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Introduction

As its title indicates, the proposed volume of Advances in Soviet Math-
ematics contains papers in the theory of dynamical systems and statistical
mechanics. The unification of these two topics into one volume is justified
by the fact that the two theories, understood widely enough, have been de-
veloping in close interaction during the past decade.

The papers are ordered in accordance to the alphabetical order of the
authors. Concerning the topics under discussion, let me first mention two
papers on the renormalization group method in the theory of dynamical sys-
tems. This method is applied in the work of Kosygin to the construction of
two-dimensional KAM tori. The reason this direction is worth developing
is that situations occur when the renormgroup method works better than the
traditional KAM method. The paper by Khanin and Vul studies maps of the
circle with singularities due to jumps of the derivative. It turns out that the
fixed point of the renormalization group can be described here more or less
explicitely. A

Another aspect of renormalization group theory is discussed in the work of
Missarov. The author considers the relationship of ordinary renormalization
group theory with p-adic analysis. This is a subject which is becoming more
and more popular.

Three papers concern the hyperbolic theory of dynamical systems. In
Levin’s paper, beautiful estimates of Lyapunov exponents of periodic points
of holomorphic maps are obtained. The paper by Pesin and myself contains
elements of a thermodynamical formalism for infinite-dimensional dynami-
cal systems arising from the dynamics of chains of weakly interacting hyper-
bolic maps. This topic is in the very beginning of its development. It is not
even clear how to extend the theory to the case of continuous time. Blank’s
paper studies problems related to numerical simulation of dynamical systems
with hyperbolic behavior.

The other papers can be considered as related to the theory of random
media. My own paper contains a new result in the theory of quantum chaos.
This topic, which is new in mathematics and in physics, deserves the most
detailed study and may in time grow into a beautiful theory, with numerous
connections and applications. In Zhitomirskaya’s paper spectral properties
of one-dimensional Schrodinger operators with almost periodic potentials as-
suming only two values are described. It follows from recent results of Kotani
that in this case the spectrum is always continuous and singular. In the paper
presented here, an interesting representation of eigenfunctions of continuous

iii



iv INTRODUCTION

spectra are given. The representation maintains the scaling properties of the
eigenfunctions. In his paper, Girko studies the statistical properties of the
largest eigenvalue in matrix ensembles of growing dimension.

The volume shows that despite increasing emigration to the West, there
are still enough actively working mathematicians here whose results must be
viewed with due attention.

Moscow, January 1991 Ya. G. Sinai
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§1. Introduction

One of the main questions arising in computer modeling of dynamical
systems is whether the obtained results are actually adequate. This question
is especially critical for modeling chaotic dynamical systems, i.e. systems
with statistical laws of behavior. In computer modeling of a discrete time
dynamical system, when we calculate a numerical trajectory for the mapping
¥ & R - R? , we may only say that the obtained sequence of points {x;} is
an e-trajectory of the mapping f. Thatis, |x,., — fx,| <& forall /. This
is a consequence of the fact that in computer modeling we do not deal with
the original map f on R?, but with an e-discretized map f, on a discrete
lattice X, C R?. Here the value ¢ corresponds to the value of round-off
errors, i.e. |f,x — fx| <e. In [2, 5] it was shown that no matter how high
the precision of computation, a structurally stable dynamical system modeled
on a digital computer may differ qualitatively from the initial one.

We say that an e-trajectory {x;} is shadowed with accuracy o, if there

exists a point x € R? such that |f"x—x,| < o forall n. In other words, if
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