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1. On the Decision Problem and the
Mechanization of Theorem-Proving in
Elementary Geometry”*

Abstract The idea of proving theorems mechanically may be dated back
to Leibniz in the 17th century and has been formulated in precise mathe-
matical forms in this century through the school of Hilbert as well as his
followers on mathematical logic. The problem consists in essence in repla-
cing qualitative difficulties inherited in usual mathematical proofs by quan-
titative complexities of calculations on standardizing the proof procedures
in an algorithmic manner. Such quantitative complexities of calculations,
formerly far beyond the reach of human abilities, have become more and
more trivial owing to the occurrence and rapid development of comput-
ers. In spite of vigorous efforts, however, researches in this direction give
rise quite often to negative results in the form of undeeidable mathematical
theories. To cite a notable positive result, we may mention Tarski’s method
of proving theorems mechanically in elementary geometry and elementary
algebra. The methods of Tarski as well as later ones are largely based on a
generalization of Sturm theorem and are still too complicated to be feasible,
even with the use of computers. The present paper, restricted to theorems
with betweenness out of consideration and based on an entirely different
principle, aims at giving a mechanical proecdure which permits to prove

quite non-trivial theorems in elementary geometry even by hands.

I. Formulation of the problem

A. Tarski in a classic paper!'*lof 1948 has settled the decision problem of real
closed field with one of its main aims to give mechanical proofs of theorems in

elementary geometry. Alternative proofs of Tarski’s result have later been given by

* Scientia Sinica, 1978, 21: 159-172. Re-published in Automated Theorem Proving: After 25
Years, 213-234. AMS Press.
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Seidenberg, A. Robinson and P. J. Cohen, ef [12, 9, 2|. These authors have even
suggested construction of certain decision machine to carry out such mechanical
proofs. However, such a procedure seems to be far from being realized. In fact,
only proofs of very trivial theorems in elementary geometry have actually been car-
ried out on computers, ef. e.g.[6, 7]. The purpose of the present paper is, leaving
aside questions involving betweenness of points, to give an alternative solution of the
decision problem of elementary geometry based on a principle entirely different from
those employed by the authors above-mentioned. Our method permits to furnish me-
chanical proofs of quite difficult geometrical theorems which can be practised even
by hands, i.e., by means of papers and pencils only. The programming on a com-
puter, based on such a method, though has not yet been done, will present no actual
difficulties at all.

We shall restrict our considerations wholly to plane elementary geometry, though
our method may be applied to the consideration of various other kinds of geometry.
The first step of our method consists in the algebraic formalization of the geometrical
problems involved. Points in the plane are to be defined as ordered pairs of numbers
in a fixed field, say the field of rational numbers R. A dictionary is then set up
turning geometrical relations into algebraic expressions which may be considered as
either definitions or axioms. For example, for points A; = (z;,1;), distinct or not, we
shall say:

Ay Aj is parallel to Az Ay if (27 — x2)(ys — ya) — (x3 — x4) (11 — y2) =0,

Ay As is orthogonal to Az Ay if (z) — o) (23 — x4) + (y1 — y2)(y3 — ya) =0,

the length — square of A; As is 72 = (21 — 22)% + (11 — y2)?, ete.

We may replace the basic field R by other fields, make correspondence the points
to other kinds of number-sets, or modify the algebraic expressions in the axioms,
e.g., instead of the length-square function r? given above, we consider the function
rt =(z1— x2)* + (11 — y2)*. We then go to other realms of geometry, non-euclidean
geometry, real or complex projective geometry, finite geometry, etc. We shall however
stick ourselves in what follows to plane elementary geometry only which has some
representative character.

To illustrate our method of treatment, let us cite first a simple example. Consider
the following statement:

(S,) Let AgA;A; be a right-angled triangle with right angle at Ag. If 2,25
denote the lengths of sides AgA;, AgAs and x3 is the length of the hypotenuse, then

] + 23 =13,
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The problem is to decide whether the statement (S,) is true or not and to
give an algorithmic procedure of proving or disproving (S,) which holds good for all
statements alike in elementary geometry (with betweenness out of consideration) .

To solve this problem, let us remark first that the points, etc., occurring in the
statement have a generic character subjected to the conditions implied in the hypo-
thesis of the statement. Thus, if we represent the points in question in coordinates
with Ag = (x9,v0), A1 = (u1,11), Ay = (ug,v2), the coordinates wvp,u, vy, us, U2
can be considered as indeterminates. On the other hand, the other coordinates and
geometric entities zq, 21, 2o, 23 are then algebraically dependent on these indetermi-
nates, being restricted by following algebraic equations according to hypothesis of the

statement (S,,):

Jo

fi=22 — (uy —m0)* — (1 —vp)? =0,

(uy — o) (uz — o) + (v1 — vo)(v2 — vo) =0,

f2 = 23 — (ug — 20)* — (v2 — v0)* =0,

fa= ;1:§ — (uy — ?L2)2 — (vy — 1:2)2 = ().
The conclusion in the statement (S,,) is equivalent to
gn=1x3 —27 —z5 =0.

Let us now take once for all the rational number field R as the base field. Let
A be the affine space on R with coordinates (vg, u1, vy, ug, va, g, 1, T2, £3) arranged
in that definite order. Then the above equations f; = 0 define an algebraic variety
V' of dimension 5, in the present case irreducible over R, with some generic point
(vo.ur, vy, ug, U2, To,T1,T2,Z3) of which vy, u;, v, us, vy are indeterminates. The
truth or untruth of the statement (S,,) amounts to g, = 0 or # 0 on V respec-
tively.

It turns out that the general decision problem can be formulated in the following
manner.

Problem. In a certain affine space A™ of dimension n = r + d over R with
coordinates (tuy,--- ,uq, @1, ,2,), consider an algebraic variety V with defining

equations (u; being independent indeterminates)

filu, - yug,z1) =0,
(I) f2(u1-"‘ -udvm]vl‘z)zov
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The variety V may eventually split into irreducible components, all of (real) dimension
< d. Those of dimension = d, with generic points of the form (wy,- - ,uq, T1.--- ,T,)
for which Z; are algebraic over the field K = R(uy,---,ugq) will have a union V*
usually coincident with V. Let a polynomial g(uy,--- . ug. 2y, -+ . 2,) (or a set of such
polynomials gi) in Rluy. -+ ,ug, 1, -+ , @] be given. It is to decide in an algorithmic

manner whether

(or all g = 0) on V* or not.

In the above formnlation the algebraic variety V, or preferably V* reflects the
hypothesis of the geometric statement considered. Either V or V* will be called the
associated variety of the statement in question. The variety V* considered as one
defined on the field K = R(u;,--- ,uq4) is of dimension 0. The form of equations (1)
shows that the algebraically dependent variables x,--- .z, are to be adjoined to K
successively which reflects the geometrical fact that, starting from some generie points
on certain generic lines, circles, etc., new points are to be successively adjoined in an
algebraic manner by various geometric operations of joining points, drawing paral-
lels, perpendiculars or circles. forming intersections of lines and circles, ete. These
geometrieal eonstruetions give rise to algebraie equations involving x and u which
can easily be turned into the form (I) by simple elimination procedure. In fact, the
starting equations in x and u are rarely higher than 2. We shall call the variables u as
the parameters and x as the dependenis. It is also to be remarked that the condition
for all components of V' to be of dimension < d over R reflects just the deierminate
character of the geometric statements to be considered, and the restriction to V* re-
flects the depriving of degeneracies in our consideration. Both of these are, in reality,
implicitly implied in the hypothesis of ordinary geometrical theorems. On the other
hand, the equation g = 0 on V* (or set of gx = 0 on V") is the algebraic equivalent. of
the conclusion of the statement to be proved or disproved. We shall call g or set of g,
in what follows the deciding polynomial (s) of the geometrical statement in question.

Theoretically, the methods given by Hermann in [4] permit already to solve
the above decision problem in an algorithmic manner. However, his methods are so
complicated to give rise to astronomical expansions that even the simplest geometrical
theorems can hardly be proved. On the contrary the decision procedure given below
takes advantages of the particular character of the equations (I) and permits to prove

mechanically quite non-trivial theorems even by hands, i.e. by means of pencils and



