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Lesson 1 Periodic Signals

1.1 Time-Domain Description

The fact that great majority of functions which may usefully be considered as signals are
functions of time lends justification to the treatment of signal theory in terms of time and of
{requency. A periodic signal will therefore be considered to be one which repeats itself exactly
every T seconds, where T is called the period of the signal waveform; the theoretical
treatment of periodic waveforms assumes that this exact repetition is extended throughout all
time, both past and future. In practice, of course, signals do not repeat themselves
indefinitely. Nevertheless, a waveform such as the output voltage of a main rectifier prior to
smoothing does repeat itself very many times, and it analysis as a strictly periodic signal yields
valuable results, ™! In other cases, such as the electrocardiogram, the waveform is quasi-
periodic and may usefully be treated as truly periodic for some purpose. It is worth nothing
that a truly repetitive signal is of very little interest in a communication channel, since no
further information is conveyed after the first cycle of the waveform has been received. One of
the main reasons for discussing periodic signals is that a clear understanding of their analysis is
a great help when dealing with periodic and random ones.

A complete time-domain description of such a signal involves specifying its value precise
at every instant of time. In some cases this may be done very simply using mathematical
notation. Fortunately, it is in many cases useful to describe only certain aspects of a signal
waveform, or to represent it by a mathematical formula which is only approximate. The
following aspects might be relevant in particular cases.

(1) the average value of the signal.

(2) the peak value reached by the signal.

(3) the proportion of the total time spent between value a and b.

(4) the period of the signal.

If it is desired to approximate the waveform by a mathematical expression, such as a
polynomial expansion, a Taylor series, or a Fourier series may be used. A polynomial of order
n having the form )

f(t) = ao+ait+azt: +astt ++ +a,t" (1-D
may be used to fit the actual curve at (n+ 1) arbitrary points. The accuracy of fit will
generally improve as number of polynomial terms increases. It should also be noted that the
error figure between the true signal waveform and the polynomial will normally become very
large away from the region of the fitted points, and that the polynomial itself cannot be
periodic. Whereas a polynomial approximation fits the actual waveform at a number of
arbitrary points, the alternative Taylor series approximation provides a good fit to a smooth
continuous waveform in the vicinity of one selected point. The coefficients of the Taylor series
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are chosen to make the series and its derivatives agree with the actual waveform at this point.
The number of terms in the series determines to what order of derivative this agreement will
extend, and hence the accuracy with which series and actual waveform agree in the region of
point chosen. The general form of the Taylor series for approximating a function in the region

of the point is given by

o, L df@ =) Ef@ L Gt df@
f® = fl@)+ @ —a) « LB+, ot e 221

Generally speaking, the fit to the actual waveform is good in the region of the point
chosen, but rapidly deteriorates to either side. The polynomial and Taylor series descriptions
of a signal waveform are therefore only to be recommended when one is concerned to achieve
accuracy over a limited region of the waveform. The accuracy usually decreases rapidly outside
this region, although it may be improved by including additional terms (so long as ¢ lies within
the region of convergence of the series). "*) The approximations provided by such methods are
never periodic in form and cannot therefore be considered ideal for the description of repetitive
signals.

By contrast the Fourier series approximation is well suited to the representation of a
signal waveform over an extended interval. When the signal is periodic, the accuracy of the
Fourier series description is maintained for all time, since the signal is represented as the sum
of a number of sinusoidal functions, which are themselves periodic. Before examining in detail
the Fourier series method of representing a signal, the background to what is known as the

‘frequency-domain’ approach will be introduced.

1.2 Frequency-Domain Description

The basic conception of frequency-domain analysis is that a waveform of any complexity
may be considered as the sum of a number of sinusoidal waveforms of suitable amplitude,
periodicity, and relative phase. *J A continuous sinusoidal function (sinwt) is thought of as a
‘single frequency’ wave of frequency radians per second, and the frequency-domain
description of a signal involves its breakdown into a number of such basic functions. This is
the method of Fourier analysis.

There are a number of reasons why signal representation in terms of a set of component
sinusoidal waves occupies such a central role in signal analysis. The suitability of a set of
periodic functions for approximating a signal waveform over an extended interval has already
been mentioned, and it will be shown later that the use of such techniques causes the error
between the actual signal and its approximation to be minimized in a certain important sense.
A further reason why sinusoidal functions are so important in signal analysis is that they occur
widely in the physical world and are very susceptible to mathematical treatment; a large and
extremely important class of electrical and mechanical systems, known as ‘linear systems’,
responds sinusoidally when driven by a sinusoidal disturbing function of any frequency. All
these manifestations of sinusoidal function in the physical world suggest that signal analysis in
sinusoidal terms will simplify the problem of relating a signal to underlying physical causes, or
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to the physical properties of a system or device through which it has passed. Finally,
sinusoidal functions form a set of what are called ‘orthogonal function’, the rather special

properties and advantage of which will now be discussed.

1.3 Orthogonal Functions

1.3.1 Vectors and Signals

A discussion of orthogonal functions and of their value for the description of signals may
be conveniently introduced by considering the analogy between vectors and signals. A vector
is specified both by its magnitude and direction, familiar examples being force and velocity.
Suppose we have two V;and Vz; geometrically, we define the component of vector V, along
vector V, by constructing the perpendicular form the end of V,onto V,. We then have

Vi=CuV:+V. (1-3)

where vector V, is the error in the approximation. Clearly, this error vector is of minimum
length when it is drawn perpendicular to the direction of V,. Thus we say that the component
of vector V; along vector V; is given by C,,V,, where Cy; is chosen such as to make the error
vector as small as possible. A familiar case of an orthogonal vector system is the use of three
mutually perpendicular axes in co-ordinate geometry.

There basic ideas about the comparison of vectors may be extended to signals. Suppose
we wish to approximate a signal f; (¢) by another signal or function f,(z) over a certain
interval t;<(t<{t,; in other words,

f[1(8) &~ Cy £ (1) for 1y <<t<t
We wish to choose C; to achieve the best approximation. If we define the error function
fe(®) = f1(®) —Ciaf2(2) 1-4)

it might appear at first sight that we should choose C,; so as to minimize the average value of
f.(t) over the chosen interval. The disadvantage of such an error criterion is that large
positive and negative errors occurring at different instants would tend to cancel each other out.
This difficulty is avoided if we choose to minimize the average squared-error, rather than the
error itself (this is equivalent to minimizing the square root of the mean-squared error, or
‘r.m. s’ error). Denoting the average of fZ(¢) by e, we have

—= ; ‘2 == , ) )
e = @ —tl).fz,fi(t)dt 1)-['1 [fl(l) Clzfz(t)] dr (1-5)

Differentiating with respect to C;; and putting the resulting expression equal to zero gives the
value of Cy, for which is a minimum. ") Thus

d /1 il
dsz{(tz—zl J. i) —Crufe(D] dt} 0

Expanding the bracket and changing the order of integration and differentiating gives

Ay o lefl(t)fz(t)dt/rfé(t)dt (1-6)
4 b

1.3.2 Signal Description by Sets of Orthogonal Function
Suppose that we have approximated a signal f;(z) over a certain interval by the function
3



f2(¢) so that the mean square error is minimized, but that we now wish to improve the
approximation. It will be demonstrated that a very attractive approach is to express the signal
in terms of a set of function f, (¢), f3(#), fi(2), etc. , which are mutually orthogonal.

Suppose the initial approximation is

[1() = Cy f-(1) (1-7
and that the error is further reduced by putting '
f1([) %Cmfz(l)_’_Cmfg(l) (1-8)

where f;(t) and f3 (¢) are orthogonal over the interval of interest. Now that we have
incorporated the additional term Ci3 f3(¢), it is interesting to find what the new value of must

be in order that the mean square error is again minimized. We now have

fe(t):fl(t)_clzfz(t)_clgf3(t) (1‘9)
and the mean square error in the interval ¢, <t<t, is therefore
e=- iz " J [£1(8) — Coa (0 f2(8) — Cu (O £ () T2t (1-10)
2 1 P

Differentiating partially with respect to C; to find the value of C,; for which the mean square
error is again minimized, and changing the order of differentiation and integration, we have

again %

Cp = ﬁzfl(t)fz(t)dz/ﬁzfﬁ(t)dt (1-1D)

In order words, the decision to improve the approximation by incorporating an additional term
in does not require us to modify the coefficient, provided that f3(z) is orthogonal to f5(¢) in
the chosen time interval, ') By precisely similar arguments we could show that the value of Cy;
would be unchanged if the signal was to be approximated by f;(¢) alone.

This important result may be extended to cover the representation of a signal in terms of
a whole set of orthogonal functions. The value of any coefficient does not depend upon how
many functions from the complete set are used in the approximation, and is thus unaltered
when further terms are included.'™ The use of a set of orthogonal functions for signal
description is analogous to the use of three mutually perpendicular (that is, orthogonal) axes
for the description of a vector in three-dimensional space, and gives rise to the notion of a
“signal space’. [*] Accurate signal representation will often require the use of many more than
three orthogonal functions, so that we must think of a signal within some interval ¢, <t<t, as
being represented by a point in a multidimensional space.

To summarize, there are a number of sets of orthogonal functions available such as the
so-called Legendre polynomials and Walsh functions for the approximate description of signal
waveform, of which the sinusoidal set is the most widely used. " Sets involving polynomials
in ¢ are not by their very nature periodic, but may sensibly be used to describe one cycle (or
less) of a periodic waveform; outside the chosen interval, errors between the true signal and
its approximation will normally increase rapidly. A description of one cycle of a periodic signal
in terms of sinusoidal function will, however, be equally valid for all time because of the every
member of the orthogonal.
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1.4 The Fourier Series

The basis of the Fourier series is that complex periodic waveform may be analyzed into a
number of harmonically related sinusoidal waves which constitute an orthogonal set. If we
have a periodic signal f(¢) with a period equal to T, then f(z) may be represented by the

series

f@) = Ay + D) A,cosnwit+ », B,sinnw (1-12)
n=1 n=1

where «, =2xn/T. Thus f(¢) is considered to be made up by the addition of a steady level A,
to a number of sinusoidal and cosinusoidal waves of different frequencies. The lowest of these
frequencies is w; (radians per secorid) and is called the ‘fundamental’; waves of this frequency
have a period equal to that of the signal. Frequency 2w, is called the ‘second harmonic’, 3w, is

the ‘ third harmonic’, and so on. Certain restrictions, known as the Dirichlet conditions,
must be placed upon f(z) for the above series to be valid. The integralj | f(2) | dt over a

complete period must be finite, and may not have more than a finite number of discontinuities
in any finite interval. Fortunately, these conditions do not exclude any signal waveform of

practical interest,

1.4.1 Evaluation of the Coefficients
We now turn to the question of evaluating the coefficients A;, A, and B,. Using the
minimum square error criterion described in foregoing text, and writing for the sake of

convenience, we have

_af
A, = ZTJ_Kf(I)d.r

A= lj” Fla)cosmidz (1-13)
TJ—n

B, = lj" Fea)simds
nNJ—=x

Although in the majority of cases it is convenient for the interval of integration to be
symmetrical about the origin, any interval equal in length to one period of the signal waveform
may be chosen,

Many waveforms of practical interest are either even or odd functions of time. If f(z) is
even then by definition f(z)= f(—t), whereas if it is odd f(—2)=—f (). If f(2) is even and
we multiply it by the odd function sinnw, ¢ the result is also odd. Thus the integrand for every
B, is odd. Now when an odd function is integrated over an interval symmetrical about t=0,
the result is always zero. Hence all the B coefficients are zero and we are left with a series
containing only cosines. By similar arguments, if f(z) is odd the A coefficients must be zero
and we are left with a sine series. It is indeed intuitively clear that an even function can only
be built up from a number of other functions which are themselves even, and vice versa,

We have already seen how the Fourier series is simplified in the case of an even or odd
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function, by losing either its sine or its cosine terms. A different type of simplification occurs
in the case of a waveform possessing what is know as ‘half-wave symmetry’. In mathematical
terms, half-wave symmetry exists when

[ =— fG+T/2) (1-14)
In other words, any two values of the waveform separated by T/2 will be equal in magnitude
and opposite in sign. Generalizing, only odd harmonics exhibit half-wave symmetry, and
therefore a waveform of any complexity which has such symmetry cannot contain even
harmonic components, Conversely, a waveform know to contain any second, fourth, or other
harmonic components cannot display half-wave symmetry.

Usually, we have always integrated over a complete cycle to derive the coefficients.
However in the case of an odd or even function it is sufficient, and often simpler, to integrate
over only one half of the cycle and multiply the result by 2. Furthermore if the wave is not
only even or odd but also display half-wave symmetry, it is enough to integrate over one
quarter of a cycle and multiply by 4. These closer limits are adequate in such cases the
function that is being integrated is repetitive, repeating twice within one period when it also

exhibit half-wave symmetry.

1.4.2 Choice of Time Origin, and Waveform Power

The amount of work involved in calculating the Fourier series coefficients for a particular
waveform shape is reduced if the waveform is either even or odd, and this may often be
arranged by a judicious choice of time origin (that is, shift of time origin). ™" This shift has
therefore merely had the effect of converting a Fourier series containing only sine terms into
one containing only cosine terms; the amplitude of a component at any one frequency is, as we
would expect, unaltered. For a complicated waveform which is neither even nor odd, it must
be expected to include both sine and cosine terms in its Fourier series.

As the time origin of a waveform is shifted, the various sine and cosine coefficients of its
Fourier series will change, but the sum of the squares of any two coefficients A, and B, will
remain constant, which means that the average power of the waveform, a concept familiar to
electrical engineers, is unaltered.

The above ideas lead naturally to an alternative trigonometric of the Fourier series. If the
two fundamental components of a waveform are

Aicoswit and Bisinwt

their sum may be expressed in an alternative form using trigonometric identities

Ajcoswit+ Bisinwit =+/ (A} + B?) cos(wlt — arctan &)

A
=v(A%—|—B§)sin((u1t—|—arctan%) (1-15)
1

Thus the sine and cosine components at a particular frequency are expressed as a single cosine
or sine wave together with a phase shift. If this procedure is applied to all harmonic
components of the Fourier series, we get the alternative forms
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n=1

F@® = Ao+ D) Crcoslnwnt—g) or f( = A+ > Cosinlnwrz+6,) (1-16)
n=1

where
C, = VAL +B; ,¢, = arctan(B,/A,) ,6, = arctan(A,/B,) (1-17)
Finally, we note that sine the mean power represented by any component wave is
(Ai+B)/2=C/2 (1-18)

and the power represented by the term A, is simply A%, the total average waveform power is
equal to

P=M+33.C (1-19)
n=1

But P may be expressed as the average value over one period of [ f(¢)]*,using again the
convention that is considered to represent a voltage waveform applied across a ohm resistor.
Hence

oo

P=A+1lSc = ljm [f()T2de (1-20)
0 s (A TJ) 172

This result is a version of a more general one known as Parseval’s theorem, and shows that
the total waveform power is equal to the sum of the powers represented by its individual
Fourier components. It is, however, important to note that this is only true because the

various component waves are drawn from an orthogonal set.

Words and Expressions

accuracy [ 'sekjuresi | n. ¥E#ATE, WERE, KE

amplitude [ 'eemplitjud]| n. JEIE, EE

aperiodic [ 'eipiori'adik ] adj. JEJEHARY)

approach [a'prout[] n. # &) if; EMIE (EH); BFE, HiEk
approximation [ oproksi'meifon] n. JET{E

arbitrary [ 'awbitrori] adj. {EE

channel [ 'tfeenl] n. {18, $iiE

coefficient [ koui'fifont] n. ZRZEL

convergence [ ken'vadzens | n. Y8k

conversely [kan'va:slj] adj. P, WY

coordinate [ kou'odinit | n. AbkR (FR)

criterion [ krai'tiorion | n. Fr¥E. I

deteriorate [ di'tierioreit | vi. &4k, 28R, BAL
differentiate [ difo'renfieit | vz. K-+ 54>

dimension [di'menfon] n. 4E%{

Dirichlet conditions  Jk | 7% & &4

discontinuity [ 'disikonti'nju (:) iti| n. LoEE, OBhHEE
even ['izvon] adj. B



expansion [iks'penfon] n. BH (X)

foregoing [fo:'gouin] adj. HiiAHI, TERTAY
geometrical [ dzio'metrikal | adj. JU{A[2#HY
half-wave symmetry £ H#R

harmonical [ ha:'monikal | adj. &% H

identity [ai'dentiti | n. fEZE=

instant [ 'instont | n. BERT, BEE]

integrand [ 'intigreend | 7. #%FH pR%K

integrate [ 'intigreit | vz, 3Kee+eee AR

intuitively [in'tju () itivli] adv. B, B EHL
geometry [ d3i'omitri] n. JUfA[%

Legendre polynomials  #hiF{EL =,

linear ['linia] adj. Z&MkH

main [ mein| n. HJE, H M

manifestation [ imeenifes'teifon] n. I
minimum [ 'minimem | n. f/MHE, /M
mutually [ 'mjuttfuali] adv. FHHE.H

notation [nou'teifon] n. 45, 0%

odd [od] adj. #F%H, BEHY

ohm [oum] n. B4}

order ['odo] n. IRF, By

origin [ 'oridzin] n. JE

orthogonal [o:'0ogenl | adj. 1EACH], BHAK

peak [pikk] adj. EEHI; n. B

periodicity [ piorio'disiti] ». JEHH

perpendicular [ pe:pen'dikjule] adj. FEEHK, EALH
phase [feiz | n. FH{\

polynomial [ poli'neumjal | adj. ZIMFXH; n. LR
quasi-periodic  #EJE AR

radian [ 'reidjon] n. JNJF

rectifier [ 'rektifaio | n. B EE

resistor [ ri'zisto ] n. HLPH2%

series [ 'sioriz ] vt. JBEREE n. BB

set [set] n. 4

sinusoidal [ ;sainea'soidal | adj. I1F3%H

susceptible [so'septobl | adj. UK, 5 Z M
symmetry [ 'simitri | 7. XFFR

symmetrical [si'metrikal | adj. XFRE, HEH
term [tom] n. Ri&E, (F) IR



