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Introduction

Calculus is a branch of mathematics that includes the study of limits, derivatives,
integrals, and infinite series, and constitutes a major part of modern university education.
Historically, it was sometimes referred to as “the calculus of infinitesimals”, but that
usage is seldom seen today. Most basically, calculus is the study of change, in the same

way that geometry is the study of space.

Calculus has widespread applications in science and engineering and is used to solve
problems for which algebra alone is insufficient. Calculus builds on algebra,
trigonometry, and analytic geometry and includes two major branches: differential
calculus and integral calculus, that are closely related by the fundamental theorem of
calculus. In more advanced mathematics, calculus is usually called analysis and is defined

as the study of functions.

The history of calculus falls into several distinct time periods, most notably the
ancient, medieval, and modern periods. The ancient period introduced some of the ideas
of integral calculus, but does not seem to have developed these ideas in a rigorous or
systematic way. Calculating volumes and areas, the basic function of integral calculus,
can be traced back to about 1800 BC, when an Egyptian successfully calculated the
volume of a pyramidal frustum. From the school of Greek mathematics, Eudoxus (c.
408-355 BC) used the method of exhaustion, which prefigures the concept of the limit, to
calculate areas and volumes while Archimedes (c. 287-212 BC) developed this idea

further, inventing heuristics which resemble integral calculus.

The method of exhaustion was later used to find the area of a circle in China by Liu Hui,
around 3rd century, a Chinese mathematician who lived in the Wei Kingdom, in the 3rd
century AD in order to find the area of a circle. It was also used by Zu Chongzhi (429-500, a
prominent Chinese mathematician and astronomer during the Liu-Song and Southern Qi
Dynasties) in the 5th century AD, who used it to find the volume of a sphere. The Indian
mathematician-astronomer Aryabhata in 499 used a notion of infinitesimals and expressed an
astronomical problem in the form of a basic differential equation. Manjula, in the 10th
century, elaborated on this differential equation in a commentary. This equation eventually
led an Indian mathematician in the 12th century to develop the concept of a derivative

representing infinitesimal change, and he described an early form of “Rolle’s theorem”.



2 E%%% ( M) Advanced Mathematics ( | )

In the modern period, independent discoveries in calculus were being made in the early
17th Japan, such as the method of exhaustion is expanded. In Europe, the second half of the
17th century was a time of major innovation. Calculus provided a new opportunity in
mathematical physics to solve long-standing problems. Several mathematicians contributed
to these breakthroughs, notably John Wallis (1616-1703, an English mathematician) and
Isaac Barrow (1630-1677, an English mathematician). James Gregory (1638-1675, a
Scottish mathematician and astronomer) was able to prove a restricted version of the

second fundamental theorem of calculus in AD 1668.

While some of the ideas of calculus were developed earlier, in Greece, China, India,
and Japan, the modern use of calculus began in Europe, during the 17th century, when
Newton (1643-1727, an English physicist, mathematician and astronomer) and Leibnitz
(1646-1716, a Germany mathematician) built on the work of earlier mathematicians to
introduce the basic principles of calculus. This work had a strong impact on the
development of physics. Newton and Leibnitz pulled these ideas together into a coherent
whole, and they are usually credited with the independent and nearly simultaneous
invention of calculus. Newton was the first to apply calculus to general physics and
Leibnitz developed much of the notation used in calculus today; he often spent days
determining appropriate symbols for concepts. The basic insight that both Newton and
Leibnitz had was the fundamental theorem of calculus. When Newton and Leibnitz first
published their results, there was great controversy over which mathematician (and
therefore which country) deserved credit. Newton derived his results first, but Leibnitz
published first. A careful examination of the papers of Leibnitz and Newton shows that they
arrived at their results independently. Today, both Newton and Leibnitz are given credit for
developing calculus independently. It is Leibnitz, however, who gave the new discipline its

name. Newton called his calculus “the science of fluxions”.

Since the time of Leibnitz and Newton, many mathematicians have contributed to
the continuing development of calculus. For example, Sweden mathematician Euler
(1707-1783), by using calculus as a tool, solved many problems in the fields of
astronomy, physics and mechanics, and also founded many new subjects such as
differential equation, infinite series and calculus of variations. And the first
systematically integrated book on analysis, The Infinitesimal Analysis, was published
in 1748. But no efficient solution to the loose base of calculus had been found. In the
19th century, calculus was put on a much more rigorous footing by mathematicians
such as Cauchy (1789-1857, a French mathematician), Riemann (1826-1866, a Germany
mathematician), and Weierstrass (1861-1897, a French mathematician).
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Applications of differential calculus include computations involving velocity and
acceleration, the slope of a curve, and optimization. Applications of integral calculus
include computations involving area, volume, arc length, center of mass, work, and
pressure. More advanced applications include power series and Fourier series. Calculus is
also used to gain a more precise understanding of the nature of space, time, and motion.
For centuries, mathematicians and philosophers wrestled with paradoxes involving
division by zero or sums of infinitely many numbers. These questions arise in the study of
motion and area. The ancient Greek philosopher Zeno gave several famous examples of
such paradoxes. Calculus provides tools, especially the limit and the infinite series, which

resolve the paradoxes.

Calculus is rooted in different subjects of natural science and social science, which
not only supplies all mathematical methods and algorithms with methodology, but also
cultivate people’s thinking mode. Calculus is a ubiquitous topic in most modern high
schools and universities, and mathematicians around the world continue to contribute to

its development.
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Chapter 1

Functions, limits and continuity

R, MRS EEE

The object of calculus is to study functions which formed in the 17th century. With
the unceasing development of science and technology, people’s understanding to
functions also deepens and develops gradually.

Limit is a basic operation of calculus, and limit approach is a main tool to study
functions. Calculus consists of two parts, namely, differential calculus and integral
calculus, in which numerous important concepts are defined by using limit approach.
Limit theory is the foundation and “soul” running through the whole calculus.

As an important property of functions, continuity is the impersonal reflection and the
mathematical depiction of the gradually variational phenomena existing widely in the
infinite universe. In theoretical researches and practical applications, continuous functions
always hold the important status. This course is to mainly study continuous functions.

In this chapter, we first introduce the concepts and properties of functions as well as
the notions of elementary functions.

Limit is the emphasis of this chapter. We mainly introduce the definitions of limits of
functions, while the limit of sequence of numbers will be dealt as a special case. The content
of this part includes the definitions, properties and operations of limits, two important
formulas on limit, the concepts of infinity and infinitesimal, and the properties and
applications of infinitesimal.

The later part of this chapter is to introduce the concepts of continuous functions, the
concepts and classifications of discontinuity points of functions. And then we discuss the
properties of continuous functions and the continuity of elementary functions. Finally, we will

introduce some important properties of continuous functions on a closed interval in geometry.

1.0 Cited examples
51 i

From the macroscopical space of universe to the microcosmic world of particle and from
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the quotidian life to the fast development of high and exact technologies, the word “quantity”
exists everywhere. Relations of quantities, changes of quantities, changes of relations of
quantities and relations of changes of quantities are just important contents for studying in
mathematics.

According to the tax laws of our country, individual wage and stipend should pay for
personalincome tax, and the tax rate is different from person to person. Can you list
concisely the conversion relation between person income and tax paid?

Let’s put a square stable with four equal legs on an uneven ground. Can you make
the four legs contact simultaneously the ground such that the table stands steadily?

Throwing shot is a sport game. What is the quantity relation among the throwing
distance, the initial speed and the angle when someone throws the shot away from his
hand? Which factors should be considered for achieving a perfect result in daily training?

You may have heard of the Fibonacci’s sequence which is also called the interesting
rabbit problem! You can find some similar results from the “pedigree” of honeybees, the
arrangement of pianos’ syllables and the branches of trees. The phrase “golden mean” put
forward by Da Vinci, a famous artist in middle ages, means a proportion relation between
quantities. As the story goes, the relation can make buildings more handsome and make
tonalities more harmonious. Interestingly, many blooming flowers and bonny builds of
people also possess its traits. Surprisingly, the two problems which are seemingly
independent have close immanent connection, would you like to know?

You should have learnt how to calculate the area and the perimeter of a regular
polygon when studying plane geometry in middle school. As is well known, the area
and the perimeter of any regular » polygon inscribed in a unit circle, however large »
is, are always smaller than © and 2m, respectively. A question is that whether you can
construct a figure such that it is contained in a unit circle, and its area is not more than
n, while its perimeter tends to infinity.

These interesting problems with some application backgrounds are related to the

contents of this chapter, i.e., functions, limits and continuity.

1.1 Functions
5] B
Key points of this section

(1) Understand and master the concept and properties of function, such as the
independent variable and dependent variable in the definition of a function, the domain and

range of a function, the boundedness, monotonicity, parity, periodicity, and so on.
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(2) Understand the concepts of composite function and inverse function; master the
conditions for composing the composite function and the existence theorem of inverse
functions.

(3) Understand the concepts of elementary function and non-elementary functions.

ENER

(1) BEPFERRBOMS AR, WREEXTHAEZE. HEE, REKEX
B B, REBEIA A, BiENE. AT RATSE

(2) H@FEERBE RRBOBS, EREEE S R E 50 DR R R 57 8 e 2.

(3) B 4055 oA BON HE 4] 55 B BB

Words and expressions % {715 & El

rational numbers 5 5 irrational numbers  JCHE %
real number SZ% definition & X
proposition iy & variable &
constant %[ function B
independent variable HZE dependent variable [HZ5 &
domain & X35 one variable function — JGER%L
range {HI constant function 7 & R
power function % B 3 exponential function 5% 5% $
logarithmic function X8 % trigonometric function — ffj iR %L
inverse trigonometric function basic elementary function

R = R B B A A 5 R
piecewise function 4Bt iR %} boundedness i FtE
monotonicity i parity A A
periodicity JA M bounded H M
unbounded JEF K] _ monotone increasing 51 3
monotone decreasing 5. i /> monotonic function  H 1 B& %
even function 1 iR ¥ odd function % R %
periodic function & #f % ¥t composite function & & iR %
intermediate variable H[a]4F & inverse function /% R %
mapping B4} composite mapping & & BT
surjection ¥ 4} injection A

one-to-one mapping — —BR&f inverse mapping ¥ Bk &}




