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Preface

S e L S

The main goal of the text is to help students master the basic concepts and skills they
will use later in their study and careers. The text provides a modern elementary introduc-
tion to linear algebra and a broad selection of interesting applications. The material is ac-
cessible to students with the maturity that should come from successful completion of two
semesters of college-level calculus.

We have attempted to give this book the following distinctive features.

(1) Many fundamental ideas of linear algebra are introduced within the first lectures.,
then gradually examined from different points of view. A major achievement of the text is
that the level of difficulty is fairly even.

(2) Good notation is crucial, and the text reflects the way scientists and engineers
actually use linear algebra in practice. The definitions and proofs focus on the columns of a
matrix rather than on the matrix entries. This modern approach simplifies many argu-
ments, and it ties vector space ideas into the study of linear systems.

(3) A broad selection of applications illustrates the power of linear algebra to explain
fundamental principles and simplify computing in engineering, physics, economics, and
statistics.

In this volume, Chapter 1, Chapter 2, Chapter 6 and Chapter 7 are written by Pro-
fessor Guoging Liu, Chapter 3 is written by Associated Professor Jian Zhaos and Chapter
4 and Chapter 5 are written by Dr. Wei Shi. All the chapters are checked and revised by
Professor Guoging Liu.

We hope this book can bring readers some help in the studying and teaching of bilin-
gual mathematics. Due to the limit of our ability, it is impossible to avoid some unclear
explanations. We would appreciate any constructive criticisms and corrections from read-

ers.

Guoging Liu, Jian Zhao, Wei Shi
2019. 6
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Chapter 1

Linear Equations in Linear
Algebra

One has to familiarize the student with actual questions from applications,
so that he learns to deal with real world problems. —Lothar Collatz (1910-1990)

Systems of linear equations lie at the heart of linear algebra®, and this chapter
uses them to introduce some of the central concepts of linear algebra in a simple and
concrete setting. The central problem about which much of the theory of linear al-
gebra revolves is the problem of finding all solutions to a linear system. As a matter
of fact, simple cases of this problem are a part of most high-school algebra back-
grounds. We will address the problem of when a linear system has a solution and
how to solve such a system for all of its solutions. Examples of linear systems ap-

pear in nearly every scientific discipline; we touch on a few in this chapter.

1.1 Systems of Linear Equations

A linear equation in the variables x| ya,++**+x, is an equation that can be writ-
ten in the form

a;xytazxz T+ +ta. x, =b
where & and the coefficients @, ya,+***+a, are real or complex numbers. The sub-
script n may be any positive integer. In textbook examples are exercises. n is nor-

mally between 2 and 5. In the real-life problems, n might be 100 or 1000, or even

® Linear Algebra: ZE 0¥
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larger.
[Example 1. 1] The PageRank Algorithm®

The PageRank algorithm is a method to assess the “importance” of documents
with mutual links, such as web pages, on the basis of the link structure. It was de-
veloped by Sergei Brin and Larry Page., the founders of Google Inc. » at Stanford
University in the late 1990s. The basic idea of the algorithm is the following: In-
stead of counting links, PageRank essentially interprets a link of page A to page B
as a vote of page A for page B. PageRank then assesses the importance of a page by
the number of received votes. PageRank also considers the importance of the page
that casts the vote. since votes of some pages have a higher value. and thus also
assign a higher value to the page they point to. Important pages will be rated higher
and thus lead to a higher position in the search

results.

Let us describe this idea mathematically
[1]. For a given set of web pages, every page
k will be assigned an importance value x, =
0. A page k is more important than a page j if

x,=>x ;. 1f a page k has a link to a page j , we

say that page j has a backlink® from page

k. 1In the above description these backlinks are

the votes. As an example, consider the link

structure showed in Figl. 1.

Here the page 1 has links to the pages

Fig. 1. 1

2.3 and 4, and a backlink from page 3.

The easiest approach to define importance of web pages is to count its back-
links; the more votes are cast for a page, the more important the page is. In our
example this gives the importance values

zi =lsa:=323=2sx,;=3.

The pages 2 and 4 are thus the most important pages. and they are equally im-
portant.

However, backlinks from important pages are more important for the value of
a page than those from less important pages. This idea can be modeled by defining
x, as the sum of all importance values of the backlinks of the page k. In our exam-

ple this results in four equations

@ Algorithm. ik
® backlink: ¥ o) % £
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I)=I;
3=z, tx;tx,
r,=x,tx,

2, =z, Tx,tx,

A disadvantage of this approach is that it does not consider the number of links
of the pages. Thus, it would be possible to significantly increase the importance of
a page just by adding links to that page. In order to avoid this, the importance val-
ues of the backlinks in the PageRank algorithm are divided by the number of links
of the corresponding page. This creates a kind of “internet democracy”: Every page
can vote for other pages, where in total it can cast one vote. In our example, this

gives the equations

X
rlz?
:r,+.r_-‘+rl,
TeTy Ty
<
"1, g
f3:?+?
xq T3
.r,t:?—hr-_,‘%?

These are four equations for the unknowns, and all equations are linear, i.e., the
unknown occur only in the first power.

Linear systems arise in many applications. Examples in which they occur, in
addition to lines and planes. are least-squares fitting of lines. planes. or curves to
observed data, methods for obtaining approximate solutions of various differential
equations, Kirchhoff’s equations relating currents and potentials in electrical cir-
cuits. and various economic models. In many applications, the number of equa-
tions and unknowns can be quite large, sometimes in the hundreds or thou-
sands. Thus it is very important to understand the structure of such systems and to
apply systematic and efficient methods for their solution. Even more important is
that, as we shall see, studying such systems leads to several new concepts and
theories that are at the heart of linear algebra.

We begin with a simple example.

[Example 1. 2] Let us solve the following system;

J2-1'+3y—z=8
dr—2y+=z=5 AP D
I.r+5y—22=9

Chapter 1 Linear Equations in Linear Algebra 003



We want to proceed as follows: multiply both sides of the first equation by 2
and subtract the result from the second equation to eliminate the 4x. and subtract
1/2 times the first equation from the third equation to eliminate the x. The system

is then changed into the new. equivalent system:

2z +3y—=z=8
—8y+32=—11
7 8

LA i

. 7 ; :
As our next step we want to get rid of the —y term in the last equation. We

2

can achieve this elimination by multiplying the middle equation by —— and sub-

16
tracting the result from the last equation. Then we get
2z +3y—==38
—8y+3z=—11
3 3
6= Ts

At this point, we can easily find the solution by starting with the last equation
and working our way back up. First, we find 2= — 1. and second. substituting
this value into the middle equation we get y=1. Last, we enter the values of y and
z into the top equation and obtain = =2.

The method of solving a linear system used in the example above is called
Gaussian elimination.

Notice that in the elimination computations of Example 1. 2, the variables x .
y. z were not really used. In computer programs there is not even a way (and no
need either) to enter the variables. In writing. the coefficients are usually arranged
in a rectangular array enclosed in parentheses or brackets, called a matrix (plural.

matrices) and designed by a capital letter, as in

2 3. =1
A= 14 —2 1 (1.2)
1 5 =2

This matrix contains the coefficients on the left of system (l.1) in the same
arrangement. and is therefore referred to as the coefficient matrix. We may include
the numbers on the right sides of the equations as well:

2 3 —1 8
B=1|4 —2 1 5
1 5 —2

Cl.:3)

0 U
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This is called the augmented matrix® of the system.

The size of a matrix tells how many rows and columns it has. The augmented
matrix (1.3) above has 3 rows and 4 columns and is called a 3X4 matrix. If m and
n are positive integers, an m Xn matrix is a rectangular array of numbers with m
rows and n columns. Matrix notation will simplify the calculations in the following
examples.

We write the computations of Example 1. 2 as

2 3 —1 8 2 a =1 8 2 3 ~—1 8
& =2 1 5|—|0 —8 3§ =1rj—=[0 =8 3 —11
] 5 —2 9 0 7/2 —3/2 5 0 0 —3/16 3/18

The arrows between the matrices above do not designate equality, they just
indicate the flow of the computation.

Next, we change from the last augmented matrix to the corresponding system

2r+3y—==8

—8yT3z=—11
3 _3
16° 16

Which we solve as in Example 1. 2.
Example 1. 2 illustrates how operations on equations in a linear system corre-
spond to operations on the appropriate rows of the augmented matrix.

The operations we used are called elementary row operations®.
Definition 1.1 (Elementary Row Operations). We call the following three

types of operations on the augmented matrix of a system elementary row opera-
tions:

(1) Multiplying a row by a nonzero number.

(2) Exchanging two rows.

(3) Changing a row by subtracting a nonzero multiple of another row from it.

Definition 1. 2 (Equivalence of Systems and of Matrices). Two systems of equations

are called equivalent if their solution sets are the same. Furthermore. the augmented ma-
trices of equivalent systems are called equivalent to each other as well.

Row operations can be applied to any matrix, not merely to one that arises as

the augmented matrix of a linear system. Two matrices are called row equivalent if

©® augmented matrix; M HKg
® clementary row operations; #%friEW (FHE)
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there is a sequence of elementary row operations that transforms one matrix into
the other. Hence any two matrices obtainable from each other by a finite number of
successive elementary row operations are equivalent, and to indicate that they are
related by such row operations, they are said to be row equivalent.

Column operations would also be possible. but they are rarely used, and we
shall not discuss them at all.

We have used only the third type of elementary row operation so far. The first
kind is not necessary for Gaussian elimination but will be used later in further re-
ductions. The second kind must be used il we encounter a zero where we need a piv-
ot. as in the following example.

[Example 1.3) Let us solve the following system;
x1t2x,=2
3z tb6xs—axs=8
£y T 2% TEe =0
2Il +5.I'2_2.1'3:9

Solution. We do the computations in matrix form.

12 o2l n2 o 2 1 2 0
36 —1 8/ r—2, 10 0 —1 2| rer, 0 1 —2 5
1 2 10 00 1 —2 00 1 —2
2 5 —2 9 0 1 —2 5 0 0 —1
12 o 2
rotry 0 1 —2 5
T e 1 =3
o o o o

Since the fourth row just expresses the trivial equation, the back substitution
phase should start with the third row of the last matrix. The third row gives x, =
—2. the second row yields x, =1. And the first row results x, =0.

As the example above shows, the number m of equations and the number » of
unknowns need not be the same. In this case., the four equations described four
planes in three-dimensional space. having a single point of intersection given by the
unique solution we have found. Of course. in general, four planes need not have a
point of intersection in common or may have an entire line or plane as their intersec-
tion (in the latter case the four equations would each describe the same plane).

Systems with solutions are called consistent. On the other hand, if there is no in-

006 A Concise Course to Linear Algebra £ (S ¥ BBAHE



tersection, then the system has no solution, and it is said to be inconsistent®.
Inconsistency of the system can happen with just two or three planes as well, for
instance if two of them are parallel. and also in two dimensions with parallel
lines. So before attacking the general theory. we discuss examples of inconsistent
systems and systems with infinitely many solutions. Systems with more equations
than unknowns are called overdetermined, and are usually (though not always.
see Example 1. 3) inconsistent. Systems with fewer equations than unknowns are
called underdetermined®, and they usually (though not always) have infinitely
many solutions. For example, two planes in R* would usually intersect in a line,
but exceptionally they could be parallel and have no intersection. On the other
hand, a system with the same number of equations as unknowns is called deter-
mined and usually (though not always) has a unique solution. For instance, three
planes in R* would usually intersect in a point, but by exception they could be par-
allel and have no intersection or intersect in a line or a plane.
[Example 1.4] (A 33 Inconsistent System). Consider the system given by
J.rg —4r.,=—8§

2z —3x,t2x;=1

bzy—8x; T Txs=1
Determine if it is consistent.
Solution. The augmented matrix is
0 I —4 8]
2 —3 2
5 —8 7l |

To obtain an x| in the first equation, interchange rows 1 and 2:

2 —3 2 1]
0 1 —4 8
5 —8 T o

To eliminate the 5z, term in the third equation, add —5/2 times row 1 to row 3:
2 —3 2 1
0 1 —4 8
0o —1/2 2 =32

Next, use the z, in the second equation to eliminate the —(1/2)x, term from the

third equation.

@ inconsistent; AHE
® underdetermined; WIEM
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2 —3 2 1

0 1 =% 8

0 0 0 5/2
The augmented matrix is now in triangular form. To interpret it correctly, go back
to equation notation;

2zi— 3z 1T 2x5=1

xy—4x,=8
O0x,=5/2

This system in triangular form obviously has a build-in contradiction. There are no
values of x,, x,, a, that satisly the original system because the equation Ox, =
5/2 is never correct. Thus, the original system is inconsistent (i.e., has no solu-

tion).

1.2 Row Reduction and Echelon® Forms

In this section. we refine the method of Section 1. 1 into a row reduction algo-
rithm that will enable us to analyze any system of linear system.

The algorithm applies to any matrix, whether or not the matrix is viewed as
an augmented matrix for a linear system. So the first part of this section concerns
an arbitrary rectangular® matrix. In the definitions that follow, a nonzero row or
column in a matrix means a row or column that contains at least one nonzero entry;

a leading entry of a row refers to the le[tmost nonzero entry (in a nonzero row).
Definition 1. 3 A rectangular matrix is in echelon form (or row echelon form)

if it has the following three properties;

(1) All nonzero rows are above any rows of all zeros.

(2) Each leading entry of a row is in a column to the right of the leading entry
of the row above it.

(3) All entries in a column below a leading entry are zeros.

If a matrix in echelon form satisfies the following additional conditions, then it
is in reduced echelon form (or reduced row echelon form®) .

(4) The leading entry in each nonzero row is 1.

(5) Each leading 1 is the only nonzero entry in its column.

O cchelon: #1E
® rectangular: HIEM
® reduced row echelon form . i {6 897 B 446
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[Example 1.5] The following matrix is in echelon form. The leading entries ()
may have any nonzero value., and the starred entries ( ¥ ) may have any values (in-

cluding zero).

* % %
0 0o M =
0 0 0 o0
0 0 0 0

The following matrix is in reduced echelon form because the leading entries are 1’s,

and there are 0’s below and above each leading 1.

1 * 0 =
0 0 1 =
0 0 0 O
0O 0 O

Any nonzero matrix may be row reduced into more than one matrix in echelon
form. using different sequences of elementary row operations. However, the re-

duced echelon form one obtains from a matrix is unique.

Each matrix is row equivalent to one and only one reduced echelon matrix.

The proof of this theorem is temporarily omitted here, because it needs to use
the idea from the following Chapter that the columns of row-equivalent matrices
have exactly the same linear dependence relations.

If a matrix A is row equivalent to an echelon matrix U, we call U an echelon

form of A; if U is in reduced echelon form we call U the reduced echelon form of A.
Pivot Positions

When row operations on a matrix produce an echelon form, further row opera-
tions to obtain the reduced echelon form do not change the positions of the leading
entries. Since the reduced echelon form is unique, the leading entries are always in
the same positions in any echelon form obtained from a given matrix. This leading

entries corresponding to leading 1’s in the reduced echelon form.
Definition 1. 4 A pivot position in a matrix A is a location in A that corre-

sponds to a leading 1 in the reduced echelon form of A. A pivot column is a column
of A that contains a pivot position.
[Example 1. 6] Row reduce the matrix A below to echelon form and locate the

pivot columns of A.

Chapter 1 Linear Equations in Linear Algebra 009



s T 4 2
=1 =2 —1 3 1
—% —a 0 3 =1
1 1 5 —8' —f
Solution. The top of the leftmost nonzero column is the first pivot position. A non-
zero entry, or pivot. must be placed in this position. A choice is to interchange
rows 1 and 4,
1 4 5 —8 —7
1= =] =g =i 3 1
—2 =3 0 3 —1I
g —3 —6 4 9
Create zero below the pivot, 1, by adding multiples of the first row to the rows

below, and obtain matrix below

1 4 5 —8 —q
0 2 4 —6 —4
0 5 18 =& —15
6 —3 —6 4 9

The pivot position in the second row must be as far left as possible—namely, in the
second column. We choose the 2 in (2, 2) of the matrix as the next pivot. Add
—5/2 times row 2 to row 3, and add 3/2 times row 2 to row 4.

1 4 53 —% —7

0 2 4 —6 —6
0 0 O 0 0
a o 9 —5 0

Obviously, there is no way to create a leading entry in column 3 of above ma-
trix. We interchange rows 3 and 4, we can produce a leading entry —5 in column 4

as follows.

1 &4 5 —9 —7
0 2 4 —6 —6
g @ ‘B =k 0

0 0 0 0 0
The matrix is in echelon form and thus reveals that columns 1, 2, and 4 of A are
pivot columns.
With Example 1. 6 as a guide, we are ready to describe an efficient procedure

for transforming a matrix into an echelon or reduced echelon matrix.
The Row Reduction Algorithm

The algorithm that follows consists of four steps, and it produces a matrix in
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