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Abstract

After reviewing the Bellman principle of optimality and the recurrence formula
with detailed discussion of the theory, its algorithms and applications, the author
establishes an axiomatic system and a kind of algebra for discrete dynamic
programming built on his latest research results which include:

(1) By defining an algebraic system, Bellman semi-ring, which closely follows the
Bellman principle of optimality, a basic axiomatic system for discrete dynamic
programming can be established.

(2) Bellman algebra, including the well-known max-plus algebra and min-plus
algebra, is a sufficient condition for the Bellman principle of optimality.

(3) The modi-matrix, i.e., matrix in Bellman algebra, plays a central role in the
theoretical demonstration and numerical computation of many application problems of
discrete dynamic programming.

(4) A generalized axiomatic system from the basic one is obtained which includes
three concrete algebraic systems that solve the first N-th optimum path problem, Pareto
multi-objective problem and travel-time-cost problem.

(5) A principle of optimality for the matching problem is established which is very
similar to the principle for the path problem and can be used to solve many matching
problem of weighted graph of type Q.

The book is divided into three parts, the basic theory, the general theory and their
applications.

Part I consists of Chapter 1 to Chapter 4.

Chapter 1 elaborates on the Bellman principle of optimality, and then defines the
Bellman semi-ring, (Bellman, ®, ®), which is the foundation of the basic axiomatic
system of discrete dynamic programming (Section 1.3.2). Bellman semi-ring should
satisfy following five axioms:

(1) Law of optimality. a ® b =a or b.

(2) (Bellman, ®) is a commutative monoid, zero element denoted by z.

(3) (Bellman\{z}, ®) is a commutative monoid, unity denoted by e.

(4) For a € Bellman, we have a ® z=z.
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(5) The Bellman axiom. ifc® a<c®b , then c#z anda < b .

Sections 1.4 and 1.5 discuss Bellman semi-ring related strongly optimizing
quasi-field, Bellman algebra and etc. It proves that strongly optimizing quasi-field is a
sufficient condition of the Bellman principle of optimality (Theorem 1.4).

In section 1.7, discrete dynamic programming is divided into three basic problems
of policies:

(1) Those whose number of decisions is definite.

2) Those whose number of decisions is not definite but have non-repeatable
states.

(3) The general case, those whose number of decisions is not certain and might
have repeatable states.

These three basic problems of policies are the center of the discussion of chapters
2to4.

Chapters 2 and 3 focus on Problems I and IL It proves that over the strongly
optimizing quasi-field, Problem I is equivalent to the optimum path problem of
weighted multistage digraph, and Problem II is equivalent to the optimum path
problem of weighted acyclic digraph. These two optimum path problems are their
graph models.

Deriving from ‘the Bellman recurrence formula, two modi-matrix models are
established. The modi-product formulas of modi-matrices and their tableau forms are
also obtained. A

Then they algebraically solve the resource distribution problem, the multistage
inventory problem, the equipment replacement problem and the critical path method of
project scheduling problem. It also provides a solution for the minimum cost order of
operation problem needed for evaluating the product of a string of » matrices.

- Chapter 4 proves two algebraic structure theorems and derives two general
algorithms for the two cases of Problem III, Problem III-1 for optimum path problems
from one vertex to all other vertices and Problem III-2 for problems from all vertices to
all others. These algorithms deduce the Ford algorithm, the Yen algorithms, the Dijkstra
algorithm, the Gauss-Seidel algorithm, the Hasse algorithm, the Floyd-Warshall
algorithm, the Dantzig algorithm, the Hu algorithm, and others. Inspired by the
algorithm designs of numerical mathematics and elementary transformation in
conventional linear algebra, the author suggests a unified method to establish most of
well-known algorithms for solving Problem III (Sections 4.13 and 4. 14).
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Chapters 5 and 6 of Part II focus on two kinds of generalizations in the discrete
dynamic programming.

Chapter 5 discusses the first kind generalization of the basic axiomatic system:

(1) The principle of optimality over the Bellman semi-ring is generalized to the
jar-metric principle over semi-ring (Section 5.1).After introducing the concepts of the
reduced vertex, the reduced edge, and the reduced networks with jar-metrices, it
establishes the path-improving method for solving Problem III-2 on reduced networks
and finds their applications (Sections 5.2 and 5.3). It also discusses primarily the
pertubance problem on reduced networks (Section 5.4).

(2) The bottleneck (peak/valley value) problem over a weighted multistage
digraph is discussed as Problem I'V.

(3) The algebraic extension of strongly optimizing quasi-field (Section 5.7) is also
discussed.

Chapter 6 generalizes the law of optimization of Bellman semi-ring to the law of
generalized optimization a@®a=a and the Bellman axiom to the axiom of strong
optimization, i. e., c#2z, a<b if and only if c®a<c®b, as the second kind of
generalization to obtain the generalized Bellman semi-ring. Over the generalized
Bellman semi-ring, the Bellman principle of optimality also holds.

Three concrete general Bellman semi-rings are established, each finding their own
applications, and resulting three problems, Problem V, Problem VI and Problem VII.

An algorithm for solving Problem V is presented in Sections 6.4 to 6.6, based on
the research of Wu X.M. who generalized the Bellman principle of optimality to the
principle of optimality of the first N orders (1981). Another algorithm for solving
Problem VI (Sections 6.7 and 6.8) is presented based on the research of Wu C.P. who
established the principle of Pareto-optimality for multi-objective problem (1976). As a
special case for 2-objective problem, a modi-polynomial method is suggested for
Problem VII (Section 6.9). Traveling time-cost problem is an example of it.

Chapters 7 and 8 of Part III explore some application problems the author is
interested in.

Chapter 7 concerns the matching optimum problems.

Let M be a matching on a weighted path. If the left end is M-saturated, we denote
it by A =0, otherwise, by A=1. If the right end is M-saturated, we denote it by
v =0, otherwise, by v=1. We refer the matching M to be of type(4,v). The
following theorem is proved.
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An optimum matching on a weighted path has the property that on whichever
sub-path, if the sub-matching-is of type (4,v), it must be optimum among all
matchings of the type on the sub-path.

Generalizing the theorem, the chapter establishes the principle of optimality for
matching problem on weighted graph of type Q (Section 7.4.1). Then it derives its
computation formulas and results. Based on which, many optimal matching problems
are solved algebraically.

Chapter 8 puts the applications into mathematics physics. Section 8.1 suggests an
approximation method, the so-called five-vertex method. Another approximation
method for calculus of variation method and automation control is also introduced in
Sections 8.2 and 8.3. Sections 8.4 and 8.5 discuss the optimization of the energy saving
process during rolling schedule of metal plastic processing. |

As a summary of Part III, Section 8.6 discusses the applications of theories in real
world practices.

The appendix serving as a convenient reference for the readers reviews the
fundamentals of combinatorial graph theory and abstract algebra.

The intended audience of the book is first-year graduate students of Applied
Mathematics. The book may also interest operations researchers, management
engineers with quantitative backgrounds, and econometricians who have the basic
understanding of conventional linear algebra and operations research.
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