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1
INTRODUCTION

1.1 More is different

o The collective excitations of a many-body system can be viewed as parti-
cles. However, the properties of those particles can be very different from the
properties of the particles that form the many-body system.

o Guessing is better than deriving.

o Limits of classical computing.

e Our vacuum is just a special material.

A quantitative change can lead to a qualitative change. This philosophy is
demonstrated over and over again in systems that contain many particles (or many
degrees of freedom), such as solids and liquids. The physical principles that gov-
ern a system of a few particles can be very different from the physical principles
that govern the collective motion of many-body systems. New physical concepts
(such as the concepts of fermions and gauge bosons) and new physical laws and
principles (such as the law of electromagnetism) can arise from the correlations of
many particles (see Chapter 10).

Condensed matter physics is a branch of physics which studies systems of many
particles in the ‘condensed’ (i.e. solid or liquid) states. The starting-point of current
condensed matter theory is the Schrodinger equation that governs the motion of a
number of particles (such as electrons and nuclei). The Schrodinger equation is
mathematically complete. In principle, we can obtain all of the properties of any
many-body system by solving the corresponding Schrodinger equation.

However, in practice, the required computing power is immense. In the 1980s,
a workstation with 32 Mbyte RAM could solve a system of eleven interacting elec-
trons. After twenty years the computing power has increased by 100-fold, which
allows us to solve a system with merely two more electrons. The computing power
required to solve a typical system of 10?3 interacting electrons is beyond the imag-
ination of the human brain. A classical computer made by all of the atoms in our
universe would not be powerful enough to handle the problem.> Such an impos-
sible computer could only solve the Schrodinger equation for merely about 100

5 It would not even have enough memory to store a single state vector of such a system.
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particles.5 We see that an generic interacting many-body system is an extremely
complex system. Practically, it is impossible to deduce all of its exact properties
from the Schrodinger equation. So, even if the Schrodinger equation is the correct
theory for condensed matter systems, it may not always be helpful for obtaining
physical properties of an interacting many-body system.

Even if we do get the exact solution of a generic interacting many-body system,
very often the result is so complicated that it is almost impossible to understand
it in full detail. To appreciate the complexity of the result, let us consider a tiny
interacting system of 200 electrons. The energy eigenvalues of the system are dis-
tributed in a range of about 200eV. The system has at least 2200 energy levels. The
level spacing is about 200eV /22%° = 10~%0 eV. Had we spent a time equal to the
age of the universe in measuring the energy, then, due to the energy—time uncer-
tainty relation, we could only achieve an energy resolution of order 10733 eV. We
see that the exact result of the interacting many-body system can be so complicated
that it is impossible to check its validity experimentally in full detail.” To really
understand a system, we need to understand the connection and the relationship
between different phenomena of a system. Very often, the Schrodinger equation
does not directly provide such an understanding.

As we cannot generally directly use the Schrodinger equation to understand an
interacting system, we have to start from the beginning when we are faced with a
many-body system. We have to treat the many-body system as a black box, just
as we treat our mysterious and unknown universe. We have to guess a low-energy
effective theory that directly connects different experimental observations, instead
of deducing it from the Schrodinger equation. We cannot assume that the theory
that describes the low-energy excitations bears any resemblance to the theory that
describes the underlying electrons and nuclei.

This line of thinking is very similar to that of high-energy physics. Indeed,
the study of strongly-correlated many-body systems and the study of high-energy
physics share deep-rooted similarities. In both cases, one tries to find theories
that connect one observed experimental fact to another. (Actually, connecting one
observed experimental fact to another is almost the definition of a physical theory.)
One major difference is that in high-energy physics we only have one ‘material’
(our vacuum) to study, while in condensed matter physics there are many different
materials which may contain new phenomena not present in our vacuum (such
as fractional statistics, non-abelian statistics, and gauge theories with all kinds of
gauge groups).

® This raises a very interesting question—how does nature do its computation? How does nature
figure out the state of 10?3 particles one second later? It appears that the mathematics that we use is
too inefficient. Nature does not do computations this way.

T As we cannot check the validity of the result obtained from the Schrodinger equation in full
detail, our belief that the Schrodinger equation determines all of the properties of a many-body
system is just a faith.
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1.2 ‘Elementary’ particles and physics laws are emergent phenomena

¢ Emergence—the first principle of many-body systems.
e Origin of ‘elementary’ particles.
o Origin of the ‘beauty’ of physics laws. (Why nature behaves reasonably.)

Historically, in our quest to understand nature, we have been misled by a funda-
mental (and incorrect) assumption that the vacuum is empty. We have (incorrectly)
assumed that matter placed in a vacuum can always be divided into smaller parts.
We have been dividing matter into smaller and smaller parts, trying to discover
the smallest ‘elementary’ particles—the fundamental building block of our uni-
verse. We have been believing that the physics laws that govern the ‘elementary’
particles must be simple. The rich phenomena in nature come from these simple
physics laws.

However, many-body systems present a very different picture. At high ener-
gies (or high temperatures) and short distances, the properties of the many-body
system are controlled by the interaction between the atoms/molecules that form
the system. The interaction can be very complicated and specific. As we lower
the temperature, depending on the form of the interaction between atoms, a crys-
tal structure or a superfluid state is formed. In a crystal or a superfluid, the only
low-energy excitations are collective motions of the atoms. Those excitations are
the sound waves. In quantum theory, all of the waves correspond to particles, and
the particle that corresponds to a sound wave is called a phonon.® Therefore, at
low temperatures, a new ‘world’ governed by a new kind of particle—phonons—
emerges. The world of phonons is a simple and ‘beautiful’ world, which is very
different from the original system of atoms/molecules.

Let us explain what we mean by ‘the world of phonons is simple and beauti-
ful’. For simplicity, we will concentrate on a superfluid. Although the interaction
between atoms in a gas can be complicated and specific, the properties of emergent
phonons at low energies are simple and universal. For example, all of the phonons
have an energy-independent velocity, regardless of the form of the interactions
between the atoms. The phonons pass through each other with little interaction
despite the strong interactions between the atoms. In addition to the phonons, the
superfluid also has another excitation called rotons. The rotons can interact with
each other by exchanging phonons, which leads to a dipolar interaction with a force
proportional to 1/74. We see that not only are the phonons emergent, but even the
physics laws which govern the low-energy world of the phonons and rotons are
emergent. The emergent physics laws (such as the law of the dipolar interaction
and the law of non-interacting phonons) are simple and beautifi:l.

8 A crystal has three kinds of phonons, while a superfluid has only one kind of phonon.
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I regard the law of 1/r* dipolar interaction to be beautiful because it is not
1/r3, or 1/7413, or one of billions of other choices. It is precisely 1/74, and so
it is fascinating to understand why it has to be 1/r*. Similarly, the 1/r? Coulomb
law is also beautiful and fascinating. We will explain the emergence of the law of
dipolar interaction in superfluids in the first half of this book and the emergence of
Coulomb’s law in the second half of this book.

If our universe itself was a superfluid and the particles that form the superfluid
were yet to be discovered, then we would only know about low-energy phonons.
It would be very tempting to regard the phonon as an elementary particle and the
1/r* dipolar interaction between the rotons as a fundamental law of nature. It is
hard to imagine that those phonons and the law of the 1/r* dipolar interaction
come from the particles that are governed by a very different set of laws.

We see that in many-body systems the laws that govern the emergent low-
energy collective excitations are simple, and those collective excitations behave
like particles. If we want to draw a connection between a many-body system and
our vacuum, then we should connect the low-energy collective excitations in the
many-body system to the ‘elementary’ particles (such as the photon and the elec-
tron) in the vacuum. But, in the many-body system, the collective excitations are
not elementary. When we examine them at short length scales, a complicated non-
universal atomic/molecular system is revealed. Thus, in many-body systems we
have collective excitations (also called quasiparticles) at low energies, and those
collective excitations very often do not become the building blocks of the model at
high energies and short distances. The theory at the atomic scale is usually com-
plicated, specific, and unreasonable. The simplicity and the beauty of the physics
laws that govern the collective excitations do not come from the simplicity of the
atomic/molecular model, but from the fact that those laws have to allow the collec-
tive excitations to survive at low energies. A generic interaction between collective
excitations may give those excitations a large energy gap, and those excitations will
be unobservable at low energies. The interactions (or physics laws) that allow gap-
less (or almost gapless) collective excitations to exist must be very special—and
‘beautiful’.

If we believe that our vacuum can be viewed as a special many-body mate-
rial, then we have to conclude that there are no ‘elementary’ particles. All of the
so-called ‘elementary’ particles in our vacuum are actually low-energy collective
excitations and they may not be the building blocks of the fundamental theory.
The fundamental theory and its building blocks at high energies® and short dis-
tances are governed by a different set of physical laws. According to the point of
view of emergence, those laws may be specific, non-universal, and complicated.

glgHere, by high energies we mean the energies of the order of the Planck scale Mp = 1.2 x
1077 GeV.
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The beautiful world and reasonable physical laws at low energies and long dis-
tances emerge as a result of a ‘natural selection’: the physical laws that govern the
low-energy excitations should allow those excitations to exist at low energies. In a
sense, the ‘natural selection’ explains why our world is reasonable.

Someone who knows both condensed matter physics and high-energy physics
may object to the above picture because our vacuum appears to be very different
from the solids and liquids that we know of. For example, our vacuum contains
Dirac fermions (such as electrons and quarks) and gauge bosons (such as light),
while solids and liquids seemingly do not contain these excitations. It appears
that light and electrons are fundamental and cannot be emergent. So, to apply
the picture of emergence in many-body systems to elementary particles, we have
to address the following question: can gauge bosons and Dirac fermions emerge
from a many-body system? Or, more interestingly, can gauge bosons and Dirac
fermions emerge from a many-boson system?

The fundamental issue here is where do fermions and gauge bosons come
from? What is the origin of light and fermions? Can light and fermions be an
emergent phenomenon? We know that massless (or gapless) particles are very rare
in nature. If they exist, then they must exist for a reason. But what is the reason
behind the existence of the massless photons and nearly massless fermions (such
as electrons)? (The electron mass is smaller than the natural scale—the Planck
mass—by a factor of 10?2 and can be regarded as zero for our purpose.) Can
many-body systems provide an answer to the above questions?

In the next few sections we will discuss some basic notions in many-body sys-
tems. In particular, we will discuss the notion that leads to gapless excitations and
the notion that leads to emergent gauge bosons and fermions from local bosonic

models. We will see that massless photons and massless fermions can be emergent
phenomena.

1.3 Corner-stones of condensed matter physics

e Landau’s symmetry-breaking theory (plus the renormalization group the-
ory) and Landau’s Fermi liquid theory form the foundauon of tmdmonal
condensed matter physics.

The traditional many-body theory is based on two corner-stones, namely
Landau’s Fermi liquid theory and Landau’s symmetry-breaking theory (Landau,
1937; Ginzburg and Landau, 1950). The Fermi liquid theory is a perturbation
theory around a particular type of ground state—the states obtained by filling
single-particle energy levels. It describes metals, semiconductors, magnets, super-
conductors, and superfluids. Landau’s symmetry-breaking theory points out that



