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5.1 ZICREKINIRES M

5.1.1 AEEXHR

AT A Z TR, BATTFELNA n fZ0H R FRERERIR HARIMCER
FABBHIRESHET 2] n Y220
3& Pl(alaaZa 2e ’an)7 P2(b1,b2a il :bn) € Rna &ﬂ])ﬂ

p(P,P2) = ([ (ai —bi)?

FARWE P, P, EHIREE.
EX 5.1.1(4BK) W P eR”, 6§>0, BEE

Ns(Po) = {P|P €R"™, p(P,R) <4}
A Py W6 4B, fiFRepiEl. &
1:/5(1:’0) = Ns(Po)\ {Po}

A P 9F 0 4B, BIRRE 4B,

FHERRBRIMAH n BB A SE. BFA BAURTFEAAENES.

EX 5.1.2 (WA, SR, BRA, BN BRGCRY |

(1) # Py € G, BAFHE 6 > 0, 18 Ns(P,) C G, WK P, & G MINA. G A AHES
WA G KRS, idh Go.

(2) & P ¢ G, BFfFEFE 6 >0, 818 Ns(P) NG =2, MK P, £ G KIS E. G B EH
EATRN G KIS

(3) # P, e R*, HXMERK 6 > 0, Ns(Po) "BEFE KRBT G, XNERARET G, MK R
B G WiaRE. G WARLRANESHRA G KIAR, ik oG.

(4) # Py e R", HIMEREM 6 >0, Ns(Po) PRESRT G, WK P, £ G EBA.
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EX 5.1.3(F&, W) ®GCR",

(1) #F G WP R#R G MR, Bl G=G°, WIFR G AFE.

(2) #F G RXT2%E R” 3L (B R\ G) AFFEE, WFK G HHE.

(3) MR KL G WERF R, # Al RERRR, Hixthdk LR RHET G, WK G
hiEEE.

(4) #F G BRIFE, XNRAEHEE, MK G hFEHE.

(5) HFAETTXIR A, 18 G = AYoA, WFK G HHAXHE.

(6) FFEX 385 P X RGE AR X 15

BIME, 2% o BRFEXRAE, ALz R" ERFEXRAE. Bz,
R FEFEZEFEEA T REBE R T N2 L.

EX5.14(FHRE) B"GCR", BheR". HEFELeR, 8 G c Nu(R), WK G H
BRE, WK

d(G) = sup{ p(P1,P)|VYP,P, € G}

A GHERE BN, K G ALERE.
fl5.1.1  ® R FREE

A= {(z,y,z)|m2+y2+22 < 1}’
B={(z,y,2)|z> +y* + 2> <1},

C={@y2)|?+2+2=1},

) e 5& SCRT 48 F 5451
(1) A°=B° = A,C° = @;
(2) 8A =8B = 8C = C;
(3) #£H A, B KWERNESHE B, C MRANEELR C;
(4) A,B,C #EEBE, LRENE, ERHEL 2;

(5) A RFFRMETFXI, B RAKHRAXE, ¢ RAKEREHAXE.

B512 REFHAKG={(y)e=y= 1 neN}, M XTATFIILR:

(1) G° = g;

(2) 0G = GU{(0,0)};

(3) &£E G AME—HIER (0,0);

(4) G AREFELE, FRITE, AR,
(5) G REFEH d(G) = v2.

5.1.2 ZITHEBES
EX 5.1.5(n TGERE) W D C R, RATHRELS

f: D>R
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U= f(P)a el

14

y=f(z1,x2,---,xn), (x1,$2""1zn)eD-

B& x,20,- 2, MABER, y KABEER, D HRE f WEXHE, 24 D(f).
f(D)={f(P)| P e D(f)}

FROERE f HME.
FILSE RINEK_TEH f: D-R(DCR?) BN

z= f(z,y), (z,y)€ D;
B=TERE f:D-R(DCR3EH
u:f(:z:,y,z), (a:,y,z)ED.

—ILEREM —JCLl LR B SRR N B TR
5o HERM, T gt RE RS HKZ RS, BE AR ESUR, R
2 TURR B R SCRELMR A I B AR 52 UK, B R XM RIS A B XN BRBFTAFR

TS E. Bl —TEERE - = \/_I%-yﬁ HEREIIBY {(@,9)|s? +12 <1}.
SR, RITTUE XS TREY, $TEaRN, £TNSas, UEETE
R, AR,
BI5.1.3 iR FHIRBE .

1L
l) 2= —;
(1) 5=~y

(2) z = arcsin(z + y);
(3) u=In(1 —2? —y* - 2%);
4) u= \/9—w2 —-y2—22+\/m2+y2+z2—1.
B (1) D) ={(z,9) | 2* +9* <4};

(2) D(z) ={(z,y) | —1<z+y<1}
(3) D(u) = {(z,9,2) | 2* + 9 + 22 <1}

(4) D(u) = {(z,9,2) | L < 2® + 9 +2° <9} ]

BAVHIE, — TR y = f(z) MERERFIEHRLER y = f(z) KR (2,y) BWES, 1
RSP _ER . K, — TR 2 = f(z,y) MEERFAEHESER 2 = f(z,y) KA
(2,1, 2) HIBELs, RS R T BUIRM = — 20 + 3y + 4 BTG R — T, TR
2= fo? +y? WETKRBHE.
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PR 52 X

— —FHR
EX 5.1.6 (—EHMR) % D CR? B f(z,y) &£ D EHEX, Po(zo,y0) & D KIEA.
FHEFEE A, BN TERAERIER ¢, BHFEER S, 4 P(z,y) e DH0< p(P,P) <6
B, 18R
|f(P)—Al|=|f(z,y)—A|<e,
NFREERE f(z,y) £ P — Py BFTEL A AWPR, 124

Jim f(P)=A B f(P)>A (P Ry,

ik
lim  f(z,y) = AR f(z,y) > A ((@y) — (20,0))-

(z,y)—(z0,y0)
19
lim f(z,y) = A.

z—zq
y—vo

XA PR FR A — EARBR.
MY, lim f(z,y) = A<= Ve >0,30>0, % 0</(z —20)2 + (y — w)2 < 6 A,

y—vo

BH |f(z,y) - Al <e.
PA_ESRTF ZueR B —EARRR MRS, FIAHN AT B n TR ER K n EARRR, 8 AT
BAT k.
Bi5.1.4 BRAEXER lim (22 + 4y) = 10.
® E =
|2z +4y) — 10| =|2(z — 1) + 4(y — 2)|
<2z — 1| +4jy - 2|
<6y/(@—1)%+ (y - 22,

BTl ve > 0, B 6= =, W% 0< /(o - 1)2+(y—27 <6 W, {BH

|2z +4y) — 10| <,

H 5 AT 40
lim (2z + 4y) = 10. O
ZERR A EXE TR B R K XAERR EH T KRER, Hik, —CRERR K
BEIEN (NS EEN, TE55/MEEEN) 58 XMER (iR RAmE—, BiE i,
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SEAEN) AT LU B - Bk, Bl TRRIME, —ICRBE R T A
%, —ERROEREET K P,y) EFEERETA Po(zo,v0) WHRBEHERM, T
—EBR lim f(z,y) = A RHEE Plo,y) EEXRFUERFTREATA Po(ao, o) M,

Yy—vo

fla,y) BRFFR—NES A FEit, MR Pz, y) 2R LRSI TR (REE

£HEMEERELBENBME) BET A Po(zo,v0) H, f(z,y) EATE—ER RIFER

- BRWTE —EARRAEE. ER, RY P(e,y) URRABRBET A P, y0) B, f(z,y)
) FARFKME, BARMIRATUREEH f(z,y) £ Po(zo, yo) LRBRAFE.

#15.1.5 KRB lim —aZ .
=2 P+ P
& HE1BEHR
3 e o e
‘,/x§+y§ l S T RS

Ll Ve >0, Ble =2, 5 0< /22 +92 <6 B, EH

—0|<€.

Wer
NE

XA lim \/,}Ty—o.
HE2: [ = = \/xzywz,wﬁiﬁ%d\,
3N SH RAERWBRTST I, Fih

| < | RARER %

lim il

VAR

e SR
NeEr

(m,y).—>(0,0)<=>p—>0+, f(z,y) = f(pcosb, psinf) = pcosfsinb,

HEk 3 flx,y) = 4 x = pcosh,y = psind, N

PirEA

lim Y = lim pcosfsinf = 0. O

=S VIR YR oot

Pl 5.1.6 KTFFIHR:

sin zy? =ty
(1) lim =2 (2) lim (%) .
o snte Nty
ﬂ (1) hm szy 11 2Sln'U. b’ 4’

z—0 T u—»O
y—2 y—2 u
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2 0< (;Tyy)+ <" m i (3)™ -0, mmpmmsm

z+y
1_121 ( 2a:y 2) =0. O
sk ey

Bs17 R f(oy) = 5 +y # (z,y) — (0,0) B LR
B L 3 P(r,y) WEZ y=0 81T (0,0) B,

lim f(z,y) = lim f(z,0) = lim 0 = 0,
4R P(z,y) WHEZ y =z #&RF (0,0) BY,
x? 1]

hmf(m )= hm f(x ) _il—lﬂ)iﬁ =3

z-—vO

HULATA, 4 (o,y) DARRBTRBET (0,0) B, f(a,y) BATREKE, FLL f(z,y) =
o B (@) = (0,0) REEHRR.

HE 2: 4 = pcosby,y = psinby, 6o AHEE, H 0< 6y < 2r, M
(z,y) — (0,0) <= p — 0%,
f(z,y) = f(pcosbo, psinbp) = cos by sin by,
HMTR PHEEL L:x=pcosby,y = psinfy &[T (0,0) &Y,

hm flay) = hm cos g sin fy = cos 6 sin by,
(z,¥)EL —0+

(z,y)—(0,0)
HARPREREE 6, IR (BIBEEEL L K284k) A RIRME, BTl R3 f(z,y) 7 (z,y) —
(0,0) B TEARPR. O
=. RARM#HR

LHENMAR _ERR, REARBEMHENEZE (WRE n TR, BE 2 MERE) B
T & B R R TR H K. BRILZ 4, FRBITESBIRENH N R EHERRF
ST & B RRBR BT, Xt R IR

XF TR f(z,y), BIERE y BE By ASE), X f(z,9) RE z B—TEE,
mEXNTF—UIEER y, HRER Jim f(z,y) I, MEX/AMERES y BXRERE, 2k

lim f(z,y) = ¢(y).

T—XTo

RIEFELL y — yo, B8 o(y) KA, B Jim o(y) BAFLE, B A, B

lim ¢(y) =
Y—%o
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WK A KERE f(z,y) ER (z0,30) LT =z B3 y BRRWIR, 2Kk

lim lim f(z,y)=A

Y—Yo T—To
R, T E LR f(z,y) A (z0,30) EFEF v B = BIRXIRR

lim lim f(z,y).

T—To Y—Yo

Bil5.1.8 SKEH f(z,y) = FER (0,0) BRI RIKARER.

2 + 2
fi# hm llmf(a: 1) = 1%;%%_;1%0 0.

IEJEQ_HEH 3%i%f(x y) = O
#5.1.9 ﬁ%&ﬁﬂ@M=mm§Eﬁau»ﬂm:iﬁﬁﬁiwﬁﬁ

R HEFNEEFEBHRRELS/DEM lim f(z,y) =0.

y—0

1
lim hm f(z,y) = lim lim zsin — = lim 0 = 0.

y—0z— y—0z—0 Yy y—0

B2 z #0 B, lim f(z,y) = lim . AL, FiLd lim lim f(z,y) NFEE. a
y—0 y—0 Yy z—0y—0

XPIAMEIT BE B e R B —E AR R 5 RRARREF A RS, —ERREEEA
REAR Y RIURARFRAFAE; oK, —IuBREHI P RAR PR A AE AR SE AN REAR ) — AR
FAE. FEVFERMARKFE R R RE, ZERPEEERZHRBERKF, ek _EHRR
i, b EEEA G R ZERR, B0 R HEIRINSR.

5.1.4 ZlR¥BAEEN
—. 3 AEERHHEL
EX 5.1.7(F8M) RGCR, BB fFEGLELEEL, L RGCHEERHA PG #

Jim. f(P) = £(Py),

FRRE f £ P S R G ANE— KRR N, B f 7 G W — S#Es, WK f
G LEE MERE f A P AESE, WKRERE f & P, LB, HKR P, BEE f 1
1) T 2.

B 5 SCRT 41,

f#E P &S < Ve>0,30>0,% PcG H p(P,PR) <6 i, 1HE |f(P) - f(P)| <e.
F5h, MR f RZITTEH 2 = f(z,y), B

Az =z -z, Ay=y-—yo,



s wm R a0

Az = f(z,y) — f(zo,y0) = f(zo + Az, yo + Ay) — f(Z0,%0),

SRR Az T Ay AETR o My KIME Az HERH 2 = f(z,y) ZER (z0,90) LK LIEE,
TR
f(z,y) R (z0,y0) IEEE — Jim_ Az =0.
55—t B, BRAZGELREMA . 2. B, B (8B AAE) R ELRE.
ZICEL R B R A RPN R EL RS, £ ohFRBAE e i H g — gLk ‘
fil5.1.10 &%
i Hry=0,

e ={y Here

WRIEWIRE f(z,y) ERREXT BZER ¢ Ry DHIRESN, 16i%R AR RN ELE.
B ZHEEz=0Hy=0MH,H 70,y = f(z,0) = 1, BTk

BEEK f(a,y) ERARKT BER o Ry ARBEEN. EESEH lin f(z,y) TF

y—0

T, FTABRE f(z,y) R RAEFFAELE. ]
BI5.111  REM lim Y.
z—1 y

y—1

o *3‘/ Y R CHISRE, 7R (1,1) RAEN, BIEA (1,1) kbikkk. prol

YA 1

m =
1 p2q2
e vy 1

= AP KR b A R B R

H—uR M, EXEFFAXE EMEERBEE N TEESRR (RIBEEEK
UEHR):

EE5.1.1(FREH) HGCR" AARARE, &% f £ G L&% % P,P,eG,
H

f(Pl)f(P2) <0,

WAL Py € G, 4% f(Po) = 0.
EE5.1.2(MEEHE) HGCR® AFRAERK, &K f £ G L% P PecG, A
F(P) # f(Py). #% p ABRRFELX

fP)<p< f(P2) (& f(R)<p<f@@))
MEEEK NAE P eG, #4% f(P) = p.



BoE TR -9

EE5.13FFMMEE) RGCR AARARE, I f A£G L&g NaK f A
G L& R}

EE5.1.4(BEEH) ZGCR" AARARRK, 23 f A£G LS NIKfAEG
B33 S &b YN
3 5.1

1. RTFIRBE SR, HRH L RTFEER AL, RIFRSERAX B, RAFRER
L&

1) flz,y) =v1-22 —y%
2) f(z,y) =In(2 - |z| — |y]);
(3) f@y) = VI-2+/y? -4
(4) f(z,y) = arcsin 55;

ks

(5) f(z,y,2) =

\/9—z7—y2—z§;
1
(6) f(z,y,2) = +VI—z+In(2-y|).
k VVz—1z
2. KTFIRH:

M) S = oo+ 5 R 1(20,7);

(2) f(w+y,z—y)—3w +2zy —y> +2, K f(z,y).
3. HESGIEH T 3% FR:

(1) lim(3z +y) = 9 () 11m+ e o
i

2

y—3
1 L1 -2
3) lim(z —y)sin — = 0; 4) lim A
A ;:g(z g e " =iy+2 3
4. KT HUIRFR:
oY
(1) lim o @) lim 1;
12 +zy’ =20 3¢
1 1 s
(3) lim(z + 2y)sin — cos —; (4) lim Ll;
Vo Py s ey —2
sin(zy) : Tty
limy et
(5) Bl +a)’ (6) :g% E e
(7) ll_rg(1+wy)m; (8) hmo(a: 4 )x o2 ;
5y %
o) 2y TUAT (1+ 1 )mzy
::8 2ty o o ol

5. UEBA F3IREY (z,y) — (0,0) RHRFBRAFLE:



