A SHORT COURSE IN
General Relativity

[~ AR E A=

2

J.Foster
J.D.Nightingale

Springer-Verlag
ZPEE LS d)



A Short Course in
General Relativity

Second Edition

With 45 Illustrations

Springer-Verlag
ZPB YL )
M - L. U



230 Index

Poincaré, 193
TT gauge, 167

unit vector, 45
universe
properties of, 176-178

vector

space, see space, vector
vectors

in Euclidean space, 9-13

on a manifold, 37-38

using suffix notation, 13-15
velocity

coordinate, see coordinate ve-

locity
world, 100, 200

wave
4-vector, 165, 202
equation, 165, 208
world
line, 192, 200
velocity, see velocity, world

=+ £ A Short Course in General Relativity 2nd ed.

1E 2. J.Foster ].D.Nightingale

hOFE R TG RAEE B2

H R & iFABHRARLEAH

Ep Rl & dentitEEnR

7: HFEABEERAFILEAFTCLEHAASE 137 5 100010)
Z: K32 Epgk.7.75

W 19984E3 A IR 1998 43 A% 1 ERRI
£ 7-5062-3626-5

RRALEE: B 01-97-1783

E #:40.00 7%

57 B H ARA T bR/ 5 2 3548 Springer- Verlag #3417 oh E1
AR EONRT



James Foster J. David Nightingale

School of Mathematics and Department of Physics
Physical Sciences The College at New Paltz

University of Sussex State University of New York

Falmer, Brighton, Sussex New Paltz, NY 12561

BN1 9QH United Kingdom USA

Library of Congress Cataloging-in-Publication Data
Foster, James, PhD.
A short course in general relativity / James Foster.
p. cm.
Includes bibliographical references and index.
ISBN 0-387-94295-5. -- ISBN 3-540-94295-5
1. General relativity (Physics) I Title.
QC173.6.F67 1994
530.1"1--dc20 93-21438

Printed on acid-free paper.

© 1995 by Springer-Verlag, New York. Inc.

All rights reserved. This work may not be translated or copied in whole or in part without the writ-
ten permission of the publisher (Springer-Verlag New York, Inc., 175 Fifth Avenue, New York. NY
10010, USA), except for brief excerpts in connection with reviews or scholarly analysis. Use in con-
nection with any form of information storage and retrieval, electronic adaptation, computer soft-
ware, or by similar or dissimilar methodology now known or hereafter developed is forbidden.

The use of general descriptive names, trade names. trademarks, etc., in this publication, even if the
former are not especially identified, is not to be taken as a sign that such names, as understood by
the Trade Marks and Merchandise Marks Act, may accordingly be used freely by anyone.

This reprint has been authorized by Springer-Verlag(Berlin/Heidelberg/New York) for sale in the
People’s Republic of China only and not for export therefrom.
Reprinted in China by Beijing World Publishing Corporation, 1998

ISBN 0-387-94295-5 Springer-Verlag New York Berlin Heidelberg
ISBN 3-540-94295-5 Springer-Verlag Berlin Heidelberg New York



Preface

This book is a short introduction to general relativity, intended primarily
as a one-semester course for first-year graduate students (or for seniors) in
physics, or in related subjects such as astrophysics. While we expect such
students to have been exposed to special relativity in their introductory
modern physics courses (most likely in their sophomore year) it is unlikely
that they have used the standard 4-vector methods, and so we supply such
a review in Appendix A. We strongly advise reading Appendix A first.

Most students approaching general relativity require an introduction to
tensors, and these are dealt with in Chapter 1 and the first half of Chap-
ter 2, where geodesics, absolute and covariant differentiation, and parallel
transport are discussed. This enables us to discuss the spacetime of general
relativity in the latter half of the chapter and takes us on to a discussion
of the field equations in Chapter 3. In Chapter 4 the results learned are
applied to physics in the vicinity of a massive object, where we have tried
to compare general relativistic results with their Newtonian counterparts.
Chapters 5 and 6, on gravitational radiation and the elements of cosmology,
respectively, give further applications of the theory, but students wanting a
more detailed knowledge of these topics (and indeed all topics) would have
to turn to the texts referred to in the body of the book.

Over the years, a version of this course has been offered variously (by
JDN) at the University of Mississippi (Ole Miss), at Bard College, and at
SUNY New Paltz, as well as at the University of Sussex (by JF). It was
often found that there was not enough time for Chapters 5 and 6, unless
one made judicious cuts elsewhere. A few cuts may be made in the first
two chapters, but it would probably be better to omit either Chapter 5, or
Chapter 6 (or both) than to omit Appendix A, since a sound knowledge of
the 4-vector formalism of special relativity is an essential prerequisite.

Exercises have been provided at the end of most sections and problems
at the end of chapters. The former are often quite straightforward (but
possibly tedious) verifications needed for a first reading of the book, while
the latter are suitable for homework-type problems. Qutline solutions can
be made available to instructors upon request.

The original version of this book was published in 1979, with translations
into Polish in 1985 and Japanese in 1990. That version placed mathematical



vi Preface

demands on the reader which were not entirely appropriate for a physics
student, requiring him or her to acquire mathematical skills beyond what
is needed for a first course in general relativity. For the present edition, the
mathematical sections have been completely reorganized and rewritten,
so as to make the text more accessible to the physics student with the
kind of background gained from following a course in vector calculus, with
applications to field theories such as Newtonian gravitation and Maxwell’s
theory of electromagnetism. Much of the original 1979 material, as well
as the new material for this edition, has been taught on both sides of the
Atlantic in standard introductory courses.

With gratitude, mention must be made of Bob Marchini, John McNa-
mara, John Ray, Eric Shugart, Richard Halpern, and Peter Skiff, all of
whom have been of assistance in one way or another. Particular thanks are
due to Tarun Biswas for contributions of examples and insights (taken from
a beautifully presented course given at SUNY in the spring of 1992), for
his wide-ranging expertise in theoretical physics and for assistance with the
technicalities of Kermit and IATEX. Marc Bensadoun kindly supplied the
figure showing the measurements of cosmic background microwave radia-
tion in Chapter 6 and gave us permission to reproduce it here. The original
version of the book was completed with the help and encouragement of
Arlene Nightingale and the exemplary typing skills of Jill Foster, whose
transcription of the original text to computer files served as a foundation
for its revision and conversion to IATEX format. Finally, it is a pleasure to
acknowledge the encouragement given by Tom von Foerster of Springer-
Verlag and to thank him for his advice and patience while we worked on
the text’s revision.

David Nightingale, New Paltz
James Foster, Brighton
July 1994
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Introduction

The originator of the general theory of relativity was Einstein, and in 1919
he wrote!: The special theory, on which the general theory rests, applies to
all physical phenomena with the ezception of gravitation; the general theory
provides the law of gravitation and its relation to the other forces of nature.
The claim that the general theory provides the law of gravitation does
not mean that H.G. Wells’ Mr Cavor could now introduce an antigravity
material and glide up to the Moon, nor, for example, that we might produce
intense permanent gravitational fields in the laboratory, as we can electric
fields. It means only that all the properties of gravity of which we are aware
are explicable by the theory, and that gravity is essentially a matter of
geometry. Before saying how we get to the general from the special theory,
we must first discuss the principle of equivalence.

In electrostatics, when a test particle of charge ¢ and inertial mass m;
is placed in a static field E, it experiences a force ¢gE and undergoes an
acceleration a given by

a = (g/m;)E. (0.1)

In contrast, a test particle of gravitational mass m, and inertial mass m;
placed in a gravitational field g experiences a force myg and undergoes an
acceleration a given by

a = (mg/m)g. (0:2)

It is an experimental fact (known since Galileo’s time) that different parti-
cles placed in the same gravitational field acquire the same acceleration (see
Fig. 0.1). This implies that the ratio my/m; appearing in equation (0.2)
is the same for all particles, and by an appropriate choice of units this
ratio may be taken to be'unity. This equivalence of gravitational and in-
ertial mass (which allows us to drop the qualification, and simply refer to
mass) has been checked experimentally by E6tvos (in 1889 and 1922), and
more recently and more accurately (to one part in 10'!) by Dicke and his
co-workers (in the 1960s). In contrast, the ratio g/m; occurring in equa-
tion (0.1) is not the same for all particles (see Fig. 0.1).

! The Times, London, 28 November 1919.
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FIGURE 0.1. Test particles in (a) a gravitational field, and (b) an electrostatic
field.

Let us now consider the principle of equivalence, which it is instructive
to do from the point of view of Einstein’s freely falling elevator. If we
consider a projectile shot from one side of the elevator cabin to the other,
the projectile appears to go in a straight line (the elevator cable being cut)
rather than in the usual curved trajectory. Projectiles that are released
from rest relative to the cabin remain floating weightless in the cabin. Of
course, if the cabin is left to fall for a long time, the particles gradually draw
closer together, since they are falling down radial lines towards a common
point which is the center of the Earth. However, if we make the proviso
that the cabin is in this state for a short time, as well as being spatially
small enough for the neglect of tidal forces in general, then the freely falling
cabin (which may have X,Y, Z coordinates chalked on its walls, as well as
a cabin clock measuring time T') looks remarkably like an inertial frame of
reference, and therefore the laws of special relativity hold sway inside the
cabin. (The cabin must not only occupy a small region of spacetime, it must
also be nonrotating with respect to distant matter in the universe.?) All
this follows from the fact that the acceleration of any particle relative to the
cabin is zero because they both have the same acceleration relative to the
Earth, and we see that the equivalence of inertial and gravitational mass is
an essential feature of the discussion. We may incorporate these ideas into
the principle of equivalence, which is this: In a freely falling (nonrotating)
laboratory occupying a small region of spacetime, the laws of physics are
the laws of special relativity.

2This statement is related to Mach’s principle. For a discussion, see Weinberg,
1972, §3, and Anderson, 1967, Chap. 10.

3Some authors distinguish between weak and strong equivalence. Our state-
ment is the strong statement; the weak one refers to freely falling particles only,
and not to the whole of physics.
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As a result of the above discussion, the reader should not believe that we
can actually transform gravity away by turning to a freely falling reference
frame. It is absolutely impossible to transform away a permanent gravita-
tional field of the type associated with a star (as we shall see in Chap. 3),
but it is possible to get closer and closer to an ideal inertial reference frame
if we make our laboratory occupy smaller and smaller regions of spacetime.

The way in which Einstein generalized the special theory so as to incor-
porate gravitation was extremely ingenious, and without precedent in the
history of science. Gravity was no longer to be regarded as a force, but as a
manifestation of the curvature of spacetime itself. The new theory, known
as the general theory of relativity (or general relativity for short), yields the
special theory as an approximation in exactly the way that the principle of
equivalence requires. Because of the curvature of spacetime, it cannot be
formulated in terms of coordinate systems based on inertial frames, as the
special theory can, and we therefore use arbitrary coordinate systems. In-
deed, global inertial frames can no longer be defined, the nearest we can get
to them being freely falling nonrotating frames valid in limited regions of
spacetime only. A full explanation of what is involved is given in Chapter 2,
but we can give a limited preview here.

In special relativity, the invariant expression which defines the proper
time T is given by

c?dr? =, dX*dX", (0.3)

where the four coordinates X°, X!, X2 X3 are given in terms of the usual
coordinates T, X, Y, Z by
X'=cT, X'=X, X’=Y, X*=2 (0.4)

(See Sec. A.0, but note the change to capital letters. See also Sec. 1.2 for
an explanation of the summation convention.) If we change to arbitrary
coordinates z#, which may be defined in terms of the X# in any way what-
soever (they may, e.g., be linked to an accelerating or rotating frame), then
expression (0.3) takes the form

c2dr? = Guvdztdz?, (0.5)
h
e aX» 8X°
o =00 G g

This follows from the fact that dX? = (0X?/0z*)dz*. In terms of the
coordinates X#, the equation of motion of a free particle is

d>X*/dr? =0, (0.6)
which, in terms of the arbitrary coordinates, becomes

d*z# dz” dz°
—_— “ —— —
a7 Tl g g =0 (0:)
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where
or* 0°X°
0Xr 9zv0z°’
as a short calculation (involving the chain rule) shows. Einstein’s proposals
for the general theory were that in any coordinate system the proper time
should be given by an expression of the form (0.5) and that the equation
of motion of a free particle (i.e., one moving under the influence of gravity
alone, gravity no longer being a force) should be given by an expression of
the form (0.7), but that (in contrast to the spacetime of special relativity)
there are no preferred coordinates X* which will reduce these to the forms
(0.3) and (0.6). This is the essential difference between the spacetimes of
special and general relativity. The curvature of spacetime (and therefore
gravity) is carried by the g,.,, and as we shall see, there is a sense in
which these quantities may be regarded as gravitational potentials. We
shall also see that the I'’, are determined by the g,,,, and that it is always
possible to introduce local inertial coordinate systems of limited extent in
which g,, = 7, and I'4, ~ 0, so that equations (0.3) and (0.6) hold
as approximations. We thus recover special relativity as an approximation,
and in a way which ties in with our discussion of the principle of equivalence.
Because the introduction of curvature forces us to use arbitrary coordi-
nate systems, we need to formulate the theory in a way which is valid in
all coordinate systems. This we do by using tensor fields, the mathematics
of which is developed in Chapter 1; the way these fit into the theory is
explained in Chapter 2. It might be thought that this arbitrariness causes
problems, because the coordinates lose the simple physical meanings that
the preferred coordinates X# of special relativity have. However, we still
have contact with the special theory at the local level, and in this way prob-
lems of physical meaning and the correct formulation of equations may be
overcome. The basic idea is contained in the principle of general covariance,
which may be stated as follows: A physical equation of general relativity is
generally true in all coordinate systems if (a) the equation is a tensor equa-
tion (i.e., it preserves its form under general coordinate transformations),
and (b) the eguation is true in special relativity. The way in which this
principle works and the reason why it works are explained in Section 2.5.
General relativity should not only reduce to special relativity in the ap-
propriate limit, it should also yield Newtonian gravitation as an approx-
imation. Contacts and comparisons with Newtonian theory are made in
Sections 2.6, 2.7, 2.8, and 2.9, and extensively in Chapter 4, where we dis-
cuss physics in the vicinity of a massive object. These reveal differences
between the two theories which provide possible experimental tests of the
general theory, and for convenience we list here the experimental and obser-
vational evidence concerning these tests, the so-called five tests of general
‘relativity.

y —
Fua_

1. Perihelion advance. General relativity predicts an anomalous advance
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of the perihelion of planetary orbits. The following (and many more)
observations exist for the solar system®:

Mercury 43.11 + 0.45” per century,
Venus 8.4 + 4.8"” per century,
Earth 5.0 + 1.2” per century.

The predicted values are 43.03”, 8.6”, and 3.8”, respectively.
2. Deflection of light. General relativity predicts that light deviates from

rectilinear motion near massive objects. The following (and many
more) observed deflections exist for light passing the Sun at grazing

incidence:
1919 Greenwich Observatory 1.98 +£0.16",
1922 Lick Observatory 1.82 +£0.20",
1947  Yerkes Observatory 2.01 +£0.27",

1972 Mullard Radio Observatory, Cambridge
(using radio sources and interferometers) 1.82 +0.14".

The predicted value is 1.75".

3. Spectral shift. General relativity predicts that light emanating from
near a massive object is red-shifted, while light falling towards a mas-
sive object is blue-shifted. Numerous observations of the spectra of
white dwarfs, as well as the remarkable terrestrial experiments car-
ried out at the Jefferson Laboratory® verify the general-relativistic
prediction.

4. Time delay in radar sounding. General relativity predicts a time delay
in radar sounding due to the gravitational field of a massive object.
Experiments involving the radar sounding of Venus, Mercury, and
the spacecrafts Mariner 6 and 7, performed in the 1960s and 1970s,
have yielded agreement with the predicted values to well within the
experimental uncertainties.®

5. Geodesic effect. General relativity predicts that the axis of a gyro-
scope which is freely orbiting a massive object should precess. For
a gyroscope in a near-Earth orbit this precession amounts to 8" per
year, and an experiment involving a gyroscope in an orbiting satellite
has been planned to verify this.”

While all the above effects are small for our solar system, some larger, and
presumably general-relativistic, effects have been observed since 1975 for

“The figures are taken from Duncombe, 1956.

5See Pound and Rebka, 1960.

$See Shapiro, 1968; Shapiro et al., 1971; and Anderson et al., 1975.
"See Sec. 4.7.
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the two mutually orbiting neutron stars PSR 1913+16. However, Einstein’s
theory of general relativity does not directly treat two such massive objects,
and Chapter 4 (on physics in the vicinity of a massive object) looks only
at the motions of a test particle in the field of one massive object.

Finally, let us say something about the notation used in this book. Wher-
ever possible we have chosen it to coincide with that of the more recent
and influential texts on general relativity. For working in spacetime, we use
Greek suffixes (p, v, etc.) and these have the range 0, 1, 2, 3, while for three-
dimensional space we use lower-case English suffixes from the middle of the
" alphabet (¢, j, etc.) and these have the range 1, 2, 3. For working on a two-
dimensional surface, we use upper-case English suffixes from the beginning
of the alphabet (A, B, etc.) and these have the range 1, 2. The signature of
the metric tensor is —2, which means that oo = 1, m1 = 722 = 733 = —1.
Rather than use gravitational units in which the gravitational constant G
and the speed of light ¢ are unity, we have retained G and ¢ throughout,
except in Chapter 6 where ¢ = 1. In the sections dealing with general ten-
sor fields and curvature, the underlying space or manifold is of arbitrary
dimension, and we have used lower-case English suffixes from the beginning
of the alphabet (a, b, etc.) to denote the arbitrary range 1,2,..., N. Where
an equation defines some quantity or operation, the symbol = is used on
its first occurrence, and occasionally thereafter as a reminder. Important
equations are displayed in boxes.
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Vector and tensor fields

1.0 Introduction

In this first chapter we concentrate on the algebra of vector and tensor
fields, while postponing ideas that are based on the calculus of fields to
Chapter 2. Our starting point is a consideration of vector fields in the
familiar setting of three-dimensional Euclidean space and how they can be
handled using arbitrary curvilinear coordinate systems. We then go on to
extend and generalize these ideas in two different ways, first by admitting
tensor fields, and second by allowing the dimension of the space to be
arbitrary and its geometry to be non-Euclidean.! The eventual goal is to
present a model for the spacetime of general relativity as a four-dimensional
space that is curved, rather than flat. While some aspects of this model
emerge in this chapter, it is more fully developed in Chapters 2 and 3,
where we introduce some more mathematical apparatus and relate it to
the physics of gravitation.

1.1 Coordinate systems in Euclidean space

In this and the next five sections we shall be working in three-dimensional
Euclidean space. We shall take it to be equipped with a Cartesian system
of coordinates (z,y, z) and an associated set of unit vectors {i, j, k}, each
pointing in the direction of the corresponding coordinate axis. We shall
regard this Cartesian setup as a fixed and permanent feature of our Eu-
clidean space; its purpose is to serve as a basic reference system for the
description of other (generally non-Cartesian) coordinate systems.
Suppose then that we have an alternate coordinate system (u,v,w) that
is non-Cartesian, such as spherical coordinates (r, 6, ¢), as in the example
below. We can express the Cartesian coordinates z, y, z in terms of u, v,
w,
z =z(u,v,w), y=yyvw), z=z(u,vw), (1.1)

and, in principle, invert these to get u, v, w in terms of z, y, z. Through any
point P with coordinates (ug,vo,wo) there pass three coordinate surfaces,

We use the term non-Euclidean simply to mean not Fuclidean. Mathemati-
cians sometimes restrict the term to describe the geometries that arise as a result
of modifying Euclid’s parallel postulate.
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given by u = ug, v = vy, and w = wq, which meet in coordinate curves.
The following example serves to illustrate these ideas.

Example 1.1.1
For spherical coordinates we have

z=rsinf cos¢, y=rsinfsing, z=rcosé, (1.2)
where the conventional ranges for the coordinates are?
r>0, 0<0< 7w, 0<¢<2nm.

The coordinate surface r = rq is a sphere of radius ry (because z2+y%+2% =
r2), the coordinate surface § = 6, is an infinite cone with its vertex at the
origin and its axis vertical, and the coordinate surface ¢ = ¢y is a semi-
infinite plane with the z axis as its edge. (See Fig. 1.1.)

FIGURE 1.1. The coordinate surfaces and coordinate curves of spherical coordi-
nates.

The surfaces § = 6 and ¢ = ¢ intersect to give a coordinate curve
which is a ray (part of a line) that emanates from O and passes through P;
the surfaces ¢ = ¢o and r = r( intersect to give a coordinate curve which is
a semicircle having its endpoints on the z axis and passing through P; and
the surfaces r = ro and 6 = 6, intersect to give a coordinate curve which
is a horizontal circle passing through P with its center on the z axis.

2In practice, one usually lets ¢ wrap around and take all values, so that the
¢ coordinate of a point is unique only up to multiples of 2.



