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SPIRAL CHAOS iN 4 PRLDATOR-PREY MODEL

In a recent analysis of the role of predation on prey coexistence. Vance (1978)
uncovered a trajectory he termed “quasi-evelic” In this note. { comment on this
behavior and refine its classification. Vaness model used the familiar, though still
surprising. Lotka-Volierra equations:

. ;
1o =r Y 0 N Li=1-3 - :
N, dt S I ;
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Fig 1. Stereoscopic state space trajetorics for the two prey and one predator system.
{Parameter values given in text.) Roti the wpper and fower plot have th: same parameier va'uss
and e sanie iwitial conditions: the lower plot shows that there are no disconunuous behas ors
at ic v predato. densities that sught Lave ansen o3 con ruier artfacts: the reggectory s dashed
wher: it moves most rapidly

The benavior occurred for e parameter viloes ey = vy = ory = L gy = ay; =
Gyy = 001, ayy = 0015, a5 = 0!, a;y = 061, a3, = — 005, a;, = - 0005, a3; = ;
it is structurally stable in a ncighborhood of parameter space; N, and N, are victims
iy and V,: and N is a predator P.

Figure i shows this belavior as a trajectory in a three-dimensional state space. All
four plots are of the same trajectory with the same starting point. In the lower plots.
log P is plotted so as to rev=al ths behavior at low predator density. The upper and
lower plots are stereographic pairs, one cf which has been rotated slightly around the
--axis. If the eves are crossed such that the left plotis studied by the right eye and vice

2
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F1G. 20 Schematic diegmam of the attractor manifold for the system of fig 1

versa, the trajectory will appear three-dimensionally above the surface of the paper
{your ncighborhood protem chemist can probably instruct vou in this art). This
accomplished, it will be seen that the topology of the attractor manifold is as shown
in figure 2. That is. itis a two-dimensional comma-shaped surface, the tail of which is
folded over and connected te its body. 1 effect. the third dimension permits
trajectorics o be inserted “inside themseives.” Ctto Rassler. who has studied such’
“continuous chaos.” classifies Vance's behavior as spiral chaos (Rissler 1976, and
peosonal communication). .

The mgggage from this is that even the simplest possible medels of community
interaction require exhaustive cybernetic analysis before their repertoire of hehavior:
can be known, and some of these are likely to be complex. It is hardly any wonder
that {BP-ty;»> madels. assembled from mary nonlinear componert models whose
parameters are necessaniy inaccurate and probably imprope:ly fumped have blown
up. o as Patien 1197.48) puts i, “have not converged satisfactosthy on measured or
reasonable ecosystem behaviors.™ The degree to which real ecosystem behavior 1s
chaotie s possibly the most fundamental question facing community ecology
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ABSTRACT

Exiinctjon in a three species Lotka-Volterra competitive sysiem is classified in terms of
the model parameters. Necessary and sufficient conditions are given for one and two
specics extinction; these are, alternatively, conditions for two and one species persisteace.
Persistence of the system is studied assuming all pairwise interactiors between species are
known. An intransitive species arrangement is the only case of persistenc where pairwise
interactions cre, by themselves, sufficient to govern persistence. No persistent arrange-
ment can contain & pair of specics that interacts in an unstable manner.

1. INTRODUCTION

Fuod web components may be classified as basal species [8], which are
rescurce limited and which feed on no other species in the web; top
predators, on which nothing else feeds; isovores, which feed on a single
trophic level; and omnivores, vhich feed upon more than vne trophic level.
Some of the effects of predation on species persistence have been docu-
mented by Connell [1] and Paine [7). The role of other fcod web compo-
nents in determining persistence is not well documented. To facilitate
understanding of the role played by species occupying the same trophic
level, we study a three species Lotka-Volierra competitive system. We
Cetermine, in this elementary setting in which at least one species must
s.rvive, necessary conditions and sufficient conditions for the persistence of

MATHEMATICAL BIOSCIENCES 46:117-124 (1979) 117
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two and all three species. Also, we indicate how persistence for the three
species system is governed by the nature of the two species interactions for
each of the three pairs of species. Finally, we discuss the relationship
between persistence and stability for the system.

The mathematical model has the form

" §
o »x\ o= 2, a, r} i=1,2,3, H

dr o

and may be interpreted as three basal species in competition: here, the
coefficients a, and ag; are assumed to be positive comstants, while the
remaining g, are nonnegatve constants, i,j=1,2,3 The kth species is said
to go to extinciion if there is a soiution trajctory (x,(1), x,(1),x5(¢7)) of (1)
with positive initial positicn, x.(u) >0, i=1,2,3, and asymptotic behavior
tim,_, . x,(1)=0. [Since the coordinate planes, x, =0, are invariant manifolds
for (1}, and since solutions of inihal value rroblems for (1) are unique, 1t
follows that extinction in (1) cannot occur in a finite time. Hence any
trajectory of (}) with posrtive inninl position remains i £ - first octan® for
ali time ] Fersistence, on the oth®. hand, means that no species goes extinct
In parucuiar, persistence of the 4th species means that for any choice of
positive yrutial position, limsup, . x. {1 0. "n the first part of this articie
we deiermine inequalities inve!l ing the ceefficents g, that prevent and
for e persistencs for each possibie subset of species. Tn the second part, we
relate persistence o1 the whole ensemble of species to the possible resolu-
tions of all weo species cowapetitions. In particular, there zre three biologi-
cally feasinle ways it which two species. x, and x,, can resolve competition,
given the Lotka-Volterra dynamics of {4): nne species, say the ith, always
wins. -egardiess of ital populccon sizes (-ve wiil denote this by x,»x )
the speciis coexist in a stable msnrer. no matter v hat the initial population
sizes (xe+x)); or the *snner of the compettion depends upon the initiai
populaton si.es {, - x;).

These situations correspond respectively to the nonexssience of a positive
silibrium, the existence ¢f an «symp:ioticallv stable positive equiiibrium,
znd the exrdense of a saddle point type unstable positive equ’hibrium n the
2 x, plane. Geogetpeally, these three mutually exclusive situations are
repressuted by differant 1.latve positions of the intersections of the sets
Sp=i{x.x)ian- a,x,— @, =0} and 8§ ={(x,.x}. 09— a;x,~a,x +:0} with
the x;x, plane. As s rvell knowrx the locaticn of these x,- and x -1soclmes in
the x.x, plane determines e com selitic n OULCL aEs.

Algebraically, ihese twe ¢ ccies interaction schemes we characierized in
terms of wequaliies wvolving tue coeificients of (1):

X2 X, Uigd;, >4y, A Uiy, 7o Ay

Y CaX;: Gty > 8,850 Bty %, T,
(. o L, ;

Rl XN ali)ajz ~ aiju;O‘ Qoki,. > a4

« A7
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We are addressing the following question. Given the competitive interaction
outcome for each pair x,x; x,x;, and x;x;, what can be said about
persistence and extinction of the entire system?

Persistence (or the lack of extinction) is a global phenomenon. Classical
approaches employing equilibrium stability gnalysis (Rescigno [9]) or
numerical procedures (Gilpin [3]) deal with local behavior and cannot
generate the general persistence conclusions we desire. Other relevant
references are the articles by May and Leonard [6] and Strobeck {10}, where
stability and behavior aspects of Lotka-Volterra competitive systems are
discussed. The paper of Grossberg [5], which appeared after our originai
draft of this manuscript but influenced the flavor of this revision, deserves
mention. In the article [5], which does not discuss persistence per se, it is
asserted that the global qualitative behavicr oi competitive systems can be
determined by “keeping track™ of which species is winning the competition
au each time along each trajecioay. tois 38 s, 2l G gecmetncally in terms
of the configuration of the isoplanar surfaces, and conditicns aie de-
iermined under which every trajectory approaches some cquilibrium or,
alternatively, when oscillations occur. In view of this article, our results can
be obtained Hy checking how the isoclines are abigred iu each of the
coordirate planes x; =0 bounding the first oe'r i Kyt “= {(x, 3, x,) 1 x, >0,
i={.2,3}. These geomstncal crilena are related to the analytical conclu-
sions obtained by our approach, which was motivated by the work of Gard
and Hallam [2) on persistence in simple food chains. The mein distincuon
vetween these works is that the ecologically ielevant problem of persistence
can be attacked without having to analyze the complete trajectory suucture
of the system in R;* (which can be complicated; see [5]); omy the svstem
Fehevior nea: the exiinction bsundaries rezd ge studied.

2. EXTINCTION RESULTS

As meatiored in the introducuen, ir is warossik's jor all speck:s to g-
extinc. simulianecusly: @ tea® it species Mol awvive. Indeed, since we
2re assuming that the parameisrs gy ¢ = 1.2,3, are positive. the fact tnat e
equilib ‘um (0,0, canpot attiact any tra,ectory in K,' ¥ follows oy eler=n
ary iinearization analysis of (1). 'The folloviag results concerming w0 and
sae species extinction (one and iwo specics peisistence;, are valid for
solution trajectories {x,(1), xx({). x1¥) of (1) with positive initiai positicis
[(x:(0), X,(0), x5(O) € R+ 9.
THEOREM |

Necessary conditions for the existeace of u trafeciory satisfving o, e % (5
>0 and i, x(1)=0, i=x, are

Gy Oy = BiBpm i 54k. {2)

4

-
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'

Replacing the inequality in (2) with strict inequatity yields sufficient conditions
Jor the existence of such trajectories.

Define b, = a,pa,~ apa,; and ¢;;=a,a;— a;a,, and let

b, ] b,
dﬁako-ak,[c—’rak,.{—’}, ksij, is).

<

ij 7

THEOREM 2

Necessary conditions for the existence of a trajectory satisfying lim,_, o x,(f)
=0 gnd lim,_, , x,(!) >0, i *k, are

bb, >0, i), ij#k, 3)
4, < 0. 4

Again, (3) and strict inequality in (4) give sufficient conditions for this type of
extinction beharior.

Before giving the proof of these results, we note that all trajectories of (1)
are bounded. [For eact i, dx; /di < x(a5—a,;x,).]

Preof of Theorem 1. 1In order for the kth species te survive while the
ciber *wo species go extinct, it follows from the theory of dynamical
systems that lim, . x,(1)=a./ax; 1€, the trajectory approaches the
equilibrium x; = g/ a;.. x,:=U, 7+ %. This equilibriuin can attract such a
trajectory origirating in R;*® only if it is not situated in either of the
regions where dx;/dr >0, i=k; these are the rcgions below the planes
S ={(x),x3.x3) 1 g9—27 a,x,=0}. Geometrically, thi> means that neither
plane §; can intersect the k-axis above the equilibrium value x, = a4/ a,.
Tne inequalities (?) =xpress this condition analyticaily. On the other hand, if
strict inequality bolds in (2), then the equilibrium lies above both S, i=£k.
This guarantees that the equilibrium x, =g,/ ay, x; =0, iz=k has a nontri-
vial stable manifold that intersects R,*'?; i.e., there exist trujectorizs with the
asserted behavior.

Proof ¢f Theorem 2. As n the proof of Theorem 1, we begin by noting
the¢ when a model trajectory in R0 represents a species which goes to
extincion while the remaming two species survive, the trajectory must
approach the equilirium x, =0, x,= b, /¢,;, x;=b;,/c;; [which must exist in
the region {(x,,>,,x3): % =0, x,,x; >0}). This implies that b;; and b, must
have the same sign, which is just the condition (3). Also, as in the previous
proof, the equilibrium cannot be situated in the region where dx, /dr >0,
the half space below S;. Geon:etrically, this ineans that the equilibrium
carnot be below the line which is the intersection of S, and the x, =0
coordinate plane. Algeb;uaicelly, this condition is the inequality (4). The

e
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“

strict inequalities imply for the robust case b, >0, b; >0 that there exists a
positive equilibrium in the x,x; plane having a stable manifold that inter-
sects Ry When both b, and b, are negative, the local equilibrium
structure is a saddle point. Hence, there is a single extinction trajectory of
the desired type.

3. PERSISTENCE AND EXTINCTION ‘
AND TWO SPECIES COMPETITION CONFIGURATIONS

The results of the previous section are now employed to list the cases of
persistence and extinction for the system (I, assuming a priori knowledge
of all two species interactions. While these rosults are primarily of a
bookkeeping character, they do generate some interesting theoretical
hypotheses for competitive systems.

In the listings that follow {/,; k} can be any permutation of {1.2,3}. Fo-
any such permutation, there zre sixteen different configuravsens for the two
species mteractions.

Persistence {of all species) can only occur in the following four cases:

Al X3

A2 xpee Xy Xy B X5
A x e Xy Xy P X
Ad. XXy K€K,

‘v the last thren of these cases additional conditions are required for
stence: Al dy #0A3 420,420, A4. 450 d G and d, > 0. The
species arrangement A.l has been called nontransitive by Giipin [3] and
AMay and leopard [6]. Biological occurreuce ol nonwransiitve types of
interactionz has been discussed in these articles. These authors also demon-
strute (numernically and analytically) rat an expected type of asymptotic
hekavios associated with nontransidve sysiems is bounded oscillatory me
i {see 15 for the »recise behavior. which is determined by a cycle grapi..)
Fytneten ocowrs in cases A2 A4 il the crtrespopding additional
Crelons snentioned above are violated. in particular, if 4, < 9, there will
be wrac done with the kih sposies going to extinction while the others
s tver and similarly for ¢ 2o in those cases where tie conwitions & >0
wud d » 0 ure imposed for persis
Soirs exunction must occur in each of the remaining twelve cases,
B.E-B 10 (8ee fable 1) That s, for each of these cases there exsis a

SR
recon, calfed the regron of extinction, in Ry©Y such that any wajectory
omginating .o this region will possess  ome component species which goes to
extineuon. Table [ hsts these ¢.sen according fo t @ comosp adin, #wo
species competitica configuranon, i mndicates precisely wioch species g0 to
extnction and gives (he additional condition. required to dastingmish ihe
exiinction behavior in case e latter 1s not umigue.
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TABLE |
Interaction Species that go to extinction
X ; P Conditions needed
arrangement in the region of extinction®
i s to determine

Case  XpX; X;, Xy X, X x; x; X, mode of ¢xtinction
B.S x®»x;,  x»x,  x®x,  No Yes Yes
B.6 xex,  x»x,  x»x,  No No Yes
B.7 XX, u3x xx%x;  Yes Yes No

No No Cond. d. <0
B.8 x,..%.xj x®»x,  x®x, Yes ' No Yes

No Yes Yes
B9 x,+ X u®x;  x»x Yes No Yes
B0 xex, x>x x3x Yes Yes No
Bl Xetex xox x2»x, No Yes No
B.12 x,—-z» X xoxy x®x,  Yes No Yes

No Cond. No 4<0
B.13 x,+xj xox, xex, Cond. No No d,<0

No Cond. No a,<0
B.'4 x ..!.xj Xadex, x>x, Yes Yes No

v
: No Yes Yes

B.15 x,.}...xj x,«t..x,‘ xex,  No Yes Yes

No Yes No
B.16 x,—-i»xj x,.<-t»x,‘ x,.-%ox, Yes Yes No
Yes No Yes
No Yes Yes

*Cond. = conditional.

For example, in case B.7 there will be trajectories criginating in the region
of extinction with species i,j going extinct and species k surviving, and if
d, <0 there will also be trajectorics along which the ith and jth species
survive while the kih goes to extinction. In case B.13., precisely one of two
situations develop. Either along all trajectories origin:ting in the extinction
region the ith species alone will go to extinction (if d,<0), or along all
trajectories the jth species will be the single species that goes to extinction
(d;<0).

We conclude this paper with a brief discussion on the relationship
between persistence and the existence of an asymptotically stable
equilibrium for (1) in R;**°.

.-7,
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4. STABILITY AND PERSISTENCE

For the system (1), the persistence and asymptotic stability of a positive
equilibrium are independent. The nontransitive arrangement A.l is an
example of a persistent system with an unstable positive equilibrium. This
can be verified by utilizing a local stability analysis, employing the Routh-
Hurwitz criterion. d

Another example of a persistent system with an unstable positive
equilibrium is found in the work of Strobeck [10], who developed necessary
and sufficient conditions for an s-dimensionai Lotka-Volterra system to
have a stable positive equilibrium. He illustrates his result with a three
species example in which stability is changed to instability through modifi-
cations of species growth parameters. Strobeck’s stable system has
coefficients

L1 12 4
Gyt 3030803
4 3o g3 '{ J=0.1,2,3 respectively.
ay: 4,1 31 |

This example fits the crrangement x,«»x,, Xe2X;, X,3» X,, which is case A3
with {i,j,k)}={2,1.3) 1o ovr schenwc. and i1s persistent. since d, and 4, are
positive. If we multiply the a,; and 7, coeflicients in the above example by
three, we- obiain Strobeck’s examyple in w ..ch mnstability occurs. However,
the persistence anal_ sis is identical to that for the stability exampie.

Tioe gystera (1) need Lot be persistent even if there exists an asvinptot- ‘
caily stahle positve eguiabrium. Gob (4] has ccasidered such a system with
parsi eters '

2680507 |
T
&0 13, 1,02,03 1
rye 21,02,1,09

J

F=10,1,2,3 respectively.

He found that the equilibrium (1, 1, 1) is asympiotically stable and, by using
numenical computativn, also found tha! this system Las a trajectory with the
x; and x; com onents avproaching zero. thic example fits our urrangement
8.2 with {i.ji,k}=={..0,3}, so tha. our clas:ification of sxtinction agrees
with Gol's result; necie here thet the second mode of extinction lisied in
case B.12 (1.e. trajectorics along which only the 2nd species goes extinct)
does nut oceur, sinex d; >0 m this exampie.

5. SUMMARY AMD CONCLUSIONS
The porsistence-extinction theory of three dimensional Lotka-Volterra-
Gzuse compatitive models is developed. Characterizations of the two possi-
bie types of extinctions :re chitained. Using these characterizations and
40 -



124 T. G. HALLAM, L. J. SVOBODA, AND T. C. GARD

arrangements of two species interactions, all instances of persistence and
extinction are determined.

By delineating persistence and extinction, several ecological hypotheses,
are generated. These include (1) the inability of a species to successfully
invade a stable coexisting subcommuraty {which is mathematically ex-
pressed here as d < 0) always resiul's in a nonpersistent system: {2) no pair
of competing species which interact in an unstable manner can be a
component of a persistent competitive system. The results also demonstrate
theoretically that knowledge of pairwise species interactions will not, in
general, determine the outcoine of three species competition.

The authors would like to thank Dr. R V. O’Neill and Dr. D. L. DeAngelis
Jor helpful comments on ihe manuscript. 4 referee kindly pointed out a recent
related reference and suggested replace menr of our analytical proofs hy geomet-
ric ones. This research was supported in part by the Office of Naval Research
under contract NOG14-78-C-0256 (T.G.H; L.J.S); in pari by the Naticnal
Science I'oundation’s Ecosvstem Studies Program under Interagency Agree-
ment No. DEB 77-2578i with the U.S Derartment ¢f Energy under contract
B 7405-eng-26 with Unior Corbide Corporation (C.G.H.): and in part by the
Environmental Piroiection Agerey vinder Grant R806161010 (T.¢C. ).
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PERSISTENCE IN FOOD WEBS-—I
LOTKA -VOLTERRA FOOD CHAINS

BWTHOMAS C. GARD
Department of Mathematics.
University of Georgia.
Athens, Georgia 30602, U.S.A.

ETHOMAS G. HALLAM
Departments of Mathematics and Ecology.,
University of Tennessec,
Knoxville, Tennessee 37916, U.S.A.

Persistence extinetion in simple food chains modelled by Lotka Volterra dynamics is
governed by a single parameter which depends upon the mterspecific interaction cocfficients,

the intraspecific interaction cocflicients, and the Jength of the food chain. In persistent

systems with nonzero carrying capacity. two new features predominate. Trophic level

influence factors relate persistence on different trophic levels and determine. in conjunction

with the persistence  parameter. the magnitude of persistence.  Equilibrium  component

ordering, which results m persistent systems. mandates once agaid that systems need o be

studicd on the complete ecosystem level: statie ficld measurements reflect species location in

the food chain. the 1otal length of the food chain and assume characteristics according o

these factors. '

I. Introduction.  Of numerous ccosystem stability considerations. probably
none affects ccosystem structure as drastically as the extinction of a
biological species (e.g. Paine. 1966). Public concern about projects such as
the TVA Tellico Dam Project. where the persistence of the snail darter
Percina tanasi is in doubt (Holden. 1977) demonstrates that extinction of a
biotic component of a food chain is topical as well as ccologically
fundamental.

In view of the importance of persistence extinction phenomena. it is
somewhat surprising that the modelling and analysis of ccosysiéms have
not concentrated foremost upon species survival, The influence of stability
developments in the engineering and mathematical communities  was,
undoubtedly. mitially too inviting and overwhelming.

. “f2- x77
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Ecosystem stability considerations are maturing and evolving with
practicality and realism in focus (Holling, 1973: May. 1974 Maynard
Smith, 1974: Patten. 1974): however, a generally applicable theory of
stability for ecosystems is. at best. in infancy.

Goodman (1975) states that “minimally, stability means persistence.” In
this article, we initiate a study of the fundamental aspect of ecosystem
stability, persistence-extinction, with emphasis upon developing techniques
which might be applicable in a general setting.

Persistence attributes of stmple deterministic food chains of arbitrary
length which are modelled bv Lotka-Volterra dynamics are investigated.
Here a simple food chain has trophic levels which are functionally regarded
as a single species. The dynamics of each tropbic level is governed by the
adjoining trophic levels which immediately precede or succeed it
Persistence is, in gencral, a global property of a dynamical systera: it 1s not
dependent npon interior solution space structure but is dependent upon
solution behavior near extinction boundaries. .

Equilibrium analysis used in conjunction with linearization techniques
has been a principal tool used for studying the survival problem
(Freedman and Waltman, 1977, May. 1974: Rescigno and Jones, 1972;
Saunders and Bazin, 1975). Such approaches have not been particularly
fruitiul for higher dimensicnal food chains basically dug to intrinsic*
complex analytical and topological problems: for example, classification of
recurrent solutions of higher dimensional dynamical systems is, at best,
difficult. Other techniques. for example. grapn theoretical ones, liave been
of seme utility in. higher dimensional food chains (Yorke and.Amderson,
1973). : T

The qualitative approach employed here introduces the concept of a
persistence or extinction function, which is essentially an appropriate
system transforiration in the Liapunov tradition. This technidue yields
(global) persistence or extinction results iom the system structure without
a priori information of the asymptotic character of the model solutions.

2. Preliminary Terminology and Techniques. Let R, denote the non-
negative real numbers and R” the nen-negative cone in R"; that is, R
=!veR":x=(x,....x,) where x;eR,, i=1, 2,...nj. The positive ccee
in R"is R ={x€eR" :x=(x,....x,), x,>0].

The models considered here are of the form

X=X LN Xy o0 X)) i=1,2,.. 0 '=d/dt; ()

where each f; is a continucus function from R% to R and is sufficiently
smooth to guarantee that initial value problems for (1). with the initial
S5
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position having non-negative components. have unique solutions.
The primary theme develops persistence of a food c¢hain modelled by (1)
in the following sense.

Definition 1. System (1) 1s persistent af each solution ¢ =¢p(1) of (1) with
P(0)e R, satisfies lim sup, ., ¢,(1) >0 for all ii 1 Li<n, and 1€(0,T,] where
{0, T,) is the maximal interval of existence of ¢. If (1) 1s not persistent, then
there 1s a solution ¢ with @(0)e R"Y where some component, say ¢,

o satisfies limy, . ¢, (1) =0 jor some v in (0. T,}. As we shall be concerned with
persistence of the compiete food chain, any solution of (1) considercd
subsequently will tacitiy have initial value in R,

Iyt is known that the maximal nterval of existence of all solutions of
(1) 1s [0.2), (that is, T,= ) then it follows from the assumed uniqueness
of solutions of initial value problems that persistence-of (1) is determined
by using only ©=w in Delimtion 1. ‘

in the sequel, the well known comparison technique is employed. It is
convenient to categorize the diiferental equations employed as comparison
equations in the following terms. et @ be a continuous function from R,
inte R. The differennal equation :

' = rolu) (2)

s of persisient type provided any sclution Y =y(r) of (2) with ¢(0)>0
satisfizs imsup, - (1) >0 for 2l ¢ (0. ».]. The equation (2) is of extinction
type provided any solution v of (2} with y0)=0 satisfies lim,_ y/t)=0 for
some 7 i (0, £ 1. For example, if the right side of (2) is w{u)=2au, then (2)
is of persistent type whenever 220 and of extinction type if 2 <0. :
The concepi of a persistence (extinction) function is now introduced. It ‘is
tacitly required that the functions p and « used subsequently be continuous
functions from R" to R, which are continuously differentiable on RY.

Definition 2. A funcuion p is called a persistence function for sysiem (1)
if the following are satisfied: '

() plx;, X500 X, ) +0 10 x;—0 for some i i=1, 2,....n;

{1t} p satisfies the diffcrential inequality p 2 @ip) wherein

n ¥
CCp

PXys Xy s XsJ= ¥ -

) .‘-." /‘:‘.\:,‘.\'2,...,.‘”); (3)
TIRY

and the associated comparison differential equation u' =w(u) 15 of per:
sistent type.
yp f/¢1
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Definition 3. A function ¢ s an extinction function for (1) if the
following are satisfied:

(111) &(x,. X5 .. x, )0 only il some x,-»0.i=1.2.... n:

{(iv) & satisfies the dilferential inequality £< (e} where ¢ s defined as in -
(3} and the associated comparison differential cquation u'=wm(u) is of
extinction type.

I m(p)20 tresp. ()< 0). then —p (resp. &) is a Liapunov function in
the sense of LaSalle (1976). The existence of a persistence (extinciion)
function for (1) implies the persistence (nonpersistence: i.c.. extinction of a
component species} of system (1),

THEOREM 1. Let p be u persisience function for system (1), Then. for any

solution ¢=(¢¢.¢,.. .P,) of {1} with maximel interval of existence [0 T,).
imsup,.. Pl V>0 for each 1€ (0. T,) and each i.1=1.2,....n: that is, system

(1) is persistent. ' -

Example 1. The function ply,. v, j=x x,/i1 1 x,)1s a persistence fune
tion for the symbiotic model

X =x,1

—

e
-
3]
Lo

C Ny =

herz, p salisfies the equation = p(372 ;) which i1s of persistent type and
the condition g{x,,x,}-0 1 x;-»0 follows by noting that x, -0 and x, - %
are incompatible.

The extinction analogue of Theorem 1t is our next result.

THEOREM 2. Let ¢ be an extinction function for (L), Thew. for any
sofution P ={¢,, Pz, b} there exists an Li=12, .nond a 1,0<1E «,
such that Um, . ¢ (t)=0; that is, (1) is not persistent and extinction of some
component species results.

L

Proof of Theorem 1. Suppose that system (1) is not persistent: then,
there exists a ret0.7T,] and a j1£j<n such that limsup, . ¢(1) £t
Condition (1) leads to the conclusion that fim, . p(pi1))=0. This conclusion
is nol consistent with the assumption that the comparison equation u’
=w(u) has no solution which approaches zero since, from elementary
differential inequalities, it follows that p(¢(1))=y(t), where Y(r) is the
solution of the initial value problem u' = w(u). Y(0)= p(¢h(0)).

The prool of Theorem 2 is similar to that above and is omitted.
/3
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Example 2. The system

V=N Raxg ) a0

Xh= XL+ by, b0

shows that considerations of the maximal interval of existence in the above
theorems arc necessary. The function pix,. xa)=x,x, {1 + ax, + hx,) satis-
fics p=0 aad is a persistence function. Solutions of x5 = — x,(i + hx,) with
positive initial conditions approach zero as ¢ approaches infinity : howeser.,
soluttons of the system exist only on a finite interval.

As will be demonstrated below. the persistence of (1) can sometimes be
verified even il the persistence function does not satisfy the differential
ineguality throughout the entire region R™ but only a slab of the form
N N ERLE 02y, €4 and some £ >0]. The conclusion in these
circumstances s the establishment of 2 component hierarciy structured by
tire dominance of the species which survive the struggle for existence.

To illustzate. @ an elementary setting. our technique for determining
species sursival, we consider the quadratic mode!

Xy=Nlewbx, +cx5)
Ny=%Xate + fx, + gx,)

where 4, b, ¢, v, f, and g are constanis {not necessarily positive). Define
PIN N2} =X, X5 then

p=plia-+e)+b+1Ix, +(c+g)x,].

Suppose we know, a prieri, that solutions are bounded. If a+e¢>0, b+f
>0 and ¢+g>0 then p=(a+e)p and it follows that the system is
persistent. Whenever « + ¢ >0 ard b+ >0, then species x, survives since g
>0 on the slub (x,. v )v; e RL. O<x, <la+e¢)(c+g),. Similarly, when «
+e>0 and ¢ +g>0, species x, survives. These results are, admitiedly, not
shprp. They ai» presented only to demonstrate a technique utilized
subsequently in @ more eiaborate setting.

3. Lotka-Volterra Food Chains. By employing the techniques devetoped
in the previous section, we now classify persistence in a simple food chain
modetted by Lotka Yolterra dyaamics. The results, which depend upon the
interspecific and intraspecific interaction coeflicients and the length of the
predator-prey system, determine persistence-extinction up to & single
parameter (bifurcation) value. The presence or absence of a carrying
capacity for the food chain resource {lowest trophic levzl) has an interest-
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