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Kobsaku Yosida (7 2.1909-20.6.1990) was born in
Hiroshima, Japan. After studying mathematics
at the University of Tokyo he held posts at Osaka
and Nagoya Universities before returning to the
University of Tokyo in 1955.

Yosida obtained important and fundamental re-
sults in functional analysis and probability. He is
best remembered for his joint work with E.Hille
which brought forth a theory of semigroups of
operators successfully applied to diffusion equa-
tions, Markov processes, hyperbolic equations
and potential theory. His famous textbook on
functional analysis was published in 6 distinct
editions between 1965 and 1980.



Preface to the First Edition

The present book is based on lectures given by the author at the
University of Tokyo during the past ten years. It is intended as a
textbook to be studied by students on their own or to be used in a course
on Functional Analysis, i.e., the general theory of linear operators in
function spaces together with salient features of its application to
diverse fields of modern and classical analysis.

Necessary prerequisites for the reading of this book are summarized,
with or without proof, in Chapter 0 under titles: Set Theory, Topo-
logical Spaces, Measure Spaces and Linear Spaces. Then, starting with
the chapter on Semi-norms, a general theory of Banach and Hilbert
spaces is presented in connection with the theory of generalized functions
of S. L. SoBoLEV and L. ScEWARTZ. While the book is primarily addressed
to graduate students, it is hoped it might prove useful to research mathe-
maticians, both pure and applied. The reader may pass, e.g., from
Chapter IX (Analytical Theory of Semi-groups) directly to Chapter XIII
(Ergodic Theory and Diffusion Theory) and to Chapter XIV (Integration
of the Equation of Evolution). Such materials as “Weak Topologies
and Duality in Locally Convex Spaces”” and “Nuclear Spaces’” are
presented in the form of the appendices to Chapter V and Chapter X,
respectively. These might be skipped for the first reading by those who
are interested rather in the application of linear operators.

In the preparation of the present book, the author has received
valuable advice and criticism from many friends. Especially, Mrs.
K. HiLLE has kindly read through the manuscript as well as the galley
and page proofs. Without her painstaking help, this book could not
have been printed in the present style in the language which was
not spoken to the author in the cradle. The author owes very much
to his old friends, Professor E. HiLLE and Professor S. KAKUTANI of
Yale University and Professor R. S. PHILLIPS of Stanford University for
the chance to stay in their universities in 1962, which enabled him to
polish the greater part of the manuscript of this book, availing himself
of their valuable advice. Professor S.Ito and Dr. H. KoMATSU of the
University of Tokyo kindly assisted the author in reading various parts



VI Preface

of the galley proof, correcting errors and improving the presentation.
To all of them, the author expresses his warmest gratitude.

Thanks are also due to Professor F. K. Scamipt of Heidelberg Uni-
versity and to Professor T. KAto of the University of California at
Berkeley who constantly encouraged the author to write up the present
book. Finally, the author wishes to express his appreciation to Springer-
Verlag for their most efficient handling of the publication of this book.

Tokyo, September 1964
Ko6saku Yosipa

Preface to the Second Edition

In the preparation of this edition, the author is indebted to
Mr. FLoRET of Heidelberg who kindly did the task of enlarging the Index
to make the book more useful. The errors in the second printing are cor-
rected thanks to the remarks of many friends. In order to make the book
more up-to-date, Section 4 of Chapter XIV has been rewritten entirely
for this new edition.

Tokyo, September 1967

Kosaxku Yosipa

Preface to the Third Edition
A new Section (9. Abstract Potential Operators and Semi-groups)
pertaining to G. HUNT's theory of potentials is inserted in Chapter XIII
of this edition. The errors in the second edition are corrected thanks to
kind remarks of many friends, especially of Mr. KLAUS-DIETER BIER-
STEDT.

Kyoto, April 1971
Kb6saku Yosipa

Preface to the Fourth Edition

Two new Sections ‘6. Non-linear Evolution Equations 1 (The
Komura-Kato Approach)” and “7. Non-linear Evolution Equations 2
(The Approach Through The Crandall-Liggett Convergence Theorem)”
are added to the last Chapter XIV of this edition. The author is grateful
to Professor Y. KOmura for his careful reading of the manuscript.

Tokyo, April 1974
Ko6sAku YosiDA



Preface to the Fifth Edition

Taking advantage of this opportunity, supplementary notes are added
at the end of this new edition and additional references to books have
been entered in the bibliography. The notes are divided into two cate-
gories. The first category comprises two topics: the one is concerned with
the time reversibility of Markov processes with invariant measures, and
the other is concerned with the uniqueness of the solution of time depen-
dent linear evolution equations. The second category comprises those
lists of recently published books dealing respectively with Sobolev Spaces,
Trace Operators or Generalized Boundary Values, Distributions and
Hyperfunctions, Contraction Operators in Hilbert Spaces, Choquet’s
Refinement of the Krein-Milman Theorem and Linear as well as Non-
linear Evolution Equations.

A number of minor errors and a serious one on page 459 in the fourth
edition have been corrected. The author wishes to thank many friends
who kindly brought these errors to his attention.

Kamakura, August 1977 Ké6saku Yosipa

Preface to the Sixth Edition

Two major changes are made to this edition. The first is the re-
writing of the Chapter VI, 6 to give a simplified presentation of Miku-
sinski’s Operational Calculus in such a way that this presentation does
not appeal to Titchmarsh’s theorem. The second is the rewriting of the
Lemma together with its Proof in the Chapter XII,5 concerning the
Representation of Vector Lattices. This rewriting is motivated by a
letter of Professor E. Coimbra of Universidad Nova de Lisboa kindly
suggesting the author’s careless phrasing in the above Lemma of the
preceding edition.

A number of misprints in the fifth edition have been corrected thanks
to kind remarks of many friends.

Kamakura, June 1980 Ko6saku Yosipa



Kosaku Yosida
1157-28 Kajiwara, Kamakura, 247/Japan

AMS Subject Classification (1970): 46-XX

ISBN 3-540-10210-8 Springer-Verlag Berlin Heidelberg New York
ISBN 0-387-10210-8 Springer-Verlag New York Heidelberg Berlin

ISBN 3-540-08627-7 5. Auflage Springer-Verlag Berlin Heidelberg New York
ISBN 0-387-08627-7 Sth edition Springer-Verlag New York Heidelberg Berlin

Library of Congress Cataloging in Publication Data. Yosida, Kasaku, 1909 -
Functional analysis (Grundlehren der mathematischen Wissenschaften; 123).
Bibliography: p. Includes index. 1. Functional analysis, I. Title. Il. Series.
QA320.16, 1980, 515.7. 80-18567.

ISBN 0-387-10210-8 (U.S.)

This work is subject to copyright. All rights are reserved, whether the whole or part of the
material is concerned, specifically those of translation, reprinting, re-use of illustrations,
broadcasting, reproduction by photocopying machine or similar means, and storage in data
banks. Under § 54 of the German Copyright Law where copies are made for other than
private use, a fee is payable to the publisher, the amount of the fee be determined by
agreement with the publisher.

Reprint from English language edition:

Functional Analysis Sixth Edition

by Késaku Yosida

Copyright © Springer —Verlag Berlin Heidelberg 1995

This Springer imprint is published by Springer Nature
The registered company is Springer-Verlag GmbH, DE
All Rights Reserved

This reprint has been authorised by Springer Science & Business Media for distribution
in China Mainland.



Contents

0. Preliminaries . . . . . . . . « « v v v 4 4 e e ow s

1.
2.
3.
4.

SELTREOTY & o v s 0 o % n o « % o & & % m & % & -
Topological Spaces . . . + « o ¢ 4 4 o 0 o 0w 0w
Measure SPacesi. . . .« . & o « v w o ¢ s b b s o« e
FARGEEISPACESL 15l i ' o e s h N e e e e S

I. Semi-NOrMS . . « « « + = & & o « & « 4 4 e e e e e e

Semi-norms and Locally Convex Linear Topological Spaces .
Norms and Quasi-norms . . B B Al i e e e
Examples of Normed Linear Spaces slEn? e B ! s B s
Examples of Quasi-normed Linear Spaoes ....... g
Pre-Hilbert Spaces . . . . . . . . . . . .. ;
Continuity of Linear Operators . . . . . . . . . . . .
Bounded Sets and Bornologic Spaces . . . . . . . . ;
Generalized Functions and Generalized Derivatives . . .
B-spaces and F-spaces . . . . . . . . . . . .

. The Completion . . . Rl EEE RN
. Factor Spaces of a B-space NN EEEE
. The Partitionof Unity. . . . . . . . . . . . ..
. Generalized Functions thh Compact Support s o ow o3
. The Direct Product of Generalized Functions . . . . . . .

TI. Applications of the Baire-Hausdorff Theorem . . . . . . . .

1.

@ 00

bl

The Uniform Boundedness Theorem and the Resonance
Theotem + .5 @ & s 6 & & s o & & & o s 8 @ & s . s
The Vitali-Hahn-Saks Theorem AR R
The Termwise Differentiability of a Sequence of Generalized
Bonetiong) & .« » 9w B kb waQmy e Ty me a0 e et at pweanity

The Principle of the Condensation of Smgula.ntles
The Open Mapping Theorem . . . . . . . . s IS
The Closed Graph Theorem. . . . . . . . . . . . .

An Application of the Closed Graph Theorem (Hbrmander s
Theorem) . . . w e @l & ST PR

III. The Orthogonal Projection and F. Riesz’ Representa.txon Theo-

1.
2.

........................

The Orthogonal Projection . . . . . . . . . . . . . . .
“Nearly Orthogonal” Elements . . . . . . . . . . . ..

72

7%
Kk

80



Contents IX

3. The Ascoli-Arzela Theorem . . . . . . . . . . . . .. 86
4. The Orthogonal Base. Bessel’s Inequahty and Parseva.l’

Relaion . . « . « « ¢ & R e . 86
6. E. Schmidt’s Orthogonahzatlon el g i e 0 B [ . . 88
6. F. Riesz’ Representation Theorem . . . . . . of Wy, 90
7. The Lax-Milgram Theorem . . . . . . . . . . . c w e ow 99
8. A Proof of the Lebesgue-Nikodym Theorem R
9. The Aronszajn-Bergman Reproducing Kernel . . . . . . . 95
10. The Negative Normof P.Lax . . . . . . . . . s m s 4B
11. Local Structures of Generalized Functions . . . . . . . . 100
IV. The Hahn-Banach Theorems . . . . . . . . . . . . . . . . 102
1. The Hahn-Banach Extension Theorem in Real Linear Spaces 102
2. The Generalized Limit . « . . v s « 4 6 v 4 5 & 5 5 & 103
3. Locally Convex, Complete Linear Topologxcal Spa.ces ... 104

4. The Hahn-Banach Extension Theorem in Complex Linear
SPacss . wla v e ¥ WSl s v o G F & v 8 s 6 s 106

6. The Hahn-Ba.nach Extensnon Theorem in Normed Linear
SPACEs! vl i T e e e ars e e SR . 106
6. The Existence of Non-trivial Continuous Linear Functionals 107
7. Topologies of Linear Maps Brhahls w9 e e el e [ 110
8. The Embedding of X in its Bidual Space X e e e @ ow 118
9. Examples of Dual Spaces . . . . . . . . . .. el . 114
V. Strong Convergence and Weak Convergence . . . . . ., . . . 119

1.

The Weak Convergence and The Weak* Convergence . . . 120

2. The Local Sequential Weak Compactness of Reflexive B-
spaces. The Uniform Convexity . . . . . . . . . . . . . 126
3. Dunford’s Theorem and The Gelfand-Mazur Theorem . . . 128
4. The Weak and Strong Measurability. Pettis’ Theorem . . . 130
6. Bochner'sIntegral . . . . . . . . . . . . . . . ... 132

Appendix to Chapter V. Weak Topologles and Duahty in Locally
Convex Linear Topological Spaces . . . . . . . . . . . .. 136
1, POIRE SES '« a o 0w w0 w0 & T 136
2. Barrel Spaces . . . . . . . . .. e w o w e e W e 138
3. Semi-reflexivity and Reflexivity . . . . . . . . . . . . 139
4. The Eberlein-Shmulyan Theorem . . . . . . . . . . . . 141
VI. Fourier Transform and Differential Equations . . . . . . . . 145
1. The Fourier Transform of Rapidly Decreasing Functions . 146
2. The Fourier Transform of Tempered Distributions. . . . . 149
3. Convolutions . . . . . . . . . . .. . . . 166

4. The Paley-Wiener Theorems The One-sxded Laplace Trans-
BOPMN & s o e (B m ot somce o e @ e e @ s e o 0E e 161
6. Titchmarsh’s Theorem . . . . . . S T 166
6. Mikusinski’s Operational Calculus . . . . ., . . . . . . . 169
7. Sobolev’'sLemma . . . . . . . . T A Bl e gt A 173



8.

9.
10.
11.

12,

VII. Dual Operators

o o0 o

. Dual Operators .

Contents

Garding’s Inequality . . . . . . . . . . .. ...
Friedrichs’ Theorem . s i owm B ow b
The Malgrange-Ehrenpreis Theorem TEEEEEE
Differential Operators with Uniform Strength. . . .
The Hypoellipticity (Hérmander’s Theorem) "

Adjoint Operators . .

Symmetric Operators and Self-adjomt Operators
Unitary Operators. The Cayley Transform .
The Closed Range Theorem ,

VIII. Resolvent and Spectrum.

PRNST O

. The Resolvent and Spectrum

The Resolvent Equation and Spéct.ral Radms
The Mean Ergodic Theorem

. Ergodic Theorems of the Hille Type Concermng Pseudo-

resolvents .

. The Mean Va.l;m. of an Almost Perlodlc Functlon

The Resolvent of a Dual Operator
Dunford’s Integral . . .
The Isolated Singularities of a Resolvent

IX. Analytical Theory of Semi-groups.

X. Compact Operators . . . . . . . . . .

1.
2.

. The Resolvent of the‘ Irlfxnxtes:ma.l Genera.tor A

. Equi-continuous Groups of Class (C,). Stone’s Theorem .
. Holomorphic Semi-groups . . . . . . . F s w e
. Fractional Powers of Closed Operators . . . . . . . .
. The Convergence of Semi-groups. The Trotter-Kato Theorem
. Dual Semi-groups. Phillips’ Theorem

. The Semi-group of Class (C,) .
. The Equi-continuous Sem:—group of Class (C) m Locally

Convex Spaces. Examples of Semi-groups . . . . . . . .

. The Infinitesimal Generator of an Equ:-contmuous Semi-

group of Class (C,)
Examples of Infinitesimal Generators .

Powers are Equi-continuous . . . . . . . . . . . ..
The Representation and the Cha.ra.ctenzatlon of Equx-con-
tinuous Semi-groups of Class (C,) in Terms of the Corre-
sponding Infinitesimal Generators . . . . . . . . . . . .
Contraction Semi-groups and Dissipative Operators . . .

Compact Sets in B-spaces . . . . . . . . . .
Compact Operators and Nuclear Operators . .

. 17
. 177
. 182

.. 189

. 193

. 193
. 195
. 197
. 202
. 206

242
. The Exponential of a Continuous Linear Opera.tor whose

244

246

. 260
. 261
. 254

259
269
272

. 274

.. 214
.. 2M



Contents XI

3. The Rellich-Garding Theorem . . . . . . . . . . . . . 281
4, Schauder’'s Theorem . . e F AR IMT s 3B A e § 282
5. The Riesz-Schauder Theory LB ol B Jg &l 3o g 283
6. Dirichlet’'s Problem . . . . . . . . . . . . ... ... 286

Appendix to Chapter X. The Nuclear Space of A. GROTHENDIECK 289

XI. Normed Rings and Spectral Representation . . . . . . . . . 204
1. Maximal Ideals of a Normed Ring. . . . . . . . . . . . 29
2. The Radical. The Semi-simplicity . . . . . 208
3. The Spectral Resolution of Bounded Normal Operators . . 302
4. The Spectral Resolution of a Unitary Operator . . . . . . 306
6. The Resolution of the Identity . . . . . . . . ... 8309
6. The Spectral Resolution of a Self-adjoint Operatox ¢ v ox v I8
7. Real Operators and Semi-bounded Operators. Fnednchs
Theorem . . . . . 316
8. The Spectrum of a Se]f-ad)omt Operator Rayle1gh’s Prm~

ciple and the Krylov-Weinstein Theorem. The Multiplicity

oftheSpectrum. ., 4 s s+ w5 3 u 5 5 & 5w @@ 319

9. The General Expans:on Theorem. A Condltmn for the
Absence of the Continuous Spectrum . . . . . . . . . . 323
10. The Peter-Weyl-Neumann Theorem . . . 326

11. Tannaka's Duality Theorem for Non-commutatxve Compact
GIOUPS & o 5 5 o o _« o % w o o & w 4 SRR G ok E Y OUO
12. Functions of a Self- a.djomt Operator 2 L B T oy & 5088
13. Stone’s Theorem and Bochner’s Theorem. . . . . . . . . 346

14. A Canonical Form of a Self-adjoint Operator with Simple
Specttum - s o % « 5 % 45w B B Vo W 45 @ E E 347

16. The Defect Indices of a Symmetric Opera.tor 'The Generalized
Resolution of the Identity . . . . . . . . . . . . 349
16. The Group-ring L' and Wiener's Tauberian Theorem . . . 3564
XII. Other Representation Theorems in Linear Spaces . . . . . . . 362
1. Extremal Points. The Krein-Milman Theorem . . . . . . 362
2. VectorLattices . + « ¢« v ¢ c w 5 5 4 & w 5 % & 3 . . . 364
3. B-lattices and Folattices . . . . . . . . . . ... ... 369
4. A Convergence Theorem of BANACH ...... 370
5. The Representation of a Vector Lattice as Point I‘unctlons 372
6. The Representation of a Vector Lattice as Set Functions . 375
XIIT. Ergodic Theory and Diffusion Theory . . . . . R )
1. The Markov Process with an Invariant Measure . . . ., . 379
2. An Individual Ergodic Theorem and Its Applications . . . 383
3. The Ergodic Hypothesis and the H-theorem . . . 389

4, The Ergodic Decomposition of a Markov Process wzth a
Locally Compact Phase Space . . . . . . . . . . . . . 393
5. The Brownian Motion on a Homogeneous Riemannian Space 398
6. The Generalized Laplacian of W, FELLER . . . . . . . . 403
7. An Extension of the Diffusion Operator . . . . . . . . . 408
8. Markov Processes and Potentials . . . . . . . . . . . . 410
9. Abstract Potential Operators and Semi-groups . . . . . . 411



XI1 Contents

XIV. The Integration of the Equation of Evolution . . . . . . . . 418
1. Integration of Diffusion Equations in L*(R™) . . . . . 419

2. Integration of Diffusion Equations in a Compact Rie-
mannian Space . . . . . . . . ... .o ... 425
3. Integration of Wave Equatnons in a Euchdean Space R"‘ 427

4. Integratlon of Temporally Inhomogeneous Equatlons of
Evolution in a B-space . . . . . . . . . ... . 430
5. The Method of TANABE and SoBOLEVSKI . . . . . . . . . 438

6. Non-linear Evolution Equations 1 (The Ko&mura-Kato
Approsch) g o dataa g ey ks R e e Wl & 6 . 445

7. Non-linear Evolution Equations 2 (The Approach th:ough
the Crandall-Liggett Convergence Theorem) . . . . 454
Supplementary Notes . . . . . . . . . . « . « ¢ o 0 . ... .. 466
Bibliography . . . . . .« . . . . boe T e e m e W e W W W 469
Index: o v w @ # 4w % o ww ® v e e wE Wy e s s 487

Notationof Spaces . . . . . . « « + « « v« v o 0 0. 501



0. Preliminaries

It is the purpose of this chapter to explain certain notions and theo-
rems used throughout the present book. These are related to Set Theory,
Topological Spaces, Measure Spaces and Linear Spaces.

1. Set Theory

Sets. x € X means that x is a member or element of the set X; x€ X
means that x is not a member of the set X. We denote the set con-
sisting of all x possessing the property P by {x; P}. Thus {y; y = x} is
the set {x} consisting of a single element x. The void set is the set with
no members, and will be denoted by @. If every element of a set X is also
an element of a set Y, then X is said to be a subset of Y and this fact
will be denoted by X C Y, or Y 2 X. If ¥ is a set whose elements are
sets X, then the set of all x such that x € X for some X € X is called the
union of sets X in X; this union will be denoted by xter X. The inter-

section of the sets X in X is the set of all x which are elements of every
X € X; this intersection will be denoted by xgze X. Two sets are dis-

joint if their intersection is void. A family of sets is disjoint if every
pair of distinct sets in the family is disjoint. If a sequence {X,},_;2, .

o
of sets is a disjoint family, then the union U1 X, may be written in
=

o0
the form of a sum 21 X,.
n=

Mappings. The term mapping, function and transformation will be
used synonymously. The symbol f: X — Y will mean that f is a single-
valued function whose domain is X and whose range is contained in Y';
for every x € X, the function f assigns a uniquely determined element
f(#) =y€ Y. For two mappings /: X— Y and g: Y-+ Z, we can
define their composite mapping gf: X — Z by (gf) (x) = g(f(x)). The
symbol f(M) denotes the set {f(x); x € M} and /(M) is called the image
of M under the mapping /. The symbol /-* (N) denotes the set {x; f(x)E N}
and f(N) is called the smverse image of N under the mapping /. It is
clear that

Y, = /(1 (¥y) for all ¥, Cf(X), and X,  (f(Xy)) for all X, € X.

1 Yosida, Functional Analysis



2 0. Preliminaries

If /: X — Y, and for each y € f(X) there is only one x € X with /() = ¥,
then f is said to have an #nverse (mapping) or to be one-fo-one. The inverse
mapping then has the domain f(X) and range X; it is defined by the
equation x = f(y) = /1 ({y}).

The domain and the range of a mapping f will be denoted by D (f) and
R (f), respectively. Thus, if f has an inverse then

F2({f(x)) = x for all x€ D(f), and f(f1(y)) = y for all y€ R(f).
The function f is said to map X onfo Yif f(X) = Yandinbo Yif f(X)C Y.

The function fis said to be an extension of the function g and g a restriction
of f if D(f) contains D(g), and f(x) = g(x) for all x in D (g).

Zorn’s Lemma

Definition. Let P be a set of elements a, b, . . . Suppose there is a
binary relation defined between certain pairs (, b) of elements of P,
expressed by @ < b, with the properties:

a<a,
ifa<band b < a, thena = b,
if a < band b < ¢, then a < ¢ (transitivity).

Then P is said to be partially ordered (or semi-ordered) by the relation <.

Examples. If P is the set of all subsets of a given set X, then the set
inclusion relation (4 C B) gives a partial ordering of P. The set of all
complex numbers z = x + 1y, w = % + v, ... is partially ordered by
defining 2 < w to mean ¥ < # and y < v.

Definition. Let P be a partially ordered set with elements a, &, . ..
If a < ¢ and b < ¢, we call ¢ an upper bound for a and b. If furthermore
¢ < d whenever d is an upper bound for a and &, we call ¢ the least upper
bound or the supremum of a and b, and write c = sup(a, b) ora \/ b.
This element of P is unique if it exists. In a similar way we define the
greatest lower bound or the infimum of a and b, and denote it by inf (a, b)
ora A b If aV band a A\ b exist for every pair (4, d) in a partially
ordered set P, P is called a lattice.

Example. The totality of subsets M of a fixed set B is a lattice by
the partial ordering M, < M, defined by the set inclusion relation
M, C M,

Definition. A partially ordered set P is said to be linearly ordered (or
totally ordered) if for every pair (a, b) in P, either 2 < b or b < a holds.
A subset of a partially ordered set is itself partially ordered by the rela-
tion which partially orders P; the subset might turn out to be linearly
ordered by this relation. If P is partially ordered and S is a subset of P,
an m € P is called an upper bound of S if s < m for every s€ S. An
m € P is said to be maximal if p € P and m < p together imply m = p.
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Zorn’s Lemma. Let P be a non-empty partially ordered set with the
property that every linearly ordered subset of P has an upper bound
in P. Then P contains at least one maximal element.

It is known that Zorn’s lemma is equivalent to Zermelo’s axiom of
choice in set theory.

2. Topological Spaces

Open Sets and Closed Sets

Definition. A system 7 of subsets of a set X defines a fopology in X
if 7 contains the void set, the set X itself, the union of every one of its
subsystems, and the intersection of every one of its finite subsystems.
The sets in 7 are called the open sefs of the lopological space (X, 7); we
shall often omit v and refer to X as a topological space. Unless otherwise
stated, we shall assume that a topological space X satisfies Hausdorff's
axiom of separation:

For every pair (x,, x5) of distinct points x,, x, of X, there exist disjoint

open sets G,, G, such that x, € G, x, € G,.

A neighbourhood of the point x of X is a set containing an open set which
contains x, A neighbourhood of the subset M of X is a set which is a
neighbourhood of every point of M. A point x of X is an accumulation
point or limit point of a subset M of X if every neighbourhood of x con-
tains at least one point m € M different from =x.

Definition. Any subset M of a topological space X becomes a topolo-
gical space by calling “open” the subsets of M which are of the form
M N G where G's are open sets of X. The induced topology of M is called
the relative topology of M as a subset of the topological space X.

Definition. A set M of a topological space X is closed if it contains
all its accumulation points. It is easy to see that M is closed iff! its
complement MC = X — M is open. Here A — B denotes the totality of
points x € A not contained in B. If M C X, the intersection of all closed
subsets of X which contain M is called the closure of M and will be denoted
by M* (the superscript “a’ stands for the first letter of the German:
abgeschlossene Hiille).

Clearly M* is closed and M C M?%; it is easy to see that M = M* iff
M is closed.

Metric Spaces

Definition. If X, Y are sets, we denote by X X Y the set of all ordered
pairs (x,y) where x€ X and y€ Y; X XY will be called the Carfesian
product of X and Y. X is called a metric space if there is defined a func-

1 iff is the abbreviation for “‘if and only if".
1‘



