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Preface

Complex analysis came into being in the 18th century. In 1774, Euler con-
sidered two equations derived from integrals of complex analysis in one of his
papers. French mathematician D’ Alembert had already obtained them in his paper
on fluid mechanics earlier than him. Therefore, later people mentioned these two
equations and called them “Darambel-Euler equations”. By the 19th century,
these two equations had been studied in more details when Cauchy and Riemann
studied fluid mechanics, so they were also called “Cauchy-Riemann conditions”.

The comprehensive development of complex analysis was in the 19th century,
just as the direct expansion of calculus dominated mathematics in the 18th century.
The new branch of complex analysis dominated mathematics in the 19th century.
Mathematicians at that time recognized that complex analysis was the most abun-
dant branch of mathematics. It was called the enjoyment of mathematics in this
century. Some people praised it as one of the most harmonious theories in abstract
science. The earliest works for the establishment of complex analysis were Euler’ s
and Dallanbell’s. Laplace of France also studied the integrals of complex analysis.
They were pioneers in the creation of this discipline. Later, it was Cauchy, Rie-
mann and German mathematician Wilstrass who laid a foundation for the develop-
ment of this subject. At the beginning of the 20th century, great progress had been
made in complex analysis. The students of Wilstrass, the Swedish mathematician
Levler, the French mathematician Poincare and Adama did a lot of research work.
A broader research field of complex analysis was opened up. They made contribu-
tions to the development of this subject.

Complex analysis involves a wide range of applications. Many complex calcu-
lations make use of it. Complex analysis has been widely used not only in other
disciplines, but also in many branches of mathematics. It has penetrated into the

disciplines of differential equation, integral equation, probability theory and num-
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ber theory. Complex analysis has great influence on their development.

This book quotes Complex Variables and Applications by James Ward Brown,
which has a far-reaching impact on the teaching of complex functions. It has been
adopted by many famous universities such as California Institute of Technology,
University of California, Berkeley, Georgia Institute of Technology, Purdue Uni-
versity , Dartmouth College and University of Southern California. It is easy to under-
stand and learn the theory by citing the original works. This book has a beautiful
style and strong practicability. The examples listed in this book are concise and
wonderful. Basically, all the propositions given are demonstrated. This book can
be used as a reference for senior students, graduate students and teachers of math-

ematics in colleges and universities.



Contents

Chapter 1 Complex Numbers and Functions -««««««==++seeeereeserirreinnn.n. 1
I Complex Numilets s conns casnne somans svannn smosos smenes s conds samosss vorns s samos 1
1.1 Complex Number Field ««+tteeeereeensserenariiimierinuiainnnnnnirnennnnn 1
1.2  Complex Plamie = rwss s cunmes exvoss sannss ssmvies snssss sasimus ssannsssnsas d niwnn 9
1.3 Modulus, Conjugation, Argument ,and Polar Representation «+-++++++-- 3
1.4  Powers and Roots of Complex Numbers —«ococeveeerrecieninininn, 6
2 Regions in the Complex Plane «+++eeeeeeeeereeeemutmmmnnnaninnsineieieennsanann 9
2.1 Some Basic CONCepts  +++rererssessereeterimimmmmmiiuinareeeerereernnaans 9
2.2 Domain and Jordan CUIve ««eeeseesesreeriieniriurinriieareeensenensnns 11
3 Functions of a Complex Variable «+++sssesserenenmummanmunmmeenreneeinennnnns 13
3.1 The Concept of Functions of a Complex Variable «+:-teeeeereneeenn. 13
3.2 Limits and CONtinUOUS «+scereererresrersssesmsosnearsssensarnrersanssnens 14
4  The Extended Complex Plane and the Point at Infinity ««-+eveveeeeeennenns 16
4.1 The Spherical Representation,and the Extended
Complex Plane  sssssssssnsscssonrssssmesesirssensesrosvessnanessonnsnsanas 16
4.2 Some Concepts in the Extended Complex Plane = «+vevereeennininns 17
Chapter 2  Analytic FUNCHONS -+ rvveerremremminmmmiiinnriinene e, 19
1 The Concept of the Analytic Function «++++++ereeeessrmsussnserinrneanennns 19
1.1 The Derivative of Functions of a Complex Variable «+-+-coceceeeeenen. 19
1.2  Analytic Functions «-sscecrereesseemmusieneronssnerremmimmienennmnsenes 23
2 Cauchy-Riemann Equations «cceseesseressorsecionnnneiinmmmminessisinsin. 24
3 FElementary Functions «erssssseeseesesssesensssssrcranessorsorsonssessasnnssnsens 29
3.1 Exponential Functions «+++sssessssssnsssssasscusanasnivaessassrsssonssannnss 29

3. 2 Trigonometric Functions ................................................... 30



Complex Analysis

3.3 Hyperbolic Functions «++-s««+sssreessrsessumesinumsiniisininssieees
4 Multi-valued Functions s«+esssssesssessassusruscassasssscasrassasrassasserasasss
4.1 Logarithmic FUnCHons ««++ssssseeesssmmressssmmnninniie e
4.2  Complex Power FUnCHons ««eessssssssssrseesesssmnnmmmninnnnnnn

4.3 Inverse Trigonometric and Hyperbolic Functions = «xeeresrereereeeeeee
Chapter 3 Complex Integration ...................................................

1 The Concept of Contour Integral — ++ss+ssssessseesuesmnresessninsinnns
1.1 Integral of a Complex Function over a Real Interval «:eccoeeeeeeeees
1.2 Contour Integrals ««++-ssesssssrressnmsssmmmnennninniettnee e

2 Cauchy-Goursat Theorem «+s«s+ssseesssssssnsesnssnntannnennisiissnens
2.1 Cauchy-Goursat Theorem —«++ssesessseessnessinmsnissiisnisiiiisiie
2.2 Cauchy Integral Formula — «ee-ssseeeesssessmnmesnnneninin
2.3 Derivatives of Analytic Functions «++ssssseessssssrseessmmiinniis
2.4 Liouville’ s Theorem and the Fundamental Theorem of Algebra

3 Harmonic FUNCHONS  serresrrrerrrreneseesnssuestnstetttassacatussnsonasancences
Chapter 4 Series .....................................................................

1 Basic Properties of Series sreeesssresessnrntensiiiiniiii s
1.1 Convergence of SEqQUENCEs «++++ssssssrreesssessssmmmmmmnneensnninnnes
1.2 Convergence of Series «++ssseesesssssssrmntennstssiiniiinini
1.3 Uniform CONVEIZEnce «+srsssssssssssssssssssssnmmmuumiuniiniissinsseees
Power Sefln  +¢sesss ssnsns ronaved svsvevesnye vevnas s cunss vsnns s i5sns sapionn d §5048 4
Taylor Series «r+ersreeesssssessnssnsssiiitttiint b

TLAUPEIE SEHEE »o» osston cosivns cunsins sasss s U8 866 S EHUSS HHERS sgabws b onans wunsas

wn A W N

Zeros of Analytic Functions and Uniquely Determined

Analytic FUNCHONS ++++esssreessssesssesnsstsstsninieiis s
5.1 Zeros of Analytic Functions —-sseesssssssssssssinmnensinnnis
5.2 Uniquely Determined Analytic Functions —reseecesreresreseeneeenecees
5.3  Maximum Modulus Principle «---sssssseeeeseessmmmiemie.
6 Three Types of Isolated Singular Points at a Finite Point «:eecereeeeeeeeee
7 Three Types of Isolated Singular Points at an Infinite Point «-«xeeeeeeee

e

32
33



Contents

Chapter 5 Ca]cu]us Of Residues ................................................... 86
1 Resitliies =» s voses s smsivs ssinond s swith § cuinisis § i » 55555 5 #5770 5 o bocmns msmis o aisaiee » swmoni s 86
I & T T I T e e 86
1.2 Cauchy® s Residiie Theotemi =« weves sovees rormem sesnns sonans s vusns st o 88
1.3 The Calculus of Residiie «++octssssssssisrononsecnsarsenansensssnnnnesonnses 90
P R R T p————————— 97
27
2.1 The Type of Definite Integralf F(sinf,cos0)df «oroeeeeeeverennns 97
0
2.2 The Type of Improper Integral f Lg-g—dx --------------------------- 99
—o (]
2.3 The Type of Improper Integral J %Sinxdx
= q(x
&P Mcosxdx ...................................................... 101
= g(x)

3 Argument Principle ceeeeeeererniiinin e, 102
Chapter 6 Conformal Mappings ------------------------------------------------ 106
1 Analytic Transformation — +++s+ssssessermmmmmrimmiieiiieiiiii e 106
1.1 Preservation of Domains of Analytic Transformation — «++«++eeseesee 106
1.2 Conformality of Analytic Transformation «+++s++eevereerniiiiiiiiiie. 107
2 Rational FUNCHONS  +rreereeertneneennrimentnernrirneenrereneeeesencnereeneenns 111
2.1 Polynomials «s+ceereessressnssonsmnsnnnsensrnsimnsernionessonsaenenssscnns 111
2.2  Rational FUNCHONS  +r+ererrrreeneartneeemmenrarurneneeneneneninenennes 112
3 Fractional Linear Transformations -+« ««ceeeeseeeeerserenenenenenrnenenneeens 114
4 Elementary Conformal Mappings «++«teeteeerssemssssesesearaenneremmnnunin., 119
5 The Riemann Mapping Theorem «+«s«sseeeerruniranmmmmiiiinenniiiininnne. 126
Appendix 1 Common Mathematical English Vocabulary «------ovccvvvee. 131

Appendix 2 Mathematical English Vocabulary Related to
Complex Variable Function Theory «-+-+:-eeoeeeeiiiiiiini, 148
References ------------------------------------------------------------------------------ 1 75



Chapter 1 Complex Numbers and
Functions

The complex function is a function of complex variables. The complex function
is a branch of analytics,and it is also called complex analysis.

One of the advantages of dealing with the real numbers instead of the rational
numbers is that certain equations which do not have any solutions in the rational
numbers have a solution in the real numbers. For instance, x> = 2 orx° = 3 are
such equations. However, we also know some equations having no solution in the
real numbers, for instance, x> = — 1 ora® = — 2. In this chapter,we define a new
kind of numbers where such equations have solutions. We will survey the algebraic

and geometric structures of the complex number system.

1 Complex Numbers

1.1 Complex Number Field

Definition 1. 1.1 We call the numbers form z = x + iy complex numbers, in
which x and y are all real numbers, i is a number that satisfies i* = - 1 and i is
called imaginary unit. We call x and y the real and imaginary parts of z and denote
this by
Rez = x,Imz = . (L.1.0)

We notice thatz = x is a real number ify = 0 ,and z = iy is called pure imagi-
nary number ifx = 0.

Two complex numbers z, = x, + iy, and z, = x, + iy, are equal if and only if
they have the same real part and the same imaginary part.

The ordinary laws of arithmetic operations are defined as

(%, +iy,) £ (2, +iy,) = (%, 2 %) +i(y, £7,),

(2 +iy) (2 +iy,) = (%2, = ¥17,) +i(xy, +27,)
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Xt % Y i LX) T XY,
= = 2 2 2 5 -
Xy + 1Y, X + %t

(1.1.2)

As a special case the reciprocal of a complex numberz = x + iy # 0 is given by

l’ _ 2x < 44 -y
x +1iy x +y

& +y
From the discussion above,we conclude that the set C of all complex numbers
becomes a field, called the field of complex numbers,or the complex field. We may

consider R as a subset of C .
1.2 Complex Plane

For mapping: C — R*:z = x + iy a(x,y) then built a one-to-one correspon-
dence between the set of complex numbers and the plane R* .

With respect to a given rectangular coordinate system in a plane,the complex
number z = x + iy can be represented by the point with coordinates (x,y) . The
first coordinate axis ( x -axis) takes the name of real axis,and the second coordi-
nate axis( y -axis) is called the imaginary axis. The plane itself is referred to as the
complex plane.

It is natural to associate any nonzero complex numberz = x + iy with the di-
rected line segment, or vector,from the origin to the point (x,y) that represents z in
the complex plane. In fact, we often refer to z as the point z or the vector z. The
number, the point,and the vector will be denoted by the same letter z .

According to the definition of the sum of two complex numbers z; = x, + iy, and
z, = x, + 1y, ,the number z, + z, corresponds to the point (x, +x,,y, +¥,). It also

corresponds to a vector with those coordinates as its components(Fig. 1. 1. 1). Hence
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z, + z, may be obtained as shown in Fig. 1. 1. 1. The difference z, — 2z, = z, +

(= z,) corresponds to the sum of the vectors forz, and - z, (Fig. 1.1.2).

1.3 Modulus,Conjugation, Argument,and Polar Representation

Definition 1. 1.2 Ifz = x + iy then we define

2 2

|z]| = Vx" +y (1.1.3)
to be the absolute value of z .

If we think of z as a point in the plane (x,y) ,then |z| is the length of the
line segment from the origin to z. It reduces to the usual absolute value in the real
number system wheny = 0.

Theorem 1. 1.1 The absolute value of a complex number satisfies the following

properties. If z, ,z, , z are complex numbers, then

|=z]l= lal & (1.1-4)
|z, |

|—z|=|z’,|z,z2|=|z,||zzl, z—]—|l|, (1.1.5)
2 %2

|z| iZzls ]le+ |zz| ’ HZlI"' |252||S |z, i"-2|' (1.1.6)

Equation(1. 1. 6) is called the triangle inequality because,if we represent z,
and z, in the plane,equation( 1. 1. 6) says that the length of one side of the triangle
is less than the sum of the lengths of the other two sides. Or,the shortest distance
between two points is a straight line(Fig. 1. 1. 3).

By the mathematical induction we also get:

« Qe
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¥y
Z
/2, \22/
o> 41
&
A
0 X
Fig. 1.1.3

Theorem 1.1.2 Ifz, ,z,, -,z are complex numbers then we have

lz, +2, + o +2,|< |z, |+ |z, |+ + |2,]- (L 1.7}
Definition 1. 1.3 The complex conjugate, or simply the conjugate, of a complex
number z = x + iy is defined as the complex number x — iy and is denoted by z ;

that isz = x — iy (Fig. 1. 1. 4).

¥y
z=xtiy
X
0]
Z=x-iy
Fig. 1. 1.4

The point z and its conjugate z lie symmetrically with respect to the real axis.
This is also easy; in fact,it is the point obtained by reflecting z across the x-axis
(i. e. ,the real axis). A number is real if and only if it is equal to its conjugate.
Theorem 1.1.3 The complex conjugate of a complex number satisfies the follow-

ing properties. If z, ,z, , z are complex numbers, then

z24+2 z-2
Rez = > ,Imz = T (1.1.8)
%= |z?, l2| = |g] »2 =23 (1.1.9)
zl+zz=Z+z:,z,—zz=zT—z?; (1.1.10)

« 4
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55 =55 (L) = 2(5 #0). (1.1.11)
z, 2z,
Let (x,y) = x + iy be a complex number. We know that any point in the

plane can be represented by polar coordinates (r,0) :
x =rcosf,y =rsinf. (1.1.12)
Hence we can writez = (x,y) = x + iy = r(cosf + isinf) . In this trigono-

metric form of a complex number r is always = 0 and equal to the modulus

|z| (Fig. 1.1.5).

b
Y= m e nn e mem—— Pz=x+iy
|
al
X i
’ i
0 X X
Fig.1.1.5

Definition 1. 1.4 The polar angle 6 is called the argument of the complex num-

ber,and we denote it by Argz. The principal value of Argz,denoted by argz,is that
unique value @ such that — m < § < . Note that

Argz = {argz +2nmin =0, £1, £2 -},
Simply , we write
Argz = argz + 2nmw(n =0, £1, £2,-++) . (1.1.13)

Also,when z is a negative real number,argz has value 1, not — .

arctan*};— (x >0)

% (x =0,y >0)

argz = {arctan+— + m (% < 0,y =0) (1.1.14)
x

(z270)
arctan L — 1 (x <0,y <0)
x

—% (x =0,y <0)

= B
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where — % < arctan L < I,
x

2
We list some important identity involving arguments ;

Arg(z,z,) = Argz, + Argz, . (1.1.15)
Arg(z,') = - Argz, . (1.1.16)

Arg(z—') = Argz, - Argz, . (1.1.17)

%3
Example 1. 1.1 Compute Arg(2 - 2i) and Arg( -3 +4i) .
Arg(2 - 2i) = arg(2 - 2i) +2nmw = arctan —72 +2nmw = - % + 2nr.

Arg( -3 +4i) = arg( -3 +4i) +2nw = arctan_i3 +a + 2nw

2n +1)w - arctan%—.
Example 1. 1.2 Find the principal argument argz when
=2

1+ +/3%

z

Observe that

Argz = Arg(-2) - Arg(1 + /3i) .

Since

arg(-2) = m, arg(l + /31) =—;l,

w0 21 .
one value of Argz is =X ; and, because T’n is between — 7 and 7 , we find that

3

g = 3 2
1.4 Powers and Roots of Complex Numbers

(1) Powers
Definition 1. 1.5 We define the expression e” to be
e” = cosf + isinf (Euler’ s formula) , (1. 1.18)
where @ is to be measured in radians. Thus e is a complex number( Fig. 1.1.6).
It enables us to write the polar form of a complex number in exponential form as

1]
z =re”.

< G
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X
Fig. 1.1.6
Theorem 1. 1. 4 efle® = ¢!ttt (1.1.19)
5z = e, (1. 1.20)
i_‘ - :—le“*-”z’. {11,213
2 2
g = ITe-“’. (1.1.22)

Expressions (1.1.19),(1.1.20),(1.1.21) ,and (1. 1.22) are,of course,
easily remembered by applying the usual algebraic rules for real numbers and e* .
Definition 1. 1.6 We define the powers of z = re” as

" =re"” (n=0,%1, £2,). (1:1.23)

Forr = 1 we obtain de Moivre’ s Formula

(cos@ + isind)" = cosnf +isinnf (n =0, £1, £2 ) |
(1.1.24)
which provides an extremely simple way to express cosnf and sinnf in terms of cos@
and sinf .
Example 1. 1.3 The number — 1 - i has exponential form
~1-i = 2eCT, (1, 1.25)
Expression (1. 1.25) is only one of an infinite number of possibilities for the

exponential form of — 1 — i ;
—1—i = 2T (20, 21, £2,0)
Example 1. 1.4 Put (/3 + i)’ in rectangular form.

We write

(«/3_+i)7 - (zein/6)7 - 27et711/6 = (26ein)(zeiﬂ/6) =—64(«/3—+L) )

g
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(2) Square Roots

To find the nth root of a complex number z we have to solve the equation

w® =g (1.1.26)
Suppose that z # 0,z = re’ ,w = peid’ . Then Formula(1. 1.26) takes the form
ge™ = re?.

This equation is certainly fulfilled ifp" = rand np = 6 +2kw . Hence we obtain the
root

w = We"%m,k =0, 1, £2,--
However,only the valuesk = 0,1,2,---,n — 1 give different value of z.
Definition 1. 1.7 We define the nth root of a complex number z as

w=Yre" "k =0,1,2,n-1. (1.1.27)

There are nth roots of any complex number z 7 0 . They have the same modu-

lus,and their arguments are equally spaced.
Geometrically , the nth roots are the vertices of a regular polygon with n sides

inscribed in that circle(Fig. 1. 1. 7).

¥y
o /z
(27
o [O0)
o 0 x
n
@p-
Fig. 1.1.7

Example 1. 1.5 Determine the nth roots of unity( Fig. 1. 1. 8).
We write
1 =1e°,
and find that
17 = YT = ™ (k=0,1,2,-,n-1).
Example 1.1.6 Find the value of v/1 + i (Fig 1.1.9).

T2k

Because 1 + i = \/2_ei% ,then JT+1i= «72_ei4T(k =01 2.3 ;
. 8-



Chapter 1 Complex Numbers and Functions

Fig. 1. 1.9

2 Regions in the Complex Plane

2.1 Some Basic Concepts

Definition 1.2. 1 An ¢ -neighborhood
N(zy,e) = {z:]z - z,| < &} (1.2.1)
of a given pint z, , consists of all points z lying inside but not on a circle centered at
z, and with a specified positive radius & .
In other words, a neighborhood of z, is a set which contains all points suffi-
ciently near to z .
Definition 1. 2.2 A deleted neighborhood, or centerless neighborhood,
N(zy,8) = {2:0 < |z-z| < &}, (1.2.2)

consists of all points z in an & neighborhood of z, except for the point z, itself

o 5«



