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Inertial Navigation Referred to the Free Surface—— e

——Theories of Type IN and Type 1(2) Mechanizations, and Several
Supplementary Explanations to the General Theory—

Tadashi NARITA

Abstract

In this paper, two more applications of the FS (Free Surface) mechanization of inertial navigation
are described. Each utilizes its own set of two spatial references, which is different from that of
another. One of the applications, the type IN mechanization, uses as the references the north-south axis
Y, and the earth axis Z;. The other, the Type I(2) mechanization, uses the axis Z; and an inertial
axis Y, that is in the equatorial plane pointing to Z; at the initial time ¢=0.

In each case, the navigation equations are derived, referring to the respective references, from the
fundamental equations of inertial navigation, and the solutions are effected by means of the block
diagram method. Also how to find the geographic coordinates is described. This is necessary for obtaining
the attitude angles (roll, pitch and azimuth).

Moreover, to help understanding the general aspects of FS mechanization, several supplementary
but substantial topics are disscussed. They are as follows; countermeasures to the non-uniformity of
the specific force vector, ranges took by the angles a; (i=]1~4) where a; is the angle between the
platform axis Z » and the i—th reference axis, ranges of altitude time rates h and h which the altimeter
must cope with, the relations between the outputs of the inertial navigator and the vehicle's motion,

and so on.
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ZORARKNL, ThLhomEEFHOHIORBE L RDD, T T4, T2 Tz, X0 Tre=(0, 0, 0) &
T

a(0,) =G— A, —[A,+@, X r,+2(@, X D) + @, X (@, x )] o)
A3z Z, 5y a0 LAY, TolHiz
a(Am)=a(0q)Z (22

Thho Ax* £ Ay ikre=(£dy, 0, OELT, —HELTHI, ZOre XL TRODOETLXHEL, X
LT, BRI

a(t54"1 0’ O) =a(0q) - [ - (quz-"quz)v qu'*"‘”qX‘”qu

—ﬂ;qr'i'wqquz](iax) @3
Eies, BL oy Ei2 e, 0Y 3%, - CMEEEE LToHNR, R528BLC
a(AxT)=a(0) px(wy?+,z8)0y €08 pF (04z+ @ yw,y)0xsin p @)

2 a(0)p 2 a(0y) @ p HRBS, &7h, @KARTLT, re=00,%0, LT3 Lickh, e
HIGL T
a(o: iay, 0)=a(0q> _["qu_*—quwa’v - (quZ'I_quZ)v

“;qx'f'wqrqu](iay) @3
® T Ay, Ay Ol
a(Ay) =a(0,), £ (—@yz+ 045 04y)dy SIN vt (w02 + w0y 2)dy COS v o8

tELEhD,

R b a(Ax)+a(Ar")=2a(0)p, K925 a(Ay*)+a(4,7)=2a(0,), THB, VW E2HO¥—HKe—
FIEL > CRAKILZ D 220FN 0D, Fhbb a(Ay)=—a(Ay) 2 a(dy)=—a(4y™) Lir5, &
S5RT Ty bk a0 KBy H#H I al0)u=a(0,),=0 L7 T, a(0,) O X, Y, RO %
L, 77 v bh—a@3ELD O, To specific force CEHZT% BEHBEAYER L Li0kd, hiiBH

HMEEREEBEOBEAHA vebicle DRI D 3T NIV ETHEYUARLET T, = DELL(vehicle
+#E) 2HROBLEL T, HREREBRI L vehicle 2F0BELELTH IV,
MEDGRIIDIBTERLLT 5y bh— ABER p(X,, Y,, Z,) Li2BRh2, BEIZFT v b k- A
DREIZEE S hTu oy,
BRI, EEMEBEIC AVLHhTO R MEEHE, BRI, IBRoRECRVT 4~ FRy s B0
T, TOBLIIBPEL T3,
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BREAHEERTHD, - OROMEEH A, DN, ZHiZ e ERLTRELDOTHS, RAbbHbr
515, a0)1L735 y bh— 2 ORBICEHRTHE 00, 20X RHERETAETHS,

s, a0 ROoBGETRSEVCREBORIL, BERACEI 77y Fh— 2 0BBIEELT,
o TAK o, (i=1~DIRELLSE, LrLZOBETE, MEHFEXNPT, HFANS L I(O)TLa=as=
0k, ARINELI@TRa?=0 LB THELRONILL, ACTHEEIEL R,

4.1.3 e OF—BEETHELIEDIHE

K02 b, 77 v k- ADBREANFEOa Y HRILFE T A BRI, kof&ErERIET IV
ZEbnb,

| a;qx rota,x (@, xre) |

| G— Ay —L Ayt @, X 1y +2(@, X D) + @, X (@, %7 ] | )
ERaePEL TARE@E40_7 b ApETRELL, BRSO ST v b h—20KREZ 70| mar
%, TOBECBLbREVRD, hEFTBETHS,

RiZ, 79 v bh— AOHEE o, & AMEE 1%, vehicle OILEEBITERT 554 L MEEDRERT
DA ENDE A>T D, 05 HRIHIL, HED vehicle DEBIZRNET DD T T v b in— ASNHREE
LR DTH - T, FERNELTE D ki, & 0BT, 2HKREL X 7- (space stabi-
pzed) Tirh b BENCHEREC I NANO 75 v F h— AREEYRE TR SRR, EBOY 5 v bah
—AEETHTHASEEELAMEETH S,

—F, EECESEER, ERCE s TENTHLOT, HELLFNIILTroMnEE LY, 0k
ik, BIiRESMIC I -, RO0ETO [ ] AO~S27 PAFAELZR I NI ThE L v, 2532 8k
@, & @ OMENT T v bk ACEREISHAVE S ETE I LLRAETHE0D, FARIC @) @b o,
o, DFELIESNB, WEREL A CEEhsBRARES GBS, GRTY) LREI25 BMELELT
Wb,

ZOMTHNI: a OF—REND I OOMEFED S b, 4 1L.2HOFENBRICELEEL b 5 1,
4L1.3FEOMO2oOFERXHATAZ LRFIOENLLELIRDL (BHD4.6.35) LD THL,

4.2 AFE o oBWLEH

HiESrtbhic 2w X, Y, BoAER2 o522, UTTREONIVHXE - T ang(X,,
YH0RECEbLT, COERTIag(X, YO RKE b THD, TLOBEQIEELYELT, HiC
Z0EL TR AMTRAEEDOF SHAOThLhITOWT, 73 v bh—alihiZ, Lkl e oMo
M a,(i=1~4) 5, vehicle OEFNREBTIST €, FOHBTRLTANYEE TS,

T4 T R L DEROHE a7 01, BENE, 75 bR—a0E8+2Z, 5, EEAT, #HC
EOHBEEMAZ, DUCHFETL L ZERT S,

¥, DITCHIEIRME &L, vehicle 2R L T#IE LT\ T, Z,=Z,CTHDREE 5, cORETD
a, iz ERFEORDITS,

4.2.1 HANS; ay=ang(Z,, ¥,)

o, DRKMEERMET, WThb, Z, 8 FFEY.Z, ACFETHRCERbONL Z LB TH LN,
a3, MREBOHBICIY, 0l<r DHLELTD, BILRBTR afl=1/2,

4.2.2 HAIQ); ag=ang(Zp, Zg)

LY, BREIRMEITFENTERLAD, JLERTIE, BIMER Z,/Z; OB TO0, BAEL Z,->-Y,
Ll oo T ap—>(r—2), i 0 Sep(x—2), BIERBTIT al=(n/)—2 ThH 5,

BT, ke X AREELTIHREE, BMILZ,»>+Y, 0BT a2, BXELz, LoTa0F
fLaE A I<a,=m £iede ERBIERB TR al=@/)+H A |, —ke ¥ HRERE L TIHEE, BMET Zof
(—ke) &7 > TCRBETO, BARMEIZ Z,—>+Y, O Ta~2], Xo7, Z,CHT2EBOHEL ERL <,
0=, <(r—[ A &70%, BIERETE ad=(/)—| 2],

4.2.3 HFRIN; ay=ang(Z,, Y,), a,=ang(Z,, Zz)

ay, G OETREFRIHL ER2HOEEN Y TUTES,
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4.2.4 HRIQ); as=ang(Z,, X)), e,=ang(Z,,Y,), ax=ang(Z,, Zs},

A o R L TR L2 2 HOEENARA I hD,

ay OFLREIILTOI 5L TRD OGNS, B DORH] ¢ 12 vehicle EFEFET L R TOMBEBER n(X,,
Y. 2., &, ¢ =0 TRES R BEENCENEET 5 BIENCTFREREER T (X, Y, Z:), LOHD
EHEARY MBI TIEAL, ARARESRZEETLEEXTETr kv, I b re~DFE~ Y 72 M7
BRGDO M ZHEELCIOTHY, chzff) L, EHOFE—SOEEOMIT

X.,=X,co8&+Y,sin& (28a)

Y,=—X,;sin¢§sin 14+Y,;cos {sin A+ Zzcos A (28b)

Z,=X,sin & cos A—Y ,cos §cos A+ Zgsin A (28¢)
PR T D, (BL

s=Qt+l 9
E LT, R(28)T Z,=0 BT

X,;sin§cos A=Y, cosécos A+Zgsin i=0 @0

= U OB A0 3513 5 BT A B AR TE XV % TR CERL b0 THD, $EHZ, o~
7 bk, Y, ERonb, TRATE,(sinécosd, —cosécosi, sin DORSRED, 2o X, FOBY~<7 b
AR (L 0, 0TH2, LoTip bk, ¥REELTFEDOFERR, irxk, ORFEC X > CLOFAKEY
HL

Y,;sin14+Z;cos§cosi=0 8
ERDOND, BE as DREAMS X OBMEL, Z, 0 COEANT, Z.>0 0B YE < GEBHOHIE a7 0
CL5) LLTRDAT I, FES) L EBFHKPEOOZROFERIL, ARALHEITHET

_ 1—sin®£cos? 2 _ _ 1—sin®§cos? 2
X SIN ¢ COS € COS“A Y= Sin ¢ Sin A CoS A Zr £
Lied, TOHALKILZ OEMOME OEDHITE L TTE 2 HOEOWThak D
ey ar sinfcosfcos?i -siné&sin Acosi
{“/ 1=sin? £ cos® 4, &/ 1—sin?gcos? A’ ./ 1—sin? £ cos? 2} (332)
fEARYS
I e sin £ cos & cos? A 75375 sin 2 cos A b
{ / 1—sin® £ cos? 4, A/ 1—sinZg&cost i’ .,/ 1—sin? £ cos? ).} (33b)

THD, o TZORBRLEM X, OBDABIIRD as*, a5~ O 5 LOARNTH D,

a3t =c0871,/T—SINZ € COS? X, ag =COS™1(— /1 —sint & COSEA) 69
CO2HEIECCHAYLL asttag =1 T, ¥l ayi<as THE,

as OEEEFORIUL, B ~7 b r i 2 +Z, OFRCHFETH) —Z, OBRCEET 50 TRIE » TH

B* LT, RexBRBLTHET S, @ L2 +Z, oz, B M) =2, ofiicd 5BoRE LR
To (D) OFHTER (28c) TX;=1, Y,;=Z,=0 4 Lk X

i;DZ,{45r=sinfcos A >0 83
Thdhdiebite, CoB{R Z,'X;, L83
mb a3 DRUMERL 0 THB, BRIELZ, 2RI gy | SEWEEN oo
FAro Z, WL X ERAMC TS Bxo
T, RUTEREIND a3*, a3” D5 BDOKEH ag™
THbD, Lo THE a 12003 <ag~ ORRELT

Zn Zn

oG =tos (sinFeosh)

w

%o KiC (b) DBAI ;Z‘Z:‘:;i(sz) i et o Py %
ir D Z, By =sin £ cos 1< 0 85

T, as DR/MER as*, @s” D5 BONELF agt T () singesa>o (@ singemh <0

BV, BAERZ, & X; XL FACRBHLEND (213 vehidle @ 42 1 5 0 553 44

WiIT as DELBREIL a*<las=r L7583, K6 M aoBtRBEYROEOEER

* ITRIIME—THEML, ZDERIT vehicle PR EDCRL 572 OB ELETHRBICHEL T 5,
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LBV Tas*=0, ay =1, L5HETE (@), (b)) oRFTEL LY, 0<lasln LD, EBHRI
EhzolEHoHBC L5, BIERBCHL T, ad=ang(Z,=Z,, X)TH5nb, R8Iy, #kFE
DHEH ad=cos I(sinfcos )X B 5,

ay=ang(Z,, YORDWTHEKARCEETELDT, HROZEET, AMHEL T

agt=cos™1,/ 1—cos?§cos? A, ay =cos™1(— ./ 1—cos? £ cos? ) &
Tat, a ¥ERTDHE, afSa” CTafttar =1 ThHd, £LT, +Y;23Z,>0 DFEEITH » T cos & cosi
<O THhIhiE0Ea<la,~ THY, +Y ;B Z,<0DHRICH > Tcosécos >0 b aqt<lay<<r L /2%,
IEREBCE af=ang(Z,=2Z,, Y;)=cos™1(—cos £ cos 1),

4.3 ay"=8iaz” DIERLIH

RiABID6EOKIDHT, RO D ar*=8 az® OBEL, [HALKE S/ OERIHE L THRCKIT
5] RN, REDLOREL K T, ZORBIBENCATHEELLNLDTHRT D, specific
force a DEIILAR D ayn ik, TOEHE D, ~ziraxV, BCHPLARIBOIE, FEYERLLET
b5, Thebbal +Y, BOMOAEY o) L+t a =] a)] Zy
cos ay THEZbLIE, ALK I TCaP<OZEH LA, hik
K7DLo<7branic—Z, DFMTRGTWASD &,
HoTHZ, L +Y, oo AEare’ LEAZLLLTWS
ZEEBRTH, LoT, ay"= (—az?)cos (r—a)=(—a,”)
(—cosa;)=az? cosa,=8,az® Lich,

AEFOZDOELZ LI 1IFHORGT, 10 FbnTv5,

4.4 BEHOEHHEA

ERpREE Y, —8ic, BV LCEE I CRBRENNY K7 apr=pa ¥EHTHECEEN
B LR, CoBOiHEROB T, AAEERCERELLSOBSEFIB T LoTE, Kt
HeatE/ow LRREY SE# Z, BVt hicBE L T memd Th it i b, 2% b B8FH @
BREELD, COLDTEEHRATHEERER 22 BME Lo T, FSHR TR 4R
L, FRTHBLIED, nFeEHTELOT, ZOERTMEIR®RDLND,

R, REESLKEOEMCESCTEEELIEELRIBAOHETE, LEOERIAETHL,

4.5 BEONEEER

vehicle \f{ 4 [ O TE TR EEOEHOHB L IVEROBREEIC £ 5 & 2, HRIhsEES

(BEED oREHENE OBRBETRTRIALRV- 2 RES,

o Y.

o

SRR

4.5.1 A
¥FTEEEECSHLTIE, TOT7TETHRXIX 51, A~102(m) THB,
452 h

B3R(50) F 12 (140) 2B D A=V z— (Ry +¢Ry sin2W)oy KL »TEMAIE, V2 IORMICID V,
~10(m/sec) THY, Ry ZEMIDORAG & ¢~102 b Ry ~104(m), F7 R~108(m), ox i X (5b) ¢ 1
DR XD oy~1074(sec) rHBE EXRF ST, AV, L AEED KX SKABONPMB, LT h~
10(m/sec),

4.5.3 k

ToXe I oX©HS

h=—az"— g+ (2Qc0s A+ap)Vitay Vy
+RyW(RY +cRysin 2)[ayn+oyVz+ (20 sin A+ o tan )V ;] 88

I DRI LY azr(<0)~10(m/ sec?) Fi: g~10(m/sec?) THH, A(5a) b D ox~10"4(m/sec) LN~
1075(sec™) s L OV DREPiT & » T (2Qcos A+05) Vy~1072(m/sec?), FIBIZL T oy Vy~10"2(m/sec?) L 7¢
Brb, ERATOE3, 4TI, hokxSzRELEMNCHLTE, $£1, 2FCHLTERTET

h=—az"— g+ Ry1(Ry +cRysin 2) [apn+oy Vz+ (2Q sin A+o, tan DV ;] 89
LB RAKLYD —arr—g=0 Lo BELELLRDY, CCTOMER L ORAELYRDLZ LLHD
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DT, arr=00RELETEL KFtulliesbine, R HLOFE IFOREE Ry 1(Ry +eRysin 23)~1072
T, #FH2ET[ 1k T ayr~10(m/sect) (T OKEY), oxV,~103(m/sec) TH%, 3 FEHOHTILEE 1
~DEREFHREZERTER . Ry (R +¢cR,sin 2 2)og tan 2.V y~g~10 (m/sec?) pRpicit tan A~105 TH Y,
tan A=+10° L EHE A=£89.999---° LB, ZDZ LILRRTOEY, BEOZ EHBEXERT, K&t
% 10(m/sec) DREORBTHAH - L Bo% T 2, O (2Q sin 1+ogtan DV y~ap tan 2.V ;~103(m/sec?)
T, ThRHL ayr R oyVzid, BT AKX IFFMT2 L0013 EHL T, X9%
B~ — g+ Ry 1(Ry +¢R, sin 22)05 tan 2.V x~g~10(m/sec?) a9
LBOTINNC LD, A ORITHEASBS RS,
frds, MORWC LB L, (R +eRosin 221246 3R(A>0) Tt A, MERACO)TRIETS D, 2hek
(5a)m op=Vy/Rpint, L&D Ry (RY+eRysin22)optan AV F WHOEREICA L -T, —g LML
BOEMZH B ONbN B,
4.6 vehicle o;#EH & KEH HOBER
—i, EEMEREEITI TR ZEE L T 2RSS vehicle 0BEBIYHEITZ L0 L XRTV-54,
FSHARKET 2z W€Dl » 53 Bo R L 5k, BEIERCCEBEAS, & ErCHAmEEst
A, DBEBEHFEL T T, vehicle B0 EH Y REL TIv v (202 LIENSLLARXTLRABTS S,
XTI 7y b~ 2A0EBNHBERTV3), #-TEBERNTHS A, 0EHHS, Hiy:+75 vehicle
OEETES C EXMHEE S RRTER B,
4.6.1 REEEOCEL
IEEF Ay % vehicle DELERCEL Z EABRAEEIBS Y, —BCHEIENTHEETS EE 22
T biov, ZORBETI, vehicle DEEEG O 10T, A, OHEEEE) L vehicle B Th & it —fdic+
NTOFFHIC BV T—HLIeVv, ThiCh3b 6T, A, 02, | H{bx Ll T vehicle B3 2 BT & 27
L8203, %E vehicle NO—~EOBHCRBINTHLE, &z LELEMOER?, 12 ofibicok
REBOMRBMOKRE SENNELERTE D THD, BETHIE, MECHL Tz vehicle 8 &
LR LTET LRV LITLL B,
4.6.2 NHHEE & vehicle o3
FSHAZRCBLA TV HRMIBEV Ve, Vi, Voil, W%, MEEH A 2B -TW 53 0TH 5,
vehicle I DL TR ZDBOLOMNMEE LIRS OV HRTH S0, chrV, LLTV E0MEYR® 5, #
RCEBCEE S W cEER e O b vehicle ELETOME~N 7 b A% r,, vehicle Blhnb 75 » bk
—LELO ETDERY G LT D, A B, A L2HTENAL I, O —FKELTEL LT, ¢ R0
FEant A, Lﬂ%&ﬁ«ﬁhwmn—m+r155 TLTHEEV Ir, % e AN THMBES L0 TH-
T, Thir. DRETRLTL, V= rale=ry BEAR T INENE =V, ¥z vehicle i2 B S i
WRb Oﬁhﬁtkﬁ?éﬁaﬁﬁz @, &3 rq Ie—r Lo+ @y X 1, ThH BN, r ly=0, D i
Viy=V-— vq——w,,xrq @y
&§b$h6°@=%—nﬁﬂ,aﬁﬁﬁﬁokﬁéQ~mﬂumuﬂﬂwu;Dfakwévmﬁ%ﬁﬁm
B ®=w, L LT
Vi=V-v,—a,xr, w
L%, vehicle D2 DR HEED ERERMERZOXTHERI RS, Vidn RCRYFRENCED, V, OfF
b RTRDIOVERTH L2, R@ELTY UNO~7 F AR RCERENBDAEETHD DT, B
BEBVPLBECID, EOT PV 7RAEML LU, 557 ' AW ORPNEERCTEL bR TWBo LA
WO DRRFTELTRLIE, V, ORBOHERZKORC LB LB,
Vim =V - M,00,® — (M, x @,®) x (M, r ) 49
ELTM2b5%, nRELREMTHDIIDEMELD, L.a%ﬁ BRI TS vehicle D EBAY £ 41 B
R@RTET, PiRMEY > < BT, HUF2ED, 253 Bopxr e NTRETE, i,
zb%moﬁ«ab»aLr&ofxuk%th,_O%AmﬁMOKOK

°

*T&b%,1KNLtmﬂut®ﬁ¢§%%§?5&vsﬂ%L®%§§X&a%@ﬁ%mao
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Vo =V — (M2 x @,) x (M, br,®) i)
HEH T LHHkKS,
4.6.3 [EEES & ERMERERIC oW T
vehicle o WEEENL, —HADOLD (AL V) T, v—ARE vy Fi L OREBEITL, T, EHHEs
BT BN LT I2REEEOEILT DR B, BICE O E AR D1 specific force a nIE—iEik D E
HAe7siEh v Tind (4.1.378), 77 v b~ ADEBRHHT I~ FRE— 2 0AFMYBAIRLTHOME
HREWER B S LEZ LMD DT, FREBSICID, HEZXIEEOHEN S S » bh— AT RIEARV LS
CTH0OBEELL,
vehicle DIREICHRE, SRAPOERESNT OV TLIEERZ EME2 5,

5 & & H &

A ECTTF SHRBEEMEORROTRE —IGHK 5,

PR CRARD TEFOMERI Oft2 L LTOF SHREEHL Bbh 3 oBMEC> - THIL, &
F SHAENS L LTRROMOUKHRE DLl 75500 4 WEOF S HRAAMO febes 172 ) P T
.;650

2 £ X @
() ftH E:HAERERCXBEEMEL, BAMBEESHCESTE, pp. 13~22, BHELA
(2) ®HE E:HERECIH>EEMEL, HAMBELHATESIOE, pp- 39~49, BHI5E 1 8
(3} BEEENL—RIZOEREBC XS,



