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Abstract

Calculus (I ) is generally aimed at first year undergraduate students who major in finance or
economics, This book strives to provide students and teachers with perspectives and approaches in
calculus. The book guides the reader to an appreciation of interrelation among different aspects of
the subject. It features examples that illustrate key concept as well as exercises that strengthen
understanding.

Chapter 1 provides preliminary knowledge and describes the classical functions. Chapter 2
discusses limits and continuity of functions and presents basic facts about continuous functions. In
Chapter 3, the derivative is defined and the basic rules of differentiation are presented. Chapter 4
describes the basic theory of differentiation and Taylor formula. It provides how the derivative used
to discuss properties of functions and apply in economics, Chapter 5 defines anti-derivative and
indefinite integral. Fundamental integral formulas, change of variable in integral and integration by
parts are also discussed. Chapter 6 introduces, through examples of area and distance, the notion of
the integral, and the approximate integrals leading to its definition. Fundamental theorem of

calculus is proved and applications of integrals are provided.
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Chapter 1 Functions

1.1 Preliminary knowledge

1.1.1 Inequalities and their properties

In this section we work with inequalities that abound in calculus, that is,
inequalities involve a variable. To solve an inequality in x is to find the set of
numbers z for which the inequality holds.

The way we solve an inequality is very similar to the way we solve an equation,
but there is one important difference. We often use the following properties of
inequalities.

Proposition 1. 1.1 In what follows, a,b,c are numbers.

(1) If a>>b and b>c,then a>>c¢ (transitivity) ;

(2) If a<<b and ¢<Id,then a+c<b+d (additivity) ;

(3) If a<<b and ¢>0,then ac<lbc (positive multiplicativity) ;

(4) Tf a<<b and ¢<<0,then ac=>bc (negative multiplicativity).

Note The multiplication laws (3) and (4) must be carefully observed. We can
maintain an inequality only by multiplying both sides by the same positive number.
But if we multiply by a negative number, then the inequality is reversed.

To illustrate their use we will solve several examples. In each, the problem is

1

to “solve for x”, which means to find all real numbers that satisfy a given

inequality.
1.1.1.1 The usual way to solve a linear inequality of x

The usual way to solve the linear inequality is using the properties of
inequality, that is the proposition 1. 1. 1. There are generally several ways to solve
a given inequality.

Example 1. 1.1 Solve the inequality —3(4—=z)<12.

Solution 1 Multiplying both sides of the inequality by *%, we have 4 —x>

—4, where the inequality has been reversed.
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Subtracting 4 at both sides of the inequality, we get —x>—8,

To isolate x, we multiply both sides by — 1. This gives <8, here the
inequality has been reversed again.

The solution is the interval (—c0,8).

Solution 2 From —3(4—x)<12, we get —12+3zx<12.

Add both sides by 12, we have 3x<C24. Now we have x<(8 by dividing both
sides by 3.

The solution, of course, is (—=2,8).
1.1.1.2 The usual way to solve a quadratic inequality

The usual way to solve a quadratic inequality is to factor the quadratic.

Example 1.1.2 Solve the inequality % (2 —4x+3)<0.

Solution First we eliminate the outside factor % by multiplying by 5. This

gives x* —4x+3<0.
Factoring the quadratic, we have
(z—1)(x—3)<<0
The product (x—1)(x—3) is zero at 1 or 3. We mark these points on a number
line, as shown in Figure 1. 1. 1.

e o o o o N | 0+t

1 3

Figure 1. 1.1

The points 1 and 3 divide the number line into three intervals:
(—oo,1), (1,3), (3,+o0)

On each of these intervals the product (x—1)(x—3) keeps a constant sign:

on (—oo,1) (to the left of 1), sgn[(z— 1) (x—3)]=(—)(—)=++;

on (1,3) (between 1 and 3), sgn[(z—1)(z—3) |=(+)(—)=—;

on (3,-+o0) (to the right of 3), sgn[(x— 1) (z—3)]=(+)(+)=+.

The product (x—1)(x—3) is negative only on (1,3). The solution is the open
interval (1,3).

Example 1.1.3 Solve the inequality 22* —2x>4.

Solution From the given inequality, we have 22* —2x—4>0(subtracted 4 on
both sides), then we have x> —x—2>0 (divided by 2), and (x+1)(x—2)>0
(factored).

On the number line we mark the points — 1 and 2 where the product
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(x+1)(x—2) is zero, as illustrated in Figure 1. 1. 2. These points separate the
number line into three intervals (—oo,—1),(—1,2),(2,+o0).

+++tttttttt Q- —m—mm—mmm——— = 0+++++++++++++

i 2
Figure 1. 1. 2

On each of these intervals the product (z+1)(x—2) keeps a constant sign:

on (—oo,—1) (to the left of —1), sgn[(z+1)(x—2)]=(—)(—)=+;

on (—1,2) (between —1 and 2), sgn[ (z+1D(x—2)|=(+)(—)=—;

on (2,+0) (to the right of 2), sgn[(z+1)(x—2)]=(+)(+)=+.

The product (x+1) (x—2) is positive on (—oo, —1) and (2, +o0). The
solution is the union of these two intervals (—oco,—1)J (2, +0c0).

Summing up the argument of the above two examples, we conclude the
following results:

Proposition 1.1.2 Let a and b be two numbers and a<#, then the solution of
inequality (x—a)(x—56)<<0 is the interval (a,b); the solution of (x—a)(x—056)>0
is the union of two intervals (—oco,a) U (b, +c0).

Example 1.1.4 Solve for x in 2* +42—2<0.

Solution To factor the quadratic we first transpose the —2 and then complete
the square on the left;

422, 2*+4xr+4<2+4=6, (x+2)*<6.
Now we subtract 6 from both sides: (z+2)? —6<C0 and factor the expression as the

difference of two squares:

(z+2+6) (z+2—4/6)<0.
The product is 0 at —2 —+/6 and — 2 ++6. It is negative between these two

numbers. By proposition 1. 1. 2 we get that the solution is the closed interval [ —2

—VB,—2+y6] .i.e., —2—/B<a<—2+4/6.
1.1.1.3 The usual way to solve an inequality that involves quotients

We usually use the following proposition to solve it.

Proposition 1. 1.3 Suppose that P, () and Q, (x) are the mth degree, the nth
degree polynomials respectively.
P, (x)
Q. (x)
P, (x)
Q. (x)

(D >0 if P, (x) * Q,(x)>0;

(2) <0 if P, (z) +» Q,(x)<0.
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Example 1.1.5 Solve for x in 2.

x
x—3

Solution 1 By reduction the fraction

i3—2<0 to a common denominator,
z—2(zx—3)_6—x
x—3 z—3

we get <0. By proposition 1. 1. 3 we have (6 —x) (x— 3)<0.

Multiplying both sides by —1, we get (x—6)(x—3)>0. By proposition 1. 1. 2,
we obtain the union of two intervals (—o0,3) U (6, +o0) is the solution of the
inequality.

Solution 2 We multiply the inequality by x—3 for the cases x—3>>0 and x—3
<0. The case z—3=0 can not occur.

Case 1: z—3>0 or x>3. By proposition 1. 1. 1(3), we get z<<2(x—3)
or x<2x—6.

This implies z>>6. Hence a partial solution is (6, +o2),

Case 2: x—3<C0 or z<(3. This time when we multiply both sides by x—3, by
proposition 1. 1. 1(4), we reverse the inequality and obtain x<6. The solution for
this case are those values of = for which x—3<C0 and x<{6. Thus the numbers in
(—o0,3) are the solutions for case 2.

Combining the results of the two cases, we conclude that any number in
(—o0,3) and (6,+oc0) satisfies the given inequality,
(z+4) (z—5)*

' (x—2)

Solution By proposition 1. 1. 3, this inequality has the same solution as

Example 1. 1.6 Solve the inequality =0k

the inequality
(z4+4)(z—5)2 23 (z—2)>0.

We will work with the second inequality. The product on the left is 0 at the
points x=—4,2z=5,z=0,x=2.

We rewrite these numbers in increasing order:

=4, =0y &=2s &=b.

Then we rewrite the product as (z+4)z° (z—2) (x—5)%. The points z=—4,x
=0,r=5,x=2 separate the z axis into five subintervals: (—co,—4), (—4,0),
(0,2),(255),(5,+).

On each of these intervals the product (x+4)x° (x—2) (z—5)* keeps constant
sign, which is

negative on (—oo,—4) (7 negative factors) ;

positive on (—4,0) (6 negative factors) ;

negative on (0,2) (3 negative factors) ;
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positive on (2,5) (2 negative factors) ;
positive on (5,+c2) (0 negative factors).
The solution is the union (—4,0)U (2,5)U (5,+c=).
Note For an expression of the form
(x—a1)(x—az ) (x—a,)
with a; <la, <++<a,, it is positive on those intervals where an even number of
terms are negative; and it is negative on those intervals where an odd number of

terms are negative.

1.1.2 Absolute value and its properties

1.1.2.1 Definition of absolute value

Definition 1.1.1 Let x be a real number, if
pr o4 I;O )
—xy <0,

then the nonnegative number | x| is called the absolute value of .

|z|=

By the above definition we easily know that the absolute value of a number is
always equal or greater than 0. The absolute value of a positive number is always
positive,

Geometrically we may interpret the absolute value |z | as the distance from the

original point 0 to the point x. Whereas | z — y| means the distance between x

and y.

With an eye toward chapter 3 we introduce two Greek letters: § (delta) and e
(epsilon).

We begin with the inequality | x| <8, where & is P Py
some positive number. To say that | x| <8 means m
that x lies within & units of 0,equivalently,that x lies = - S
between —¢ and §. Thus xl<e

lz|<d if —8<x<$, Figure 1,1, 3

as shown in Figure 1. 1. 3.
To say that | £ — x, | << 8 means that x lies within § units of z,, or,
equivalently, that x lies between x,—& and x,+48. Thus
lz—z | <6 if zp—0<x<<azo+6»
as shown in Figure 1. 1. 4,
Somewhat more delicate is the inequality

0<|x—x, | <8.
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Here we have | x — z, | <& with the additional requirement that z cannot be
1,. Consequently
0<|xz—xo | <& U zy—0<ax<<zy or z<ax<lzo+6,

as illustrated in Figure 1. 1. 5.

x.:a *o x;:? xo‘:r? X, x.,:a
[x=xo| <& 0<|x—x,|<&
Figure 1. 1. 4 Figure 1,1, 5

Example 1. 1.7 Solve the inequality |3x—4|<2.
Solution Since
|3z—4|=1|3(xz—4/3)|=|3| |z—4/3| =3|xz—4/3],

the inequality can be rewritten as 3| xz—4/3|<C2. This gives |x—4/3|<(2/3, and
4/3— 2/3 < x << 4/3 + 2/3, then 2/3 << x << 2. The solution is the open
interval (2/3,2).

Let ¢0. If we consider |z| as the distance between x and 0, then obviously

|lx|>e if >e or x<<—e,

as shown in Figure 1. 1. 6.

5”0
nﬂ

0
ef<e

Figure 1. 1. 6

Example 1.1.8 Solve the inequality [2x+3[>5.
Solution As shown above, in general
|z|>e if x> or z<—e¢.

So here 22+3>5 or 2x+3<<—5.

The first inequality gives 22>>2 and thus x>1.

The second inequality gives 2x<C—8 and thus x<<—4.

The solution is therefore the union (—co,—4) U (1,+02),as illustrated in
Figure 1. 1. 7.

1.1.2.2 Properties of absolute values

Absolute values behave nicely for multiplication and division, but not so well
for addition and subtraction.

Proposition 1. 1. 4  For all real numbers a and &, absolute values have the
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Lo

-4

—

Figure 1. 1.7

following basic properties:

(D |—zl=|z|=+z*; (2) — =€z =] s
(3) |zt y|<|x|+|y| (triangle inequality) ;

W |lzl—|y] I<lz—yl; (5) |z yl=lzlly|;
(6) ’f :-iﬁ(y¢0); (D) Nzx|<|y]| if 22<<y.

In the following part we give the proof of proposition 1. 1.4 (3).(4).
By the property (2), we obtain — |z | <z<|z| and — |y|<y< | y].
Therefore — (|z|+ |y <z +y<|z|+|y|, i.e., |z t+y|<|z|+]|y].
Similarly, we can prove that
lz—yl=|z+ (= <]zl + | —y|=1z]+|y].
By the property (3) we obtain
|zl =|z=yt+y|<lz—yl+|y| e, || —|y[<lz—yl.

Similarly we obtain |y| — | x| << |y—=x|, multiplying both sides by (—1),
we obtain
|zl = |y| == |y—=z|=—lz—yl.
Therefore =|lz—y|<Llz| = |y 2=l
i e, [zl —|y| |<lz—yl.

Example 1.1.8 Solve for rin |z+2|<|x— 1| and express the set of solution
to the inequality as an interval.

Solution 1  This inequality is more difficult to solve than earlier examples,
because there are two absolute value signs., We can remove both of them by using
proposition 1. 1.4 (7).

|lz42|<|z—1l|&x+2)'<(xz—1)?
e’ tir+4<a®—2x+16x+3<0,

is € 5 1‘<——1—. It is expressed as interval (—OO, — )

2 2

Solution 2 By the geometrical meaning of the absolute value,we know that we
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_ 4] 4
2 -1_10 1 1
2 2
Figure 1.1. 8

need find the set of points x such that the distance from x to point —2 is less than

the distance from z to point 1. By Figure 1. 1. 8, we can easily see that the point

—% is the median point from —2 to the point 1. Thus the distance from —% to

—2 1s equal to the distance from — to 1. Therefore when I<—l, the distance

2 2

from x to —2 is less than the distance from x to 1, as shown in Figure 1. 1.8. So

the solution set of the given inequality is {.r r<—%}. It is expressed as the

interval (—OO, —%)

1.1.3 The range of variable

A variable takes on a series of numerical values. The set of all numerical values
of a variable quantity is called the range of the variable.

In the next part we shall define the following ranges of a variable that will be
frequently used later.

An interval is the set of all numbers x lying between two given points a and b,
where @ and & are the end points. The word " number’ means a real number
throughout this book.

If a<<b, we denote by (a,b) the set of all numbers x satisfying the inequalities
a<<x< b and refer to this set as the open interval from a to b. We write it as

(a,b)={x|a<<x<<lb},
and read as: x is greater than a and less than b.

A closed interval is the set of all numbers z lying between and including two
given numbers a and 4. It is denoted by [a,b], or by the inequalities a <Cx<Cbh.
That is,[a,b]= {x|a<a<<b}, and read as:x is greater than or equal to a,and less
than or equal to b.

If one of the two numbers a and b, say a, belongs to the interval, while the
other one does not, we have a partial closed (half-closed) interval, which may be
given by the inequalities a<Xx<(h and is denoted by [a,b). If the number & belongs

to the set while ¢ does not, we have the half-closed interval (a,4], which can be
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given by the inequalities a<Zx<Cbh.
The above intervals are called finite intervals. The number 6—a is called the
length of the interval. .
In addition, there exist infinite intervals. We introduce the symbols +co(read
as plus infinity) and —oo(read as minus infinity) to express the infinite interval.
If the variable x assumes all possible values greater than a, such an interval is
denoted as (a,+c2) and represented by the conditional inequalities a<lx<Z+oo, In
the same way we regard the infinite intervals and half-closed infinite intervals
represented by the following conditional inequalities:
asx<<too, —oolr<b, —oo<r<bh, —ocola<too;
Or we can denote them by the following intervals respectively:
[a,too)={x|xz=a}, (—o0,b)={zx|x<b},
(—oo,b]={x|a<<b}, (—o0,+o0)={x|—co<a<<+tco},

The graphs of the two kinds of intervals are shown in Figure 1. 1. 9.

[a.b] (a,b)
el —o- -~ A d
0 a b x 0 a b ]
[a,+o0) (==0,b) (—oo,b]

a +o0 X —00 0 ‘l'; E b

Figure 1. 1.9

Any open interval containing a point x, as its midpoint is called a neighborhood of
zy. We denote it by U(ay +6) = {x| 2y, —0<<ax<<a,+8}, as shown in Figure 1. 1. 10.

The positive number § is called the radius of the neighborhood, and the point
. 1s called the center of the neighborhood.

The inequalities xy —8§<<x<x, +8 are equivalent to —§<<ax— z,< 8§, and to
| x—x,|<8. Thus, U (2, ,8) consists of all points whose distance from z, is less
than 8. Therefore a neighborhood of radius ¢ of a point z, means the set of all points
x satisfying |x—x, | <{8. In one-dimensional space (a line), a neighborhood is an
open interval; in two-dimensional space, a neighborhood is the inside of a circle; in
three-dimensional space, it is the inside of a sphere, as shown in Figure 1. 1. 10,

If the point z, is deleted from the neighborhood (z,—&.,2,+8), then the set
{x|0<<|x—x,|<<8} is called the deleted neighborhood of x,, which is denoted

by &(Io 90 )i

In general, any open interval with x, as a center is called the neighborhood of



