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A2 First-Order
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1.1 Differential Equations and Mathematical Models

he laws of the universe are written in the language of mathematics. Algebra

is sufficient to solve many static problems, but the most interesting natural
phenomena involve change and are described by equations that relate changing
quantities.

Because the derivative dx/dt = f’(t) of the function f is the rate at which
the quantity x = f(¢) is changing with respect to the independent variable ¢, it
is natural that equations involving derivatives are frequently used to describe the
changing universe. An equation relating an unknown function and one or more of
its derivatives is called a differential equation.

SelyloJlMM The differential equation
dx

2 2
—_—=x"+1
dt

involves both the unknown function x () and its first derivative x'(¢) = dx/dt. The
differential equation

d*y  .dy

— 4+3—+4+7y=0

dx? v dx T
involves the unknown function y of the independent variable x and the first two
derivatives y’ and y” of y. |

The study of differential equations has three principal goals:

1. To discover the differential equation that describes a specified physical
situation.

2. To find—either exactly or approximately—the appropriate solution of that
equation.

3. To interpret the solution that is found.



2 Chapter 1 First-Order Differential Equations

In algebra, we typically seek the unknown numbers that satisfy an equation
such as x3 +7x? — 11x + 41 = 0. By contrast, in solving a differential equation, we
are challenged to find the unknown functions y = y(x) for which an identity such
as y’(x) = 2xy(x)—that is, the differential equation

dy
22 =
dx ~r
- —holds on some interval of real numbers. Ordinarily, we will want to find all

solutions of the differential equation, if possible.

(el )W If C is a constant and

x2
, foo y(x) = Ce", (1)
/‘:) = e then d
Y 2 %2
, -f’ 10) , E:C(er"):(Zx) (Ce )=2xy.
) = - Vv
.] - { J Thus every function y(x) of the form in Eq. (1) satisfies—and thus is a solution
) i r of—the differential equation
W =z ‘f "o+ }( “ dy
J T d 5 =2xy @)
- ({ + f ) ) 7 : for all x. In particular, Eq. (1) defines an infinite family of different solutions of

) - . this differential equation, one for each choice of the arbitrary constant C. By the
1? - 1 4 { A + f”' ’ + j’ " »method of separation of variables (Section 1.4) it can be shown that every solution
\ﬂ ? y 17 of the differential equation in (2) is of the form in Eq. (1). [ ]

) { U ta f ’ d &f] Differential Equations and Mathematical Models

= { ' lJ +Q f”{ ',1(7 4 The following three examples illustrate the process of translating scientific laws and
principles into differential equations. In each of these examples the independent
{ '( f 7 ! )’ ) vﬂ variable is time ¢, but we will see numerous examples in which some quantity other

than time is the independent variable.

. 7y3
- "W {7
P 3 @)y I
Newton’s law of cooling may be stated in this way: The time rate of change (the

rate of change with respect to time ¢) of the temperature 7 (¢) of a body is propor-
tional to the difference between T and the temperature A of the surrounding medium
(Fig. 1.1.1). That is,

Temperature A dT /.,L = k
8w k(T - A), T+ k J A 3)
dt

Temperature T where k is a positive constant. Observe that if 7 > A, then dT/dt < 0, so the

temperature is a decreasing function of ¢+ and the body is cooling. Butif T < A,
then dT/dt > 0, so that T is increasing.

Thus the physical law is translated into a differential equation. If we are given
FIGURE 1.1.1. Newton’s law  the values of k and A, we should be able to find an explicit formula for 7 (), and

of cooling, Eq. (3), describes the  then—with the aid of this formula—we can predict the future temperature of the
cooling of a hot rock in water. body. [ ]

Example 4 ' Torricelli’s law implieé that the time rate of change of the volume V of water in a
draining tank (Fig. 1.1.2) is proportional to the square root of the depth y of water

in the tank: s
— = —k./y, 4
o VY 4)



