Residue Theorem is indicated. The final
section discusses the group law on a smooth cubic curve.

The last three chapters introduce sheaves and Cech cohomology. Initially the
classical topology is used, focusing in on the standard sheaves of holomorphic
and meromorphic functions and forms. The Zariski topology and the algebraic
sheaves are brought into the picture next, and the obstruction space for solving
a Mittag-Leffler problem (seen in the proof of the Riemann-Roch Theorem) is
here realized as an H! of an algebraic sheaf.

The last chapter is organized around the Picard group of an algebraic curve
and its many manifestations: as the group of divisors modulo linear equivalence,
as the group of line bundles modulo isomorphism, as the group of invertible
sheaves modulo isomorphism, as the first cohomology group with values in the
nowhere zero regular functions, and as the Jacobian (extended by Z). Here there
is an opportunity to explain why H! is useful to classify locally trivial objects in
general, and the text closes with first-order deformations, with Riemann’s count
of 3g — 3 parameters enjoying a reprise.
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At the end of each chapter I have included some suggestions for further read-
ing. These are not meant to be completely comprehensive, but simply indicate
some of the sources that I am aware of which I have found illuminating.

I would like to thank Bruce Crauder, David Hahn, Luisa Paoluzzi, John
Symms, and Caryn Werner for commenting on various sections; also I am greatly
indebted to Ciro Ciliberto and Peter Stiller who each read through substantial
portions of the text and offered many valuable suggestions.

It has been my great privilege to have been given the opportunity to study
algebraic geometry in my professional life. There is no doubt that the theory of
algebraic curves is the richest and deepest of the field’s various roots, and I hope
I have conveyed some of the special pleasure obtained in visiting this material,
which serves simultaneously as one of the great jewels of classical mathematics
and one of the most vital areas of modern research.

Rick Miranda
October 199/
Fort Collins, Colorado
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