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Preface

§ 1. Tue ProBLEM oF REAL1ZATION OrR IMBEDDING

Geometry, as formulated by F. Klein, studies certain kinds of
properties of certain kinds of figures and is splitted into various branches
in accordance with the kinds of figures and properties to be studied.
Now the geometric figures to be studied, whatever their origin may be,
are at the last analysis, often “‘concrete’” figures situated in a euclidean
space, eventually one of infinite dimension or a Hilbert space when the
origin is from analysis. On the other hand, in order to study the pro-
perties intrinsic to such figures themselves but independant of the
environment space in which the figures are situated, it is necessary to
define such figures in an “‘abstract’” manner. Thus, the study of point
sets by Cantor in a euclidean space gives rise gradually to the concept
of topological spaces, the smooth curves and surfaces in a euclidean
space of the classical differential geometry are abstracted to give rise to
the concept of differential manifolds and Riemannian manifolds, etc. A
natural problem then arises to identify the “abstract’” concepts on the
one hand and the “concrete” ones on the other hand, or more precisely,
to decide whether any “abstract’” object necessarily realize as a “‘concrete”
one in a certain euclidean space of finite or infinite dimension. An
affirmative answer to such a problem will then be implied by what we
shall call a realization or an imbedding theorem. Many fundamental
theorems in geometry are just of such a nature. Thus, we may cite
some examples from topology as follows:

1° Theorem of Urysohn. Normal spaces with countable basis
are just subspaces of a Hilbert space.

2° Theorem of Menger-Nobeling. Compact spaces of finite
dimension are just bounded subsets of a euclidean space of finite
dimension.

These theorems furnish a whole view of certain category of spaces.
The normality, compacity, of spaces are abstracted from analysis of
concrete figures in a euclidean space. The two theorems above stated
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show that, among the innumerable topological properties of that category
of figures in consideration, these properties have characteristic significance
which justify the important position they occupy in topology.

For such realization or imbedding problems we may go even a
step further to study figures in a euclidean space of a fixed dimension,
e.g. linear graphs in a plane, Riemann surfaces of a 3-dimensional
euclidean space, etc. From the point of view of topology, we are in-
terested particularly in the following problems:

Problem 1 (Topological realization of spaces). Find the conditions
for a topological space to be realizable as a subspace of a euclidean N -
space.

Problem 2 (Semi-linear realization of complexes). Find the condi-
tions for a complex to possess a subdivision realizable as a euclidean
subcomplex of a euclidean N-space.

Problem 3 (Differential realization of differential manifolds).
Find the conditions of a differential manifold to be realizable as a smooth
manifold in a euclidean N-space.

A complete answer to these problems has surely little hope. Thus
we may compare with the classical problem in differential geometry of
the realization of a Riemannian manifold in a euclidean N-space for
which very litde are known even in the case of “local” realizations.
We shall therefore content ourselves in getting partial results of the prob-
lems 1—3 (mainly problem 2) which is the aim of the present book.

§ 2. AnNALysis oF Some KnowN METHODS

We shall describe in what follows three methods for studying
problems 1—3 occuring in the literature which are more or less general
in character and have brought about important informations concerning
possibility of realization in a euclidean N-space.

Method 1. Suppose that a compact space X has been realized as
a subspace in a euclidean N-space RY. The study of properties of
RY — X in terms of those of X will then give conditions for X to be
realizable in such an RM. This method can be traced up to early works
of Alexander. Thus, from the Alexander duality theorem we have for
the Betti numbers p' (RN — X) = p" 7 1(X), i# 0, p"(RY" — X) =
PV UX) + 1. It follows that pV(X) = p™*(RY — X) = 0 which gives
a necessary condition for X to be realizable in RM. In particular, a
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closed n-manifold is not realizable in R”. With this method Hantzsche
has got conditions in terms of Betti numbers and torsion numbers for a
closed n-manifold X to be realizable in an R"", by studying duality
between homology groups of X and R""' — X. Similarly, Hopf has
proved that an z-dimensional projective space X cannot be realized in
R™! by studying the duality between the cohomology rings of X and
R — X. In the same manner R. Thom obtained conditions in terms
of cohomology ring of X for a closed n#-manifold X to be realizable in
R™1, A recent work of Peterson studies the duality between cohomo-
logy operations in X and RY — X (or more exactly S¥ — X, where SV
is an N-sphere in which X is supposed to be realized) and has given
rise to interesting realizability theorems.

Method 2. Instead of considering the relations between X sup-
posed realized in RM and the rest RY — X of X as in Method 1, we
may consider the relations between X and its neighborhoods in RM.
This method seems to be first introduced by Whitney to study differential
realizations of differential manifolds in a euclidean space. Based on
such considerations Whitney has created the theory of sphere bundles and
introduced the so-called Stiefel-Whitney classes W’ € H'(M, mod 2) and
dual Whitney classes Wi € H' (M, mod 2) of a differential manifold M
which have played so important a role in topology and differential
geometry. So far as the realization problem is concerned, we may state
for the moment the following classical theorem of Whitney:

. Theorem 1. For a differential manifold M" of dimension n to
be differentially realizable in a euclidean N-space R, it is necessary
that

wWk(M") =0, k>=N—n, (1)

The notion of Stiefel-Whitney classes have been generalized by
Pontrjagin who introduced characteristic classes of differential manifolds
among which, besides the Stefel-Whitney classes, the most important
ones are the so-called Pontrjagin classes P € H* (M) and their dual
classes P* € H* (M). Just as the above theorem of Whitney we have
also.

Theorem 2. For a differential manifold M" of dimension n
to be differentially realizable in a euclidean N-space R, it is neces-
sary that
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PR(M*) = 0, 2k >N — n, (2)

Based on the same principle but applied to topological realization of
topological spaces, Thom has derived from the study of Steenrod squares
in X and those in its neighborhoods in R™ in which X is realized, the
following

Theorem 3. For a locally contractible compact Hausdorff space
X to be topologically realizable in a euclidean N-space R" it is necessary
that

Sm'H'(X, mod 2) = 0, 2+r=N, (3)
in whick Sm': H™ (X, mod 2) —> H™" (X, mod 2) are certain homo-

morphisms determined from the Steenmrod squares by the relations

, >0,
>, Sm' Sq’={0 ) (4)

ident., k= 0.

The same principle has also been applied to the differential rea-
lizability of differential manifolds e.g. by Massey who studies the
cohomology ring of the tube about a manifold realized in a euclidean
space and also by Atiyah who studies the above tube considered as
defining an element in the Grothendieck ring of the manifold. It seems
that much more can be expected along this line of thought.

Method 3. In 1932 van Kampen has published a highly in-
teresting paper about linear realizations of complexes in a euclidean space
based on principles entirely different from those of the preceding methods.
Owing to its importance we shall describe it in some details.

It is well-known for some time that any simplicial z-complex K" is
linearly realizable in a euclidean (22 + 1) -space. Van Kampen took
up the problem of the linear realizability of K” in a euclidean 2n-space
R and proceeded as follows.

Let us try to realize linearly a finite simplicial #-complex K” in R*"
as far as possible. In general we cannot get a true realization but we
will do get a nearly true realization in the' sense that it is one up to
certain ‘singularities’, finite in number, which are the self-intersections
of two n-simplexes in K" originally disjoint from each other. The
problem becomes now: (i) From the study of such singularities can we
derive certain invariants independent of the chosen nearly true realizations,
and (ii) under what conditions can we remove such singularities to get
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a true realization?

For this purpose let us denote the Z%-dimensional simplexes of the
given complex K" by S¥. Any two simplexes of K” with no vertices
in common will be said to be disjoint. Let 4 be the set of all unor-
dered index pairs (7, j), corresponding to pairs of disjoint 7-dimensional
simplexes S7 and Sj. Construct a vector space & on the ring of
integers with dimension equal to the number of elements in 4. Any
vector of &/ may then be represented by a system of integers (a;;)
where (7,7) € A. To each pair of disjoint simplexes S2~! and S} in K”
a certain vector V;a = (a;;) of & may be determined in the following
manner. If both 7, % I or one of them, say j = I, but SZ' is not a
face of S}, then we put a;; = 0. Otherwise we put a; = + 1 (with
sign conventiently chosen). Two vectors P, P’ of & will then be said
to be equivalent if P — P’ is a certain linear combination with integer
coefficients of vectors of form V;« above defined. The vectors of &
are thus distributed in such equivalence classes. Any nearly true reali-
zation of K” in R* as described above will determine now a vector
P = (a;;) of & for which a;; is the duly signed intersection number
of 87 and S} in R* with a fixed orientation. Van Kampen’s work
shows that, whatever the nearly true realization of K” in R?* may be,
the equivalence class of the corresponding vectors P will be one and the
same and is therefore an invariant of the complex K", answering
thus the question (i) above. Denote this invariant by V(K), then it is
clear that we have the following

Theorem 4. For finite simplicial n-complex K" to be linearly

(or even semi-linearly) realizable in R* it is necessary that
V(K*) = o0. 5

(i.e., the equivalence class V(K”) contains the zero-vector of &)

From the definition of V(K”) we see that the vector P associated to
nearly true realization f of K” in R serves somewhat as a measure of
the deviation of f from a true realization and it is natural to suspicion
that the nullity of V(K”) would imply the possibility of removing the
singularities so that condition (5) will be not only necessary, but also
sufficient for K” to be linearly or semi-linearly realizable in R*. Van
Kampen does publish a proof in the case » > 2 but a fatal mistake in
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it destroys the proof and the quetion remains open until much later
which we shall discuss below.

While van Kampen considered the problem of linear or semi-
linear realization of complexes in a euclidean space, Whitney and
Pontrjagin considered the problem of differential realization of differential
manifolds in a euclidean space, based on somewhat the same method of
“obstruction”. Thus, by a theorem of Whitney early in 1936 a dif-
ferential manifold M” of dimension 7z is always differentially realizable
in a euclidean (27 -+ 1)-space. If we try to realize differentiably as
far as possible M” in a euclidean N-space of dimension N << 27, then
singularities will in general occur which, as shown by Pontrjagin, will
carry certain cycles whose dual cohomology classes are independent of the
nearly true realization reasonably chosen and have henceforth called
characteristic classes of the manifolds, among which we have the Stiefel—
Whitney classes and Pontrjagin classes already mentioned in Method 2.
From this Theorems 1 and 2 follow also trivially. Moreover, in the
case of N = 2n, the singularities of a reasonable nearly true realization
of M" in R* will consist of isolated points and device to remove such
singular points has led Whitney to the proof of the following

Theorem 5. Any differential n-manifold is differentiably reali-
=zable in a euclidean 2n-space.

The device used above by Whitney, as pointed out by Shapiro and
the author, may also be used to remove the singularities occured in a
nearly true semi-linear realization of an z-complex in a R* for n > 2
under certain conditions, thus filling the gaps in the original proof of
van Kampen and giving an answer to question (ii) cited above in the
case considered:

Theorem 6. A finite simplicial n-complex K" of dimension
n > 2 is semi-linearly realizable in R*™ if

V(K®) = 0.

It is to be remarked that the basic ideas originated by van Kampen
and Whitney as described above has been greatly extended by Haefliger
in the case of differential realizations of differential manifolds. It would
be very interesting to know to what extent this theory of Haefliger of
manifolds may be generalized to realization of polytopes or complexes.
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§ 3, METHOD OF THIS BOOK

The method of treatment of the realization problem used in this
book is based on the following observation. The (topological) realization
of a space X in a space Y, say, requires the existence of a 1-1-map f of
X in Y so that f(X) is homeomorphic to X under f. Such a realiza-
tion-map f is thus a “topological”’ continuous map of which a principal
characteristic is being one-to-one. The problem is thus in fact a “to-
pological”’ one in contrast to most problems current in algebraic topology
which are mainly of a “homotopic” character so that the strong methods
of algebraic topology, mainly of a “homotopic’ character, may be more
or less directly applied. To overcome the difficulties inherited in the
realization problem we seek therefore to make apparent the 1-1-character
of the thap f and then apply the usual homotopic methods.

For this purpose we introduce the space xr (resp. X*) consisting
of all ordered (resp. unordered) pairs of points (x3, ;) (resp. (x1, x;)*=
(23 21)*) of X, %y 7 x,€ X. Consider spaces ¥* and Y* derived
from Y in a similar manner. A realization map f: X —> Y induces then
naturally realization-maps F:X* — ¥* and F: X* — Y*, where F(xy,
1) = (f(x1), f(x2)) and F(x, 2)* =(f(x1), f(x,))*. Taking into
account that the one-to-one-ness of the map f has already been applied
in defining the very maps F and F, we are naturally led to conjecture
that the very continuity of the maps F and F would imply already
something more than the mere continuity of the map f and the “homo-
topic” methods applied to F and F would give essential informations
about the realizability of X in Y. It turns out that this is really the case.

In fact, denote the natural projections of X* onto X* (resp. Y*
onto Y*) by mx (resp. my), then we have the following commutative
diagram of continuous maps (the one-to-one-ness of maps F and F
being disregarded)

~

%*——————)Y*

€)) l”x l”y

The problem is now: what consequences can we draw from such a
commutative diagram?



cxt RYBLE - itEE 1

For such a problem there are tools ready at hand. Clearly X* is
a 2-sheeted covering space over X*™ with the covering transformation
operating in X* with no fixed points and with a period = 2. The well
known theory of P. A. Smith shows that there may be associated to such
a pair of spaces (X*, X*) a system of classes A™(X*, X*) € H"(X*,
I¢n), m =0, in which I,y = group of integers or group of integers
mod 2 according as m is even or odd. As X*, X*, and myx depend
wholly on the space X, the classes 4™ (X*, X*) are topological invari-
ants of X itself and it is thus legitimate to set

O™(X) = 4™ (X*, X*) € H™ (X*, I()).

It is easy to show that ®”(X) = 0 would imply @"*(X) = 0 for
all £ >0 and we may introduce therefore I'(X) as the least integer =
(eventually + ©0 ) for which @”(X) = 0. Define in a similar manner
@”(Y) and I(Y). Then the theory of P. A. Smith shows that from
the commutative diagram (*) we would get

F*om(Y) = 0"(X).

We have therefore

Theorem 1. For a space X to be topologically realizable in a
space Y, it is necessary that

I(X) <I(Y).

In particular, for Y = a euclidean N-space R", it is easy to show that
I(RY) = N. We have therefore the following theorem as a corollary:

Theorem Il. For a space X to be topologically realizable in a
euclidean N-space RY, it is mecessary that

I(X)<N,
or equivalently,

oV(x) = 0.

These two theorems, which are immediate consequences of the theory
of P. A. Smith form in fact the germ of our whole theory. What is
remarkable is that, these theorems, trivial as they are, contain as parti-
cular cases the main results of Whitney, Thom, van Kampen, etc. as
described in §2. More precisely, we have the following theorems ( P2
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means reduction mod 2).
Theorem lIl. 1f X is a locally contractible compact Hausdorff
space with p, ®@¥(X) = 0, then

Sm' H'(X, mod 2) = 0, 2 +r>=N.

Theorem IV. IfM”is a differential n-manifold with p,OV(M")=0,
then

Wk(M™) =0, k=N —n.

Theorem V. Thke van Kampen invariant V(K) of a finite n-
dimensional simplicial complex K", duly interpreted, is the class
(| K"|).

The last theorem shows that the class @*(|K”|) of an n-complex
K?” can be interpreted as certain obstructions to a linear or semi-linear
realization of K” in R?. The same is true for other classes @”(|K"|)
and this gives rise to an obstruction theory of these @-classes. Such a
theory has been developed by myself and also by Shapiro. In particular,
the theorem 6 of §2 which is proved by van Kampen, with a certain
gap filled by means of a method due to Whitney described at the end
of §2, combined with theorem 4 of §2, becomes:

Theorem V1. For a finite complex K" of dimension n > 2 to
be semi-linearly realizable in R*" it is necessary and sufficient that
o(|K*|) = o.

It is to be remarked that the theory outlined above can be extended
in various manners. First, not only realizations or imbeddings, but also
local realizations or immersions and isotopies can be studied in the same
manner for which results for example analogous to Theorem VI may be
obtained. Secondly, the space X* associated to a space X can be in-
terpreted as the space T(Z, X) of topological maps of a standard space
Z consisting of two points only into the space X. Instead of Z and
topological maps of Z in X we can use other spaces as standard spaces
and other kinds of maps of Z in X more flexible than the topological
maps. Thus, in the present book the case of Z = a space consisting of
p points with p any prime and the case of Z = a disk will also be
considered. Finally, a theory of second obstruction when certain
0"(X) = 0 can be developed which has shown to be quite fruitful at
least in the case of X = differential manifolds. However, we are
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obliged to omit it in the present book since this theory is still in the
course of developement cf. [71,71a,74,75].

§4. STRUCTURE OF THE BOOK

The book is divided into seven chapters of which the logical connec-
tions may be seen from the following diagram:

I IV
Topological |— Cohomology
Invariants Operations
III VII
General |— —
Method Manifolds
1I
Periodic v i
T £ _ Obstruction |—| Sufficiency [—
Lransiorma, Theory Theorems
tion

Chapter III ocuppies a central position in the whole book. It des-
cribes the general method to be used, explains the fundamental concepts
connected therewith, and presents the fundamental invariants, for the study
of various problems, namely the @,-classes for imbeddings, the o »-
classes for immersions, and the O -classes for isotopies. Chapters I and
II are of a preparatory character: the former shows the peculiar character,
namely topological but non-homotopic one; of the fundamental invariants
to be introduced in Chap. III and describes a general method in forming
such kind of invariants; the latter presents the theory of P. A. Smith
about periodic transformations without fixed points which furnishes the
tools in forming these fundamental invariants in the case we are
interested.

The last four chapters give mainly applications of the general
method described in Chap. III. Chapter IV introduces the cohomology
operations based again on the general theory of P. A. Smith about
periodic transformations and gives conditions of imbedding and im-
mersion in terms of such operations, proving thus in particular Th. III
of §3 and Th. 3 of Thom in §2. Chapter V consists of an extension
of van Kampen’s obstruction theory to imbeddings, immersions as well
as isotopies. Based on this obstruction theory it is proved in Chap. VI
that the necessary conditions in the general case in terms of our funda-



