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Preface

“An important problem ... is the question concerning existence of solutions of
partial differential equations when the values on the boundary of the region are pre-
scribed. ... Has not every regular variational problem a solution, provided certain
assumptions regarding given boundary conditions are satisfied and provided also if
need be that the notion of a solution shall be suitably extended?” These are the
words that Hilbert used to conclude his question concerning the twentieth problem
stated in an address delivered before the International Congress of Mathematicians
in 1900.

Hilbert’s twentieth problem and his related nineteenth problem have opened
one of the most interesting chapters in analysis and have attracted the efforts of
many mathematicians. Although there are still many open questions related to
these problems of Hilbert, a great deal of progress has been made, some with
dazzling success.

One of the components necessary to establish regularity of certain variational
problems was the need to show that a weak solution of a linear equation in diver-
gence form with bounded, measurable coefficients is Holder continuous. This result
resisted many attempts, but finally in 1957, De Giorgi and Nash, independently of
each other, provided a proof of this crucial result. The De Giorgi—Nash result stim-
ulated a great number of related investigations, one of the most important being
that of Moser who, by entirely different methods, provided another proof of their
result. A critical component in Moser’s proof was the discovery that the logarithm
of the solution is a function of bounded mean oscillation. He also proved the Har-
nack inequality, which states that locally, the supremum of the solution is bounded
by its infimum.

Others generalized these results to weak solutions of quasilinear equations in
divergence form with a very general structure. Ladyzhenskaya and Ural’tseva fully
developed the De Giorgi method in this direction while Serrin and Trudinger ex-
tended the Moser method. In particular, Trudinger discovered that weak superso-
lutions possess a weak Harnack inequality. That is, the infimum of a nonnegative
supersolution over a ball can be bounded below by its integral average.

The primary purpose of all of these results was to investigate the behavior of
weak solutions in the interior of the domain. While these methods could be easily
adapted to establish some regularity results of the solution at the boundary, a de-
finitive one similar to the inspired result by Wiener to characterize continuity at the
boundary for harmonic functions was lacking. The first step in this direction was
made by Littman, Stampacchia, and Weinberger who proved that a point in the
boundary of an arbitrary domain was simultaneously regular for harmonic functions
and weak solutions of linear equations with bounded, measurable coefficients. In
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his work concerning the local behavior of solutions of quasilinear equations, Serrin
discovered that a capacity, now known as the p-capacity, was the appropriate mea-
surement for describing removable sets for weak solutions. Later, Maz’ya discovered
a Wiener-type expression involving this capacity which provided a sufficient condi-
tion for continuity at the boundary of weak solutions of equations whose structure
is similar to that of the p-Laplacian. Utilizing different techniques, it was shown
in [GZ3] that Maz'ya's condition was also sufficient for boundary continuity for
solutions of a large class of quasilinear equations in divergence form. The methods
used in {GZ3] were of interest in that they did not employ any potential theoretic
techniques, thus making a distinct departure from all previous attempts in this
area. Indeed, a new proof of sufficiency of Wiener’s theorem can be obtained by
particularizing the results in [GZ3]. By carefully analyzing the methods leading
to these results Evans and Jensen, [EJ1], [EJ2], established an even simpler proof
of sufficiency and also included necessity, using essentially no more than Sobolev’s
inequality and the mean value property of superharmonic functions. Showing that
the Wiener-type expression was also necessary for the general class of quasilinear
equations proved to be difficult and was established only recently in [KM4]. Prior
to this, Lindqvist and Martio, [LM], established necessity in the case p > n — 1.

The main thrust of this book is to give a comprehensive exposition of the
results surrounding the work of [GZ3] and [KM4]. This includes a “fine” analysis
of Sobolev spaces and a development of the associated nonlinear potential theory.
The term “fine” refers to a topology on R™, actually the p-fine topology, which is
induced in a natural way by the Wiener-type condition. It also includes an analysis
of variational inequalities or obstacle problems where the obstacles are allowed to be
irregular, even discontinuous. The exposition on variational inequalities includes
the regularity theory associated with differential operators with a differentiable
structure and C1'* obstacles.

Specifically, the book is organized in the following way. Chapter 1 contains
preliminary material, including important results from measure and integration
theory, the Besicovitch Covering theorem, the maximal function, basic estimates
involving Riesz potentials, and Sobolev spaces. We find it convenient to introduce
the space Y'1'P which differs from the Sobolev space WP only in that its elements
are required to lie in L?" (p* := np/(n — p), and not in LP. The space Y17 is
associated with Riesz potentials whereas Bessel potentials are the counterparts to
functions in WhP,

The second chapter begins with the development of p-capacity, the capacity
which is used in the nonlinear version of the Wiener condition. Here it is shown
that Sobolev functions possess Lebesgue points everywhere except for a set of p-
capacity zero, that is, a p-polar set. The classical concepts of thinness and quasicon-
tinuity are extended to this environment involving p-capacity. A result of Maz'ya
and Shaposhnikova, [MaSh], relating to multipliers of Sobolev functions, provides
a borderline case to the Sobolev-type imbedding theorem due to Adams, [Ad1],
which is found in Chapter 1. Together, these two results allow a large class for
the coeflicients of the structure associated with our equations. The second section
is focused on matters related to the classical Laplace equation, including Green
potentials, classical thinness and the classical Wiener criterion. The subsection en-
titled “Regularity of minimizers” contains a short overview of the regularity theory
associated with certain variational problems. The main purpose here is to indi-
cate the important role that the De Giorgi-Nash result plays in this theory. We
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then give a brief treatment of De Giorgi’s proof as well as the proof due to Moser
involving his iteration method for solutions to equations with a simple structure.
Although this material will be completely subsumed by the exposition in Chapters
3 and 4, we choose to include it for the benefit of the reader who wishes to un-
derstand the fundamental ideas of these proofs in a setting that is not encumbered
with the additional complexities of a very general structure. A proof of the Wiener
criterion for equations with a simple structure is presented, again for the purpose of
preparing the reader for the complete development that appears in Chapter 4. The
chapter is concluded with a treatment of the p-fine topology as well as fine Sobolev
spaces. Many of the topics in this and the previous chapter have been exposed in
other books that have recently appeared. The reader is recommended to consult
the work of Adams and Hedberg, [AH], as well as that of Heinonen, Kilpeldinen,
and Martio, [ HKM2].

Chapter 3 begins the analysis of quasilinear equations with a general structure
whose coefficients are permitted to lie in the multiplier spaces mentioned above.
The results include local sup-norm estimates for weak subsolutions in terms of their
integral averages, certain maximum principles, and the weak Harnack inequality for
weak supersolutions. The techniques used here are due to Moser, [Mos1]|, [Mos2],
Serrin [Sel], and Trudinger [T'1]. The next topic in this chapter is removable sets
for weak solutions, a topic first investigated by Serrin in [Se3] and [Se4]. The
removability of a set is assured if its capacity is zero, thus indicating that one
might suspect capacity to play a role in the criterion for boundary regularity. The
chapter is concluded with a brief summary of regularity results of equations with
differentiable structure. These results will be referenced in Chapters 5 and 6.

Regularity at the boundary is the main concern of Chapter 4. This includes
basic energy estimates as well as a weak Harnack inequality for a class of functions
termed “supersolutions up to level [.” This Harnack inequality is crucial in estab-
lishing the Wiener criterion for boundary regularity as well as proving regularity
for weak solutions of double obstacle problems. Sufficiency of the Wiener condition
for boundary regularity is based on the work in [GZ3] while necessity of the con-
dition comes from [KM4|. The methods used to establish the Wlener criterion are
applied to the analysis of equations of the form

—div A(z,u, Vu) + B(z,u,Vu) =

where p is a Radon measure satisfying suitable growth conditions.

The weak Harnack inequality for supersolutions up to level [ is used in Chapter
5 to prove that weak solutions to the double obstacle problem are continuous pro-
vided the obstacles satisfy a regularity condition expressed in terms of the Wiener
condition. In particular, it is shown that the solution is continuous at a point if
both obstacles are continuous there. Moreover, an estimate for the modulus of con-
tinuity of the solution is obtained which implies that the solution inherits a Holder
continuity estimate from its obstacles. The last part of the chapter is devoted to the
double obstacle problem for equations with a differentiable structure. In this con-
text it is natural to assume that the obstacles are C1*®, and with this assumption,
it is shown that the solution also possesses Holder continuous derivatives.

The last chapter begins with the analysis of existence of solutions ta variational
inequalities. Assuming that the principle term of the differential operator satisfies
a coercivity condition, existence is established with the help of pseudomonotone
operators. The chapter concludes with the Dirichlet problem for equations with
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differentiable structure. The main result here is that if a continuous function is
prescribed on the boundary of an arbitrary bounded domain, then there exists a
solution which is locally C'*® which continuously assumes the boundary values at
all points satisfying the Wiener condition. By the Kellogg property, this will be
satisfied at all points of the boundary except for a p-polar set.

There are several excellent sources related to this book that the reader may
wish to consult. They include the recent monographs by Adams and Hedberg [AH]
on nonlinear potential theory and function spaces, and by Heinonen, Kilpelainen,
and Martio [HKM2] concerning the potential theory related to p-Laplacian type
equations. Books on Sobolev spaces that are related to our treatment on this subject
are by Maz'ya [Maz6|, Evans and Gariepy [EG], and [Z5]. Finally, the books by
Ladyzhenskaya and Ural’tseva [LU], Morrey [Mod], Gilbarg and Trudinger (GT]
and Kinderlehrer and Stampacchia provide treatments of elliptic equations and
related topics that are particularly relevant for our purposes.

This book is an outgrowth of lectures given by the authors at the Spring School
on Potential Theory and Analysis which was held in Paseky, Czech Republic, in
June, 1993. This conference was organized by the Faculty of Mathematics and
Physics, Charles University, Prague. The authors wish to thank the organizers for
the opportunity to participate in this conference.

In addition to support from Charles University and Indiana University, the
authors gratefully acknowledge support from the following grants: 201/93/2174,
201/94/0474, and 201/96/0311 of Czech Grant Agency (GACR), No. 354 of Charles
University (GAUK), and the National Science Foundation (USA).

March, 1997 Jan Maly
William P. Ziemer
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Basic Notation

Euclidean n-space

topological interior of F

closure of E

topological boundary of E

characteristic function of F

distance between sets A and B

diameter of the set A

diameter of the set {u(z): z € A}

{u(z) : z > a}

U is compact and U C § (for p-finely open sets see Definition 3.1)
the space of continuous functions on E

those functions u € C(E) that satisfy u(z;) — 0 whenever |z;| —
worz; ¢ E

k times continuously differentiable functions on Q

functions in C*(€2) compactly supported in £

locally Holder continuous functions on

the functions whose derivatives up to order k are locally a-Hélder
continuous on {2

the functions whose derivatives up to order k are (globally) a-
Holder continuous on

the dual of the space X

Dirac measure supported at z

Lebesgue measure of £ C R"

k-dimensional Hausdorff measure

p'h-power Lebesgue integrable functions defined on

pP-power R™-valued Lebesgue integrable functions defined on 9
locally p*"-power Lebesgue integrable functions defined on §2

LP norm of u on §2

{y:lz—yl<r}
{y:lz—yl <r}
|B(0,1)]

u restricted to the set FE

xiii



BASIC NOTATION

integration with respect to Lebesgue measure

|E|™! /Eu(:c) dz

convolution of f and g
composition z — f(g(z))
scalar product in R"
closure of {z : u(z) # 0}

max{u, 0}
max{—u, 0}
ou

Ba:

p— 1

ifl<p<n

{2

ifp=n
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CHAPTER 1

Preliminaries

1.1 Basic results

In this section, we use the notation {2 for an open subset of R™ and X for an
abstract set endowed with a measure p. The purpose here is to review some of the
well-known results of analysis that will be used throughout this book.

1.1 LEMMA. The inequality

A+e)PafP +(1+1/e)P7 b forl<p< oo
lal” + [b]” for0<p<1
holds for arbitrary a,b € R and € > 0.

(1.1) la+b)" < {

ProoF. We may assume a,b > 0. For p > 1, inequality (1.1) follows from the
fact that t — tP is a convex function and therefore

(a+b)P = [,\ (;) +(1-A) (%)]p
gy van(es)

whenever 0 < A < 1. Taking A = 1.41-5 establishes the result in this case. If 0 < p < 1

and a,b > 0, then the function z — z? dominates z — az where a = (a + b)P~!.
O

1.2 LEMMA (YOUNG’S INEQUALITY). Fora,b>0 and 1 < p < 0o, we have

a? b
ab S — + —
p p

PROOF. Recall that In(z) is an increasing, concave function on (0, 00) i.e.
In(Az + (1 — A)y) > Aln(z) + (1 — A\) In(y)

for z,y € (0,00) and X € [0, 1].
Set z=aP, y=b",and A = % (thus (1 A) = ) to obtain

In(a?) + i, In(b”') = In(ab). O

1 1 1
In(-a” + 5b°) > -
p p p p

An important application of Young’s inequality is Hélder’s inequality.

1



2 1. PRELIMINARIES
1.3 THEOREM. Ifu € LP(X), and v € L¥ (X), p > 1, then

(1.2) /X vl ds < [l ol

When p = 1, we take p' = oco.

PROOF. The assertion is clear if p = 1. It is also clear when 1 < p < 0o unless
0 < lull, llgll, < oo, in which case we define

= — d i=—
= — an =—.
llull, Il
Then, applying Young’s inequality, we obtain
1 / i T 1 1
e u| |v| dp = al|loldp < -+ —==1
TR el = [ falbl o< S 5 =1,
thus obtaining the desired result. O

1.4 REMARK. Holder’s inequality can be extended to the case of k functions,

u; € LP(X),... ,ux € LP*(X),
where
k

(1.3) 2%;1.

i=1

By an induction argument and (1.2) it follows that

(1.4) /Xul coeug dp < luallp, - fludlpy -

When proving that LP spaces are normed linear spaces we need the following
Minkowski’s inequality.

1.5 THEOREM. Let u,v € LP(X). Then u+v € LP(X) and
(1.5) llu+2llp < llullp + llollp-

PrOOF. Thisis easy if p=1or p=o00. If 1 < p < oo, we apply Hélder’s
inequality and get

/lu-i—vl”dus/ |u+v|p‘1lu|du+/ |u+v[P~ || du
X by X
1/p’
S(/ |u+v|”du> ((/ |u|”dp,)1/p+(/ |v|”du)1/p). m]
X b's X

1.6 COROLLARY. Suppose that 1 < p < ¢ and u(X) < co. Then

1/p 1/q
(1.6) (7[ |U|”du) < (7[ Iul"du) .
X X

The following is a simple interpolation result.
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1.7 COROLLARY. Suppose p < q < r, and 1/qg = X\p+ (1 —=N)/r. Ifu €
LP(X)NL"(X), thenu € LY(X) and

(1.7) lully < [lullpllullz=.

PrROOF. Let a = \q, f = (1 — A\)q and apply Hélder’s inequality to obtain

1/s 1/t
[ ule du= / ul|ul® di < ( / Iul‘”du> ( / |u|f“du)
X X X X

where s = p/Agand t =r/(1 — A)q. d
1.8 THEOREM. If f is nonnegative and p-measurable on X then

(1.8) /deuz/ e fe) > )

[0,

PrRoOOF. Write
If u(E;) = oo for some t > 0, then obviously both sides of (1.8) equal co. Otherwise
Ey = U E) )i with u(E, /) < oo, so that the measure u | Ey verifies assumptions

needed for the product construction. Let A denote the Lebesgue measure and v the
product measure (u | Ey) x A. Set

W ={(z,t):0<t< f(z)} C X xR.

Since

W= J {E, x (0,9)}
qeQ™t

where Q% is the set of all positive rationals, W is v-measurable. Thus,

/[O‘OC)FL(Et)d/\(t):/R(/EO Xy (1) dp,(z)) dA(t)
:/1 Xy (z,t) dv(z, t)
EoxR

:/E AM{t:0<t< f(z)}) du(z)

= /Xu f dp. ]

Thus, a nonnegative measurable function f is integrable over X with respect
to p if, and only if, its distribution function ¢t — u(E;) is integrable over [0, c0)
with respect to one-dimensional Lebesgue measure \.

The simple idea behind the proof of Theorem 1.8 can readily be extended as
in the following theorem.



