mulFE T

ADVANCED
MATHEMATICS 11

A\

3 o
-

B4 ¢ % R

%

it

RO P LAY



IIHRFRETHA RS A AR

ADVANCED
MATHEMATICS 11

RFERE T

Ex )
A

AL
( Du Ruijin ) ILHRF

T
( Dong Gaogao )

B ik
( Yang Jie)

LHKF

LR

B4
EWIR BRI R
B # PEIE T A

}’-,i e o
JIANGEU UNIVERBITY PRESS

Wi




B R4 B (CIP) ¥3E

%% %, F=Advanced Mathematics [l : 33 /
P B3 HE B AT AR BT VOOR R HRRAL
2019.4

ISBN 978-7-5684-0959-9

1.0 0. Okt O~ Ot M. ORFH
¥ WHEEE—HM—%X N. ©OI3

o [ i A B B CIP i % 22 (2019) 55 056349 &5

BEHE(T)
Advanced Mathematics ( I )

£ Gi/tEEEE WEEEH B 4

WHIEHRE/ R E X

R AT /T K Y R

HE/ VLA BT T B R A 30 B (HR4R : 212003)
% /0511-84446464 (f£ H)

#ik /http: //press. ujs. edu. en

iR/ 8 T ST 4 ol R EQD R A PR BE A 2 7

Fill / e % EDE R A A B2 3

A% /787 mm* 1092 mm 1/16

#/17.5

¥ /582 TF

W/20194E 4 A% 1 20194 4 A% 1 WEDRY
£ /ISBN 978-7-5684-0959-9

#fr/56. 00 JC

AFEFAD2HDETESE

YA D 2 O Y 5 A TR OB RS : 0511-84440882)



CONTENTS

Chapter 8 Infinitive series / 1

8.1 The concepts and characters of infinite series / 2
8.1.1 The concepts of constant term progression / 2
8.1.2 The convergence and divergence of infinite series / 2
8. 1.3 The characters of convergent series / 5
Exercises 8-1 / 8
8.2 Positive series and its convergence test / 9
8.2.1 The basic characters of positive series / 9
8.2.2 The comparison test of positive series / 11
8.2.3 d'Alembert method of positive series / 14
8.2.4 The root test of positive series / 17
Exercises 8-2 / 19
8.3 Arbitrary term progression / 20
8.3.1 Alternating series and Leibniz Principle / 20
8.3.2 The absolute value method of arbitrary term progression / 22
Exercises 8-3 / 24
8.4 Power series / 25
8.4.1 Function series / 25
8.4.2 Power series and its convergent interval / 26
8.4.3 The properties of power series / 31
Exercises 8-4 / 34
8.5 Unfold functions into power series / 35
8.5.1 Taylor series / 35
8.5.2 The method to unfold functions into power series / 37
Exercises 8-5 / 42
Summary / 42
Quiz 7 44
Exercises / 44



. Advanced, Mathematics (I1)

Chapter 9 Differential equations / 46

9.1 Basic concepts of differential equation / 46
Exercises 9-1 / 49
9.2 First-order differential equation / 50
9.2.1 Separable differential equation / 50
9.2.2 Homogeneous differential equation / 53
9. 2.3 First-order linear differential equation / 55
9.2.4 Bernoulli equation / 59
Exercises 9-2 / 61
9.3 Reducible high-order differential equation / 61
9.3.1 The form ¥y = f(zx) / 61
9.3.2 The form ¥' = f(x,y’) / 62
9.3.3 The form y'= f(y,y’) / 63
Exercises 9-3 / 64
9.4 High-order linear differential equation / 64
9.4.1 The property and structure of solution of second-order linear differential
equation / 65
*9.4.2 The property and structure of solution of high-order linear differential
equation / 69
Exercises 9-4 / 70
9.5 Second-order linear differential equation with constant coefficients / 71
9.5.1 Second-order homogeneous linear differential equation with constant
coefficients / 71
9,5.2 Second-order inhomogeneous linear differential equation with constant
coefficients / 74
*9,5,3 Vibration equation / 79
Exercises 9-5 / 82
Summary / 83
Quiz / 85
Exercises / 85

Chapter 10 Vectors and analytic geometry of space / 87

10.1 Space right angle coordinate system / 87
10. 1.1 The space right angle coordinate system / 87
10. 1.2 Right angle coordinate of spatial point / 88
10. 1.3 Distance between two points in space / 89
Exercises 10-1 / 91



CONTENTS

10.2 Vector algebra / 91
10.2.1 Concepts of vector / 91
10.2.2 Linear operations of vector / 92
10.2.3 Coordinates of vector / 95
10.2.4 Dot product of two vectors / 99
10.2.5 Vector product of two vectors / 101
Exercises 10-2 / 102
10.3 Plane or space straight line / 103
10.3.1 Plane and its equation / 103
10.3.2 Included angle between two planes / 106
10.3.3 Distance from point to plane / 107
10.3.4 Space line and its equation / 107
10.3.5 Included angle between two straight lines / 109
10.3.6 Angle between straight line and plane / 110
Exercises 10-3 / 111
10.4 Curved surface and space curve / 112
10.4. 1 Equation of spatial curved surface / 112
10.4.2 Equation of spatial curve / 115
10.4.3 Quadric surface / 118
Exercises 10-4 / 120
Summary / 121
Quiz / 124
Exercises / 124

Chapter 11  Differentiation of multivariable function and its application / 126

11.1  The concept of multivariable function / 127
11.1.1 Plane point set and n-dimensional space / 127
11.1.2 Multivariable function / 129
11. 1.3 The limit of multivariable function / 133
11.1.4 Continuity of multivariable function / 135
Exercises 11-1 / 137
11.2 Differential method of multivariate function / 138
11.2. 1 Partal derivative / 138
11.2.2 Perfect differential and its applications / 149
11.2.3 Differential method of multivariable compound function / 156
11.2.4  Derivative of implicit function / 165
Exercises 11-2 /171



i e (Advanced Mathematics

11.3 Direction derivative and gradient / 174
11.3.1 Direction derivative / 174
11.8.2 Gradient / 176
Exercises 11-3 / 179
11.4 Geometric applications of the differential of multivariable function / 180
11.4.1 Tangent line and normal plane of space curve / 180
11.4.2 Tangent plane and normal line of curve surface / 184
Exercises 11-4 / 186
11.5 The extreme value of the multivariable function and the maximum and minimum /187
11.5.1 The extreme value of the multivariable function / 187
11.5.2 The maximum and minimum of multivariable function / 189
11.5.3 Conditional extremum Lagrange multiplier / 190
Exercises 11-5 / 193
11.6 Taylor’s formula of binary function / 193
11.6.1 Taylor’s formula of binary function / 193
11.6.2 The proof of sufficient condition of extreme of binary function / 197
Exercises 11-6 / 198
Summary / 198
Quiz / 202
Exercises / 203

Chapter 12 Multiple integral / 205

12.1 The concept and properties of double integrals / 205
12. 1.1 Examples / 205
12. 1.2 The definition of double integrals / 207
12. 1.3 The property of double integrals / 209
Exercises 12-1 / 210
12.2 Calculation of double integrals / 211
12.2.1 Calculate double integrals in rectangular coordinate system / 211
12.2.2 Calculate double integral in the polar coordinate system / 216
12.2.3 Application in the economic management / 220
12.2.4 Variable substitution / 222
Exercises 12-2 / 224
12.3 Triple integral and its calculation / 227
12.3.1 The definition and property of triple integral / 227
12.3.2 Evaluate the triple integral by space right angle coordinate / 228
12.3.3 Calculate the triple integral by cylindrical coordinate / 230
12.3.4 Calculate the triple integral by spherical coordinate / 232
Exercises 12-3 / 234



CONTENTS

12.4 Application of multiple integral / 236
12.4.1 Applications in geometry / 236
12.4.2 Applications in physics / 239

Exercises 12-4 / 245

“12.5 |Integral with parameters / 246

“Exercises 12-5 / 250

Summary / 250

Quiz / 253

Exercises / 254

Answers / 257



Chapter 8 Infinitive series

From the elementary mathematics, We should know that finite real numbers
Uy, Uz,*+, U,, can be added together and the sum is also a real number. Can
infinitely many real numbers be added together? What is the sum? To be
specific, let’'s look at an example first,

Ancient Chinese philosopher Chuang Tzu said that by cutting one wooden
stick in half day by day, the stick will never run out. It describes the change of
the remaining length after each cutting. What is the total length cut down at
last? Suppose the length cutted down after i days is denoted by s,, we have

the first day S =%;
F {8 i
[ PR el
the second day S, i e
dspg <l r S (50 .1
the tenth day Sp=x* 92 + + 2;5 = :I'b"z—d;
Tl 1 1
2= e — T ==
the n th day s, 2+22+ 2 1 o0 (1)
If cutting without end, the sum of the length is
e 1 1
5=-2-+2-2+2-§+---+2--n+---_ (2)
In fact,
s=lims, =lim{1-=)=1, (3)

n~+c0 pee 2=
The formula (2) denoting the sum of infinite’ real numbers is called the infinite
series(or series). The formula (1) which is the sum of first n terms of the infinite
series(2) is called partial sum. From the formula (3), we see that the sum of the
infinite real numbers is equal to the limit of the partial sum as n approaches to
infinity and the limit 1 is called the sum of the infinite series. Note that the sum is
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not calculated by adding total numbers together but by limit.

The sum of infinite terms occurs widely in practical problems, and it is
actually the infinite series. Infinite series is a useful tool to express functions,
study characters of functions, evaluate functions and solve differential
eqguations, It also plays an important role in the theoretical researches of
mathematic and practical application.

In this chapter, we will first discuss infinite series and introduce some basic
contents about infinite series. Then we will also talk about power series and
discuss how to write a function into a power series,

8.1 The concepts and characters of infinite series

8.1.1 The concepts of constant term progression
An infinite sequence
Uy yUg gUz 3" Uy, "t
the sum of total terms is
w tugtust+ootu, e,

which is called an infinite series (or just series) and is denoted by the symbol Zu.. or Zu,,
n=1

for short, that is,

Eu,,=u,+ug+u3+'"+u,,+“‘. (1)
=1
where u, is called the n th term (or general term), Now, we give some examples.
o o Wacl 1 . R =0 v b
@ Z —=14+=+—=-++++—+ ++is called a harmonic series with u,=—.
e m 2 3 n n
@ Zaq" '=a+aq +aq® + - +ag” ' + -+ (both @ and q are constants) is called a

n

geometric series with u,=aq" ', where ¢ is the common ratio,

® E = 1+ + ik + 1 =+ (p > 0) is called a p- series with u,1="ip.
@ Z(—l)"" =1—1+4+1—1+ 4+ (—=1)"" 4 - is a series with u,=(—1)"".
n=1

® 22:? =2+4+446+4 -4+ 2n-+ - is a series with u,=2n.

8.1.2 The convergence and divergence of infinite series

For series(1), how to add the infinite terms? From the example in the introduction of
this chapter, we add up the first n terms and observe its characteristic, and then, take the
limit to get the sum of the infinite terms. In general, we denote the sum of the first n

terms as
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.GN:H1+H3+EI3+"'+-M":2”§' (2)
k=1

which is called partial sum of the first n terms. If n=1,2,3,+-, we will get a new sequence
S1y S24 534 °**y Sp4 **+, which is called the sequence of partial sums denoted by {s,1|.

Since the partial sums s, will get closer and closer to the sum of the series as n
approaches to infinity, we define the sum of the series by the limit of the partial sums as

n-roa,

Definition If the sequence |s,| is convergent and lim s, =s exists as a real number,
s

the series E u, is called convergent, the number s is called the sum of series Zu., and

n=1 n=1
we write

Zu.=u‘+uz+us+"'+u.+'" ==ty

=1

It is also called that the series Eu,. converges to s. If the sequence |{s,!| is

n=1
divergent, the series Eu, is called divergent and the divergent series has no sum. In
n=1
particular, if the sequence {s,| approaches to infinity, we call that the sum is infinity.

However, the series is actually divergent.

Therefore, if the series(1) is convergent, the partial sum s, will be the approximate
value of the sums, that is, s=s,. We define the difference r, =s—s, =u,+; +t,+ +--- to be
the remainder term of the series(1). The absolute value of remainder term

[ 70| = | thnt1 T otgp + oo |
is the error produced by substituting s, for s.
Example 1 Is the geometric series

Zaq" =a+aq +aqg®+ - +aqg" + - (3)

=10

convergent or divergent, where g is the common ratio and a#0? (If a=0, each term is 0.
It is convergent and the sum is 0. )

Solution 1If g1, the partial sum is

L]

yog—aqt .G - ag
T—g I—q~ l=—g"

s,=atag+t-:-+aq*

. a o, : fAh 7
If [¢|<<1, we have ]lms,,=m, the series is convergent and its sum is =y
If |g| >1,we have lims,=co, the series is divergent,
If g=1, we have 5, =na—>oc, the series is divergent.
If g=—1, the seriesisa—a+a—a++, we have s, is a if n is odd and 0 if » is even,



that is, the limit of s, does not exist, the series is divergent.

a

Above all, the geometric series (3) is convergent and its sum is e

if [¢g|<<1 and

divergent if [g| =1, that is,

a

Sagr = {1_‘3'
n=10

divergent, | g |=1.

P’ < X,

For example, series 1—%—#—2%—2—134----4—(—1)”'1 2"1_..1 ~++++ is a geometric series and
the common ratio is q=—%, so the series is convergent and its sum is
a 1 2

s = —

T S W
b i £
Example 2 Show that the harmonic series
|| i)
1+?+?+...+¥+... (4)

is divergent.

Sl)llltion Ihe partiﬂl sum is
5, = |+_+_+-..+—
2 3 n

By the inequation x>>1In(1+x) where x>0 (f(x)=zx—In(l+ax) is continuous if x=
0. If z>>0, f'(2)>0 and £(0)=0. Thus if z>>0, f(x)>>0), we get that
1

o =1t
>ln(1+1)—|—ln(1+—21-)+---+ln(l+-37)

n+1

n

=ln2+ln%+-"+ln

=In 2+(ln 3—In 2)+-+[In(n+1)—In n]
=In(n+1).

Since lim In(n+1)=+co, we have lim s, = + oo, Therefore the harmonic progression is
divergent,
Note The character that harmonic progression is divergent plays an important role in

the convergence tests of series and the discussion of conditions that series converges.

1 1 1 1
LS
Example 3 Show that ;= +5—5+7+ +n(n+1) - L.
Solution Because
s =t b

1'% 2" 238« n(n+1)

1
(=) ) (e (B
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1

n+1’

:1—-
we have lim s =lim(1*—;)=l
s e nt1 :

Thus the series is convergent and its sum is 1,

Then give the necessary condition where the progression is convergent.

Theorem If Eu. is convergent, then limu, =0,

n=1]
Proof Because Eu,, is convergent, we have lim s,=s5s and lim s, ;, =s. It is obvious
< i e
that u,=s,—5,~1, SO
lim w, =lim(s, — 5.~ )=lims, — lims,—, =s—s5=0,
s e i g 1

Note 1 limuz, =0 is just the necessary condition of the convergence of Eu,, but not
s

n=1

o

the sufficient condition, which means that if lim u, =0 the series E u, might be convergent
1

—=
L -

. ; = | . Al
or divergent. For example, for the harmonic series E — , we have lim un=l1m}—z=0 but
n i

=1 - -

the harmonic series is actually divergent.

Note 2 From Theorem 1, we have that if limu, 70, then Eu., must be divergent.
o n=1

For example,

D=1 =1-14+1—1+",

its general term (—1)" ' does not tend to 0,so the series is divergent.

To determine whether a series is convergent or not, we usually first evaluate the limit
of the general term. If u, doesn’t tend to 0, the series is divergent definitely.

8.1.3 The characters of convergent series

Because the convergence or divergence of a series is corresponding to the convergence
or divergence of the sequence {s,|, so we can get the properties of convergent series from

the properties of limit of sequence.

e

Property 1 If E u, is convergent and £ is a constant, then the series Zku,. is also

n=1 n=1

oo

convergent and iim,‘ = kzu,.

=1 n=1

In a word, after multiplying each term of a convergent series by a constant, the new

series is still convergent,
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Proof For given series Eu,, , S, =u, +u, + -+ +u,, then for the series Eku,, , we

n=1 n=1

have the partial sums

o, =ku, thu, + T hu,=k(u,tu,+ - +u,)=ks,.

Since lim 5,=s, we have limg,=lim ks, =ks. Thus the series Z ku , is also convergent
s hikE o e

and its sum is ks.

For example, if |g|< 1, the geometric series Zq" is convergent and its sum is s=

n=1

1 . Thus if |g| <1, an is also convergent and an = Zq" — %{
n=1

n=1 n=1

Property 2 If series Z u, and Ev, are both convergent and their sum are s and ¢
=1 a=1

o0

respectively, then E (u, + v,) is also convergent and its sum is s+¢, that is

i(u,,:t'v,,) Zu + E'a,,

=] =1

Proof Assume that the partial sums of series Eu,, and 2 v, are respectively

n=1 n=1

S, = Uy +'b‘.’2 +"'+H,,,
g.=1 +v,+ -+,

then the partial sums of Z (u, £ v,) is
n=1

A, =(witwv)+ (s Tw)+-+(u,Tw,)
=(uytu+-+u)E (v, tvst+++w,)
=5, T o,.

Since lim s, =5, lim g, =g, then lim A, =lim (s, ©=0,)=s=*e. Thus Z(u,. + v,) is also

pow e n-o0 oo s n=1
convergent and its sum is s g,

%) is convergent and find the sum.

Example 4 Show that series Z (2"1 :
n=]

Solution The series 2 is a geometric series with a=1 and q——1+, S0 E

2» g1 2 e

oo

1 ol
convergent, The series 2 is a geometric series with a=— and ¢= 3 SO Z 7 is also

iy 3

convergent. Then we have E (2,,1_1 i) is convergent and
n=1

T
SiF+)= 27

n n=1

3-!
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A = T | 5w 1
HEZ.. +“§“§§:—r
1

Y 309 e gl
—1__+3 o oS =
2 3

Property 3 Remove, add or change finite number of terms, the new series is still

convergent and its sum may differ from the original one.

Proof First, we will show that the new series generated by removing finite number of
terms is still convergent.
We should prove that the series which removes one term is still convergent. Actually,

the process of removing finite number of terms is same to removing one term for finite

times. Assumed that we remove the term u, from the convergent series Zu,, , then the

n=1]

new series is

Eu:=u] ‘+'Hg+"'+u.§-] +HH.1+”'. (5)

Let s, be the partial sums of the original series and g, be the partial sums of the new
series (5). If n=>k, it is obvious that
el PR o TN

where u, is a constant irrelevant to n. Thus we have that the sequence {g,! is convergent if

N - . L}
the sequence {s,| is convergent as n—>oo, Therefore, the new series E u, is convergent.

n=1

In the similar way, we can prove that adding or changing finite number of terms does

not influence the convergence of series.

Property 4 If a series is convergent, the new series obtained by adding brackets to

some terms is also convergent and has the same sum of the original series.

Proof Assumed that w;, +w; + us + u, + -+ is convergent, that is, the limit of the
partial sums s;, s, 53, = exists. The new series obtained by adding brackets to the

original one is

T Rl o Rl B o € TR, RIS o Tl B i o8

-1

41 g Yot Zm,
k=1

41 T u

new series. Obviously, there are the following relations between the partial sums of the

where v, =u +2 +--+u, , which means that every bracket is one term of the

Tp—1 -1

new series and the original series;
A=u+tu, =s,,
Az:(lh +”'+Hn[ )+(Rn]+1 +"'+un., )=-’*'u, ’



s op o AN

Matics) @

Mathen
Ak:(ul+"'+uul)+(unl+1+'"+uuz)+'"+{un +|+ +unk) »*9

It is obvious that the sequence {A,| is a subsequence of the sequence {s,|. From the
relationship between convergent sequence and its subsequences, since the sequence |s,! is
convergence, we have the sequence |A,| is convergent and

S T gy

So the new series obtained by adding brackets converges to the same sum of the
original series.

Note Convergent series cannot remove brackets optionally. In fact, the new series
generated by removing brackets may not be convergent. For example, the series

(A=1)+(A—1)F e+ (1—1) Feee=040F s 04 ere =
is convergent, but the series which is removed brackets
1= 1+1—14-H(—1)" 4o

is divergent.
Exercises 8-1

1. Find the general terms of the following series and rewrite the series as the form Z :

3! 15y 2
(1) + + + ey €Z) ‘-74—2—2—? 24 g
S ﬁ a ava a*
By Tt ) R YT s TE AR s
2. Given that the partial sum of E U, 18 5, = 2n i
e n—+1
(1) Find the general term.
(2) Find the first five terms.
(3) Find the sum s.
1 1 10 e
3. For the series E CECER u, can be rewritten as u“_?(ZH*I 2n+1).

(1) Find the parual sum s,.

(2) Determine whether the series is convergent or divergent. If it is convergent, find

its sum.

4, For the convergent series E“"' discuss the convergence or divergence of the

n=1

following series:

(l)ifiv,,=z(u,,+0.01), iv,,is ;
(2)if§)m = Zumm, Zv, is ;
n=1

=1 n=1

(3) if Dlu, = > Lw, #0), Dv,is

n=1
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5. By the definition of series’ convergence or divergence, determine whether the
following series is convergent or divergent.

1

rrns o Lbrigdy al & ogaon. o ves uvlise, [ealitpinty : )
(1) l*orberies;?,showthatgs,, Sn g S 2(1 3,,) o and find the sum.

e show that by the mathematical induction s, = arctan
b/

(2) For series Earctan
n=1]

n

n+1

and find the sum.

(3) For series E (v/n+1—+/n) , find the partial sum s, and show that the series is
n=1

divergent,
6. By the convergence and divergence of geometric series and harmonic series as well

as the properties of series, determine the convergence or divergence of the following series;

In2  Int2  In*2' In"2 1 1 1 1

(1 b + 28 - 251t ;2 2 R B 1001+2001+3001+ +1000n+1+ 2
— /1 1 . 1 1

@) 27 * 10n): @ Z(Ftw)
. : -

(5) 10" = (a > 0); (6) =

8.2 Positive series and its convergence test

One of the core problems is how to judge the convergence or divergence of a series
because we can just do operations, find sum and approximate value of convergent series,
The method to determine whether a positive series is convergent or divergent is the basic
method for other series,

8.2.1 The basic characters of positive series

If each term of the series E u, is nonnegative real number, that is, u,—=0(n=1,2,+),
k=1

then the series is called positive series. Positive series is not only the most basic, but also
very important. Later we will see that many series’ problems of convergence or divergence
come down to the problems of positive series,
Assume that Zu* is a positive series and s, is the partial sum, then s+, —s,=u,+; =0
k=1
(n=1,2,++), and the partial sums {s,| is strictly increasing. If the sequence {s,| has
upper bound, then {s,| is convergent since a monotonic bounded sequence has a limit, and
the positive series is convergent. On the other hand, if the positive series is convergent,
the partial sums {s,| is also convergent. Therefore we have the following theorem of the
convergent positive series.
/

Theorem 1 The positive series Eu,‘ is convergent if and only if its partial sums
k=l

{5, has upper bound.



