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Preface

The IAS/Park City Mathematics Institute (PCMI) was founded in 1991 as part
of the “Regional Geometry Institute” initiative of the National Science Foundation.
In mid 1993 the program found an institutional home at the Institute for Advanced
Study (IAS) in Princeton, New Jersey.

The IAS/Park City Mathematics Institute encourages both research and ed-
ucation in mathematics and fosters interaction between the two. The three-week
summer institute offers programs for researchers and postdoctoral scholars, gradu-
ate students, undergraduate students, high school teachers, undergraduate faculty,
and researchers in mathematics education. One of PCMI’s main goals is to make
all of the participants aware of the total spectrum of activities that occur in math-
ematics education and research: we wish to involve professional mathematicians
in education and to bring modern concepts in mathematics to the attention of
educators. To that end the summer institute features general sessions designed
to encourage interaction among the various groups. In-year activities at the sites
around the country form an integral part of the High School Teachers Program.

Each summer a different topic is chosen as the focus of the Research Program
and Graduate Summer School. Activities in the Undergraduate Summer School
deal with this topic as well. Lecture notes from the Graduate Summer School are
being published each year in this series. The first seventeen volumes are:

Volume 1: Geometry and Quantum Field Theory (1991)

Volume 2: Nonlinear Partial Differential Equations in Differential Geom-
etry (1992)

Volume 3: Complez Algebraic Geometry (1993)

Volume 4: Gauge Theory and the Topology of Four-Manifolds (1994)
Volume 5: Hyperbolic Equations and Frequency Interactions (1995)
Volume 6: Probability Theory and Applications (1996)

Volume 7: Symplectic Geometry and Topology (1997)

Volume 8: Representation Theory of Lie Groups (1998)

Volume 9: Arithmetic Algebraic Geometry (1999)

Volume 10: Computational Complexity Theory (2000)

Volume 11: Quantum Field Theory, Supersymmetry, and Enumerative
Geometry (2001)

Volume 12: Automorphic Forms and their Applications (2002)

Volume 13: Geometric Combinatorics (2004)

Volume 14: Mathematical Biology (2005)

Volume 15: Low Dimensional Topology (2006)

Volume 16: Statistical Mechanics (2007)

Volume 17: Analytic and Algebraic Geometry: Common Problems, Dif-
ferent Methods (2008)

Volumes are in preparation for subsequent years.

Some material from the Undergraduate Summer School is published as part
of the Student Mathematical Library series of the American Mathematical Soci-
ety. We hope to publish material from other parts of the IAS/PCMI in the future.

xiii



xiv PREFACE

This will include material from the High School Teachers Program and publications
documenting the interactive activities which are a primary focus of the PCMI. At
the summer institute late afternoons are devoted to seminars of common interest
to all participants. Many deal with current issues in education: others treat math-
ematical topics at a level which encourages broad participation. The PCMI has
also spawned interactions between universities and high schools at a local level. We
hope to share these activities with a wider audience in future volumes.

John C. Polking
Series Editor
July 2010
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IAS/Park City Mathematics Series
Veolume 17, 2008

Introduction

Jeffery D. McNeal and Mircea Mustata

1. The subject

Interactions between algebraic and analytic techniques in the study of complex
algebraic varieties go back to the beginnings of the twentieth century. However,
over the past twenty years these connections have particularly flourished. Analytic
methods and ideas around multiplier ideals have been successfully introduced in
the study of higher-dimensional algebraic varieties, and tools developed as part of
the Minimal Model Program have had growing impact. Taken together these new
methods achieved great success, culminating in the proof of a fundamental problem
in the field, the finite generation of the canonical ring of an algebraic variety. While
some of the analytic techniques have already found an algebraic counterpart and
vice versa, much is left to be done, and it is expected that we will see more of this
interaction in the future.

The 2008 PCMI Summer School was centered around these exciting new devel-
opments at the crossroads of analytic and algebraic geometry, and in particular, on
the two existing approaches to the finite generation of the canonical ring. The pro-
gram had several components. There was a Graduate Program, consisting of eight
mini-courses, half of which were devoted to analytic, and respectively, algebraic
topics. The lecturers were Bo Berndtsson, John D’Angelo, Jean-Pierre Demailly,
Christopher Hacon, Janos Kollar, Robert Lazarsfeld, Mircea Mustata, and Dror
Varolin. In parallel with this there was an active Research Program, organized
around one or two daily seminar talks. The research environment was enhanced
by the presence of the Clay Senior Scholar Robert Lazarsfeld, and of the Program
Principal Yum-Tong Siu. They each gave a public lecture, introducing some of the
main questions in analytic and algebraic geometry.

This volume consists of the contributions of the eight lecturers in the Graduate
Program. In addition, it contains two expository presentations introducing the
finite generation of the canonical ring, from the two different perspectives.

2. Content of the volume

The mini-courses consisted of five lectures each, and three additional problem ses-
sions run by TA's. Each sequence of four mini-courses, on the algebraic and on
the analytic side, was organized as to give a gradual introduction to the recent de-
velopments. We have decided to keep the same order for the contributions in this

Department of Mathematics, Ohio State University, Columbus, Ohio 43210, USA
E-mail address: mcneal@math.ohio-state.edu

Department of Mathematics, University of Michigan, Ann Arbor, Michigan 48109, USA
E-mail address: mmustata@umich.edu
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4 JEFFERY D. MCNEAL AND MIRCEA MUSTATA, INTRODUCTION

volume. At the end of each of the two sequences, we have included one expository
paper that was not based on the lectures in the PCMI program. We hope that in
terms of both topic and presentation, these additions fit well with the rest of the
volume.

As expected, there was a lot of interaction between the two sequences of courses,
and this is transparent in the lecture notes in this volume. Some key concepts
(most notably, multiplier ideals) and results (such as vanishing and lifting theorems)
have played an important role in the cross-fertilization of analytic and algebraic
geometry, and especially in the recent applications to birational geometry. We
hope that seeing these notions and results developed in both contexts, will give the
reader a sense of the close interaction between these two fields.

The contributions on the analytic side are the following.

An Introduction to Things 0. These are the lecture notes from Bo Berndtsson's
course at PCMI 2008. The aim of this course was to give an introduction, appro-
priate for a beginning student in complex analysis, to the basic analytic techniques
behind weighted L? estimates for the d-equation. The notes here reflect this aim by
starting with the d-equation in one-variable, carefully examining the fundamental
issues in this special case, and then seeing how these issues are handled in ever
greater generality, i.e. for domains in several variables, on Stein manifolds, and
for bundle-valued forms over general complex manifolds. The emphasis throughout
the notes is on how the basic L? estimates for d change as additional structure
(primarily metrics on both the base manifold and on the bundles) is added. Several
applications of L? estimates on  are also presented, including vanishing theorems
of Kodaira! type and various extension results connected to the Ohsawa-Takegoshi
theorem.

Real and Complex Geometry Meet the Cauchy-Riemann Equations. In his
course at the Summer School, John D’Angelo discussed several analytic topics that
involve an interplay between real and complex geometry. The order of contact be-
tween a complex analytic variety and a real hypersurface inside a complex manifold,
and its relation to estimates for the  operator, forms the basis for the first half
of these notes. An expanded discussion of Kohn’s subelliptic multipliers for the d-
Neumann problem, which inspired the general notion of multiplier ideals studied in
algebraic and analytic geometry, is also given. A detailed presentation of a version
of Hilbert’s 17th problem, and a sketch of its relationship with special metrics over
the complex projective space concludes these notes.

Three Variations on a Theme in Complex Analytic Geometry. This chapter is
based on Dror Varolin’s lecture series. These notes show how L? methods are used
to obtain three foundational results in analytic geometry: Kodaira's embedding
theorem, the L? holomorphic extension theorem of Ohsawa-Takegoshi, and Skoda’s
division theorem. The connection between curvature, in several forms, and the
estimates on O used to obtain these results is emphasized throughout the notes.
Multiplier ideal sheaves are also discussed, from the analytic perspective, and proofs
of Nadel’s vanishing theorem and Siu’s theorem on the global generation of these
ideals are presented.

Structure Theorems for Projective and Kahler Varieties. These are lecture notes
based on Jean-Pierre Demailly’s course. They examine vanishing results for d coho-
mology on compact Kéhler manifolds (or more particularly, projective manifolds)
that carry line bundles of various types, e.g. numerically effective, pseudo-effective,



