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Some topicsin commutative
algebra

Unless otherwise specified, all rings in this book will be supposed commutative
and with unit.

In this chapter, we introduce some indispensable basic notions of commuta-
tive algebra such as the tensor product, localization, and flatness. Other, more
elaborate notions will be dealt with later, as they are needed. We assume that
the reader is familiar with linear algebra over a commutative ring, and with
Noetherian rings and modules.

1.1 Tensor products

In the theory of schemes, the fibered product plays an important role (in particu-
lar the technique of base change). The corresponding notion in commutative
algebra is the tensor product of modules over a ring.

1.1.1 Tensor product of modules

Definition 1.1. Let A be a commutative ring with unit. Let M, N be two
A-modules. The tensor product of M and N over A is defined to be an A-module
H, together with a bilinear map ¢ : M x N — H satisfying the following universal
property:
For every A-module L and every bilinear map f : M x N — L, there
exists a unique homomorphism of A-modules f : H — L making the
following diagram commutative:

MxN—L L

|

H
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Proposition 1.2. Let A be a ring, and let M, N be A-modules. The tensor
product (H, ¢) exists, and is unique up to isomorphism.

Proof As the solution of a universal problem, the uniqueness is automatic, and
its proof is standard. We give it here as an example. Let (H, ) and (H',¢') be
two solutions. By the universal property, ¢ and ¢’ factor respectively as ¢ = ¢og¢’
and ¢’ = ¢’ o ¢. It follows that ¢ = (J) ) ¢§') 0¢. As ¢ = Id o ¢, it follows from
the uniqueness of the decomposition of ¢ that (¢ o ¢') = Id. Thus we see that
¢ : H — H' is an isomorphism.

Let us now show existence. Consider the free A-module AM*N) with basis
M x N. Let {€z,}(z,y)emxn denote its canonical basis. Let L be the submodule

of AMXN) generated by the elements having one of the following forms:

€z y1+y2 ~ €z T Cz,p

€xi+z2,y ~ €xy,y ~ Ezay
€az,y — €z,ay) 0€zy —€azy, @€ A

Let H = AMXN)/[, and ¢ : M x N — H be the map defined by ¢(z,y) =
the image of e, , in H. One immediately verifies that the pair (H, ¢) verifies the
universal property mentioned above. O

Notation. We denote the tensor product of M and N by (M®4N, ¢). In general,
the map ¢ is omitted in the notation. For any (z,y) € M x N, we let z®y denote
its image by ¢. By the bilinearity of ¢, we have a(z ® y) = (az) ® y = z ® (ay)
for every a € A.

Remark 1.3. By construction, M ® 4 N is generated as an A-module by its
elements of the form = ® y. Thus every element of M ®4 N can be written
(though not in a unique manner) as a finite sum ), z; ® y;, with z; € M and
y; € N. In general, an element of M ® 4 N cannot be written z ® y.

Example 1.4. Let A=7Z, M = A/2A, and N = A/3A. Then M ®4 N = 0.
In fact, for every (z,y) € M x N, we have z® y = 3(z®y) - 2(z ®y) =
z®(3y) - (2z)@y=0.
Proposition 1.5. Let A be a ring, and let M, N, M; be A-modules. We have
the following canonical isomorphisms of A-modules:

(a) MQaA~M;

(b) (commutativity) M 4 N ~ N ®4 M;

(c) (associativity) (L ®4 M)®4 N ~L®4 (M ®4 N);

(d) (distributivity) (@iEIMi) ®4 N~ ®ie1(M; ®4 N).
Proof Everything follows from the universal property. Let us, for example,
show (a) and (d).

(a) Let ¢ : M x A — M be the bilinear map defined by (z,a) — az. For any
bilinear map f: M x A — L,set f: M — L,z — f(z,1). Then f = f o ¢, and

f is the unique linear map M — L having this property. Hence (M, ¢) is the
tensor product of M and A.
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(d) Let ¢ : (®ierM;) x N — Dic;(M; ®4 N) be the map defined by
¢: (in,y) — Y (z:®y).

Let f : (®ic;M;)x N — L be a bilinear map. Fox;everyi € I, f induces a bilinear
map f; : M; x N — L which factors through f; : M; ®4 N — L. One verifies
that f factors uniquely as f f oy, where ¢ : (BierM;) X N — (DierM;) ® N

is the canonical map and f = @; f. Hence ®;c;(M; ®4 N) is the tensor product
of (BierM;) with N. 0

Corollary 1.6. Let M be a free A-module with basis {e;}.c;. Then every ele-
ment of M ®4 N can be written uniquely as a finite sum ), e; ® y;, with y; € N.
In particular, if A is a field and {e;}icr (resp. {d;},cs) is a basis of M (resp. of
N), then {e; ® d;j} i j)erxs is a basis of M @4 N.

Remark 1.7. The associativity of the tensor product allows us to define the
tensor product M; ®4 --- ® 4 M, of a finite number of A-modules. This tensor
product has a universal property analogous to that of the tensor product of two
modules, with the bilinear maps replaced by multilinear ones.

Definition 1.8. Let u: M — M’ v : N — N’ be linear maps of A-modules.
By the universal property of the tensor product, there exists a unique A-linear
map u®v: M4 N — M ®4 N’ such that (u ® v)(z ® y) = u(z) ® v(y). In
fact, the map g : M x N — M’ ® 4 N’ defined by g(z,y) = u(z) ® v(y) is clearly
bilinear, and hence factors uniquely as (u ® v) o ¢, where ¢ is the canonical map
M x N —- M ®N. The map u ® v is called the tensor product of u and v. The
notation is justified by Exercise 1.2.

Let p: A — B be a ring homomorphism, and N a B-module. Then p induces,
in a natural way, the structure of an A-module on N: for anya € Aand y € N,
we set a -y = p(a)y. We denote this A-module by p,.N, or simply by N.

Definition 1.9. Let M be an A-module. We can endow M ®4 N with the
structure of a B-module as follows. Let b € B. Let t, : N — N denote the
multiplication by b, and for any z € M ®4 N, set b -z := (Idys ®t3)(2). One
easily verifies that this defines the structure of a B-module. We denote the B-
module M ® 4 B by p*M. This is called the extension of scalars of M by B. By
construction, we have b(z ® y) = z ® (by) for every be B, z € M, and y € N.

Proposition 1.10. Let p: A — B be a ring homomorphism, M an A-module,
and let N, P be B-modules. Then there exists a canonical isomorphism of B-

modules
M®A(N®BP)’Z(M®AN)®BP.

Proof Let us show that there exist A-linear maps
fM®a(N®pP) - (MRsN)QpP, g:(M®sN)@pP —- M®4(N®pP)

such that for every z € M,y € N, and z € P, we have f(z® (y®z)) = (z®y)®=z
and g((z®y) ®2) = z® (y @ z). This will imply that f is an isomorphism, with
inverse g. The B-linearity of f follows from this identity.
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Let us fix z € M. Let t, : N - M ®4 N denote the A-linear map defined
by tz(y) = = ® y. Consider the map h : M x (N®p P) - (M ®4 N)®p P
defined by h(z,u) = (t; ® Idp)(u). This map is A-bilinear, and hence induces an
A-linear map f as desired. The construction of g is similar. u]

Taking N = B in the proposition above, we obtain:
Corollary 1.11. Let p: A — B be a ring homomorphism, let M be an A-
module, and N a B-module. There exists a canonical isomorphism of B-modules

(M®4B)®@g N~M®a N  (simplification by B).

1.1.2 Right-exactness of the tensor product

Let us recall that a complex of A-modules consists of a (finite or infinite) sequence
of A-modules M;, together with linear maps f; : M; — M., such that f;; 0f; =
0. A complex is written more visually as

i fit1
"—’M;‘L’ i1 Mg — oo

The complex is called ezact if Ker(fi+1) = Im(f;) for all 5. An exact complex is
also called an ezact sequence. For example, a sequence

0-MZLN (resp. ML N0

is exact if and only if f is injective (resp. surjective).
Let f : N' — N be a linear map of A-modules. For simplicity, for any A-
module M, we denote the linear map f ® Idys : NN ®4 M — N®4 M by fu.

Proposition 1.12. Let A be a ring, and let
NLNLN S0
be an exact sequence of A-modules. Then for any A-module M, the sequence

N@AaMI N M BN QM —0

is exact.

Proof The surjectivity of gp follows from that of g (use Remark 1.3). It
remains to show that Ker(gy) = Im fp; in other words, that the canonical
homomorphism g : (N ®4 M)/(Im fyy) = N” ®4 M is an isomorphism. Let
h:N"xM — (N®a M)/(Im fpr) be defined by h(z, z) = the image of y® 2 in
the quotient, where y € g~ (x). The map h is well defined and moreover bilinear.
It therefore induces a linear map h: N”" ® 4 M — (N ® 4 M)/(Im fps), and it is
easy to see that this is the inverse of g. s}



