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sin x
cos x
tan x
cot x
sin’x
arcsin x
arccos x
arctan x
a

AB

la

| AB |

0
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Some Common Symbols in This Book

sine of x
cosine of x

lzezfndj})nttangent of x
cotangent of x
square of sin x
arcsine of x
arccosine of x
arctangent of x
vector a
vector @
modulus of vector a (or length)
norm of vector | AB | (or length)
zero vector
unit vector
unit vectors of x-axis, y-axis on the planar

rectangular coordinate system

vector a parallel to vector b (collinear)
vector a perpendicular to vector b
sum of vector a and vector b
difference of vector a and vector b
product of real number A and vector a
inner (scalar) product of vector a and vector b
right triangle
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As shown in the ﬁgure cr;/ﬁﬁang_lot which is a semicircle
centered at (). Divide an {ﬂngcrlbed rectangle ABCD in it as a
green field such that AD on the diameter and other two points B
and C on half of the circumference. The radius of the semicircle ‘
is . Now how to make A and D symmetrical about () so that the
area of rectangle ABCD is maximum?

Alternative 1. Suppose that (DA =t and the area of the

rectangle is S. By Shang Gao Theorem, S=2¢ Ja'—t.
By squaring the two sides, S" =4/ (&°—1t°). This func-
tion is complicated. However, let S'=y, t'=xr, then y

becomes a quadratic function of &, that is y =
—4x*+4a*x. According to known knowledge, y attains

2

. . a
its maximum ¢' at r==—

2° ‘
Since x, y, t and S are all positive numbers, it is |
easy to see that S is at its maximum when zz‘/—;a. Thus, I

points A and D can be found at ‘/ga from the left and the |

right, respectively, of point O.

Alternative 2: Look at the angle. Suppose /AOB =0,
then AB=asin 0, OA=uacos 0, and hence w
S=asin 0 « 2acos 0=a’ * 2sin 0 cos 0.

This is a function of §. This chapter will tell you what ¢
makes and when S is at its greatest. Alternative 2 is
much simpler than Alternative 1.

In this chapter, we shall systematically observe trigo-
nometric functions of arbitrary angle via sets and func-
tions, get basic transformations of trigonometric relations
and some transforming methods and then, on this basis,
understand images and properties of trigonometric func-
tions. In addition, we shall also know the methods of calcu-
lating the values of a trigonometric function. All these will |
be very important in future study and have wide application |

in science and technology.

Chapter 4 Trigonometric Functions 3



Trigonometric Functions of an

Arbitrary Angle

4.1 Concept of Angle and Its Extension

B As known, an angle can be seen as the figure formed by rota-
ting a ray about its end in one direction or another. In Fig. 4-1, the
& angle a is formed by rotating the ray OA about its end O in an anti-
o clockwise direction to OB. Point O is the vertex of the angle. The
_—— rays OA and OB form, respectively, the initial edge (or side) and

the terminal edge (or side).

An angle is defined as positive if it is formed in an anti-clockwise
direction; negative otherwise. In Fig. 4-1, angle a is positive. An
angle formed by the hour hand or minute hand, moving on a clock,
is always negative. For short, ‘anglea’, or * “a’, is simply writ-
ten as ‘a’ to avoid confusion.

Angles we had studied in the past are only in the range of 0°~
360°. However, other angles are often met in everyday life. For
example, in gymnastics, ‘turn round 720°” (i.e., ‘turn round 2
circular courses’), ‘turn round 1080°” (i.e., ‘turn round 3 circu-
lar courses’) are possible. In other words, angles are not limited in
the range of 0°~360°. For another example, in Fig.4-2 (1), the
angle is positive, itis 750°; in Fig.4-2 (2), the positive angle a=
210°, the negative angles f=—150°, ¥=—660".

If a ray is without rotation, the angle formed in this way is
called zero angle. In another statement, zero angle is with its
terminal edge the same as its initial edge. If a is the zero angle,

then a=0°,
750°

G

S

(1 )

Fig. 4-2
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As such an extension, angles can be positive, negative
and zero.

In what follows, angles are often discussed in the rectangular
coordinate system. The vertex of an angle is taken to be the origin.
The initial edge of an angle is the same as the non-negative x-axis.
An angle whose terminal edge (excluding the origin) is in the i-th
quadrant is called an +~th quadrant angle (:=1, 2, 3, 4). For
example, in Fig.4-3 (1), angles 30°, 390°, — 330° are all 1st
quadrant angles; in Fig.4-3 (2), angles 300°, — 60° are all 4th
quadrant angles; angle 585° is a 3rd quadrant angle. If the terminal
edge of an angle is on a coordinate axis, then it does not belong to

any quadrant.

y Yy
| B, 85
-330 / o c / /i ~ 0\
390771 130 (LD
\2/ & \ o/ *
\ —600
L — BJ |
300° B,
(1) (2)
Fig. 4-3

In Fig. 4-3 (1), the terminal edges of angles 390°, —330° are
the same of 30°and both of them can be represented by an angle in
the range from 0° to 360°® plus % times circular course, or k peri-
gons (k€Z), i.e. ,

390°=30°+360° (here k=1),
—330°=30"—360" (here k=—1).

Suppose S={f | f=30°+Fk « 360°, kEZ}, then angles 390°,
—330° are all an element of S. Angle 30° is an element of S as well
(here #=0). It is easy to see that all the angles whose terminal
edges are the same as 30°(included) are elements of S. Conversely,
any element of S has its terminal edge as the same as that of 30°. In
general, we have:

All the angles whose terminal edges are the same as the terminal of
an angle @ (included) form the set

S={B|B=a+k-360°, k€ Z},
i. e. , any angle whose terminal edge is the same of @ can always be
represented by @ plus integral number of perigons.

Example 1  Find the angles in the range 0° to 360° whose termi-

® 1o this

[ine that 0

but does not

60° includes 0

nelude

book. we
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nal edges are the same as that of one of the following angles and jus-
tify the quadrants they are in.

(1) —120°% (2) 640°; (3) —950°12".

Solution (1) —120°=240°—360°",

Then the angle with the same terminal edge as angle —120° is
angle 240°. Tt is a 3rd quadrant angle.

(2) 640°=280°+360°",

Then the angle with the same terminal edge as angle 640° is
angle 280°, It is a 4th quadrant angle.

(3) —950°12'=129°48"—3x 360°".

Then the angle with the same terminal edge as angle —950°12’
is angle 129°48". Tt is a 2nd quadrant angle.

Example 2 Provide the set of all the angles whose terminal

edges are on y-axis (represented by an angle in the range from 0° to

360°).
y Solution There are two angles from 0° to 360° with their terminal
360 . edges on y-axis, i.e., angle 90° and angle 270° (Fig. 4-4). Then,
/ @ the set of all the angles whose terminals are the same as angle 90°’s is
\J Si= {B| B= 90"+ + 360°, & € Z}
={B| B=90"+2k«180°, k€ Z},

and the set of all the angles whose terminals are the same as angle
Fig. 4-4 9270%7s is
S,={B| B=270"+Fk+ 360°, k € Z}
— {B| B=90°+180°+ 2k « 180°, £k € Z)
={B|B=90"+(2k+1)180°, k € Z},
and hence, the set of angles whose terminal edges are on y-axis is
=8 L) &
= {B| B=90"+2k+180°, k € Z}
U {B|B=90"+(2k+1)180°, k € Z}
= {B| B= 90°+ even times 180°}
U {B] B= 90°+ odd times 180°}
= {B | B= 90° + integer times 180°}
={B|B=90"+n-180°, n € Z}.

Example 3 Work out the sets of angles which have their termi-
nal edges the same as one of the following angles, and select all the
elements 8 such that —360°<3<720°,

(1) 60° (2y —281% (3) 363°14",

Solution (1) S={B|B=60"+k * 360°, kEZ}.

The elements of S satisfying —360°<3<C720° are

6  Mathematics Volume | (Part 2)



60°—1X360°=—300°,
60°+0X360°=60°,
60°+1X360°=420°.

(2) —21° is not an angle from 0° to 360°, but the set of angles
with the same terminal as —21° can still be constructed in the above
way, 1. e. ,

={B| B=—21°+Fk  360°, REZ}.

The elements of S satisfying —360°<<3<720° are
—21°4-0X360°=—21°,
—21°+1Xx360°=339°,

—21°4-2X360°=699°,

(3) S={B| p=363"14"+k « 360°, REZ}.

The elements of S satisfying —360°<C3<720° are
363°14' —2X360°=—356"46",
363°14'—1x360°=3°14",
363°14' 40X 360°=363"14".

l. (Oral) What quadrant is an acute angle in? Is a first quadrant angle%
always acute? Answer the two questions again for respectively a rightz
angle and an obtuse angle. ;

2. (Oral) Today is Wednesday. What day is the day after 7& (k& Z)
days? What day is the day before 7k (k€ Z) days? What day is the day
after 100 days? é

3. Given an angle whose vertex is the origin of the coordinate system and;
whose initial edge is the non-negative semi-axis of x-axis, construct
the following angles and show what quadrants they are in:

(1) 420°%; (2) —75% (3) 855°; (4) —510°.

I. Find the angles which have the same terminal edge of each of the fol—
lowing angles in the range from 0° to 360° and show what quadrantb
they are in:

(1) —54°18"; (2) 395°8'; (3) —1190°30"; (4) 1563°.

Work out the sets of angles which have the same terminal edgeg

S esssPinsiidecs@eass BevssPorulirssiBisssee

¥

of each of the following angles and select all those ,3'
satisfying —720°<f3<(360°;
(1) 45°; (2) —30°; (3) 1303°18'; (4) —225°.

!
H
H
H
H
i
H
¢
.
.
H
.
.
H
.
.
¢
.
.
.
p
.
¢
¢
¢
.
.
.
&
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Exercises 4.1

I. Find the angles which have the same terminal edge of each of the following
angles in the range from 0° to 360° and show what quadrants they are in:
(1) —265° (2) 1185°14';  (3) —1000°; (4) —843°10';

(5) —15%  (6) 3900°%; (7) 560°24';  (8) 2 903°15'.
2. Work out the set of all the angles whose terminal edges are on the z-axis

(expressed by an angle from 0° to 360°).

w

. Work out the sets of angles which have the same terminal edge of each of
the following angles and select all those ¥ satisfying —360°<<7<(360°;
(1) 60%; (@) —78" (3) —824°30'; (4) 475°%;
(5) 90°%; (6) 270°%; (7) 180°%; (8) 0°.

. Work out the sets of first, second, third and fourth quadrant angles

separately.

. Choose the correct answer:
(1) If @ is an acute angle, then 2aisa ()
(A) first quadrant angle.
(B) second quadrant angle.
(C) positive angle less than 180°.
(D) positive angle not greater than right angle.

(2) If @ is an obtuse angle, then % isa(C )

(A) first quadrant angle.
(B) second quadrant angle.
(C) first and second quadrant angle.

(D) positive angle not less than right angle.

4.2 Radian System

We had learnt to the measure angles in junior high school geom-

etry that 1° (1 degree) of an angle was defined to be flo of the

round angle (a perigon). Such a unit system for measuring angles

by taking degree as a unit is called a degree system. In what follows,

we will discuss another unit system radian system for measuring
angles that we often encounter in mathematics and other sciences.
Its unit symbol is rad, short for as radian.

The central angle opposite to an arc of length equal to the radius
is called an angle of 1 radian, i.e., such a central angle equals 1 rad
in the radian system. In Fig. 4-5, the length of arc AB equals radius

r and hence the central angle .~ AOB opposite to AB is an angle of

_8‘ Mathematics Volume | (Part 2)



1 radian. In Fig. 4-6, since the length of arc AC opposite to central
angle /AOC is [=2r, the radian number of /AOC is

Fig. 4-5 Fig. 4-6

When the central angle is a perigon, the arc opposite to it has
its length /=2nr, hence the radian number of a perigon is

L _27r_o.

r r

On this basis, for any angle from 0° to 360°, its radian number =
—: must satisfy the inequality 0<Cx<2m. Just like angles, the

concept of arcs is the same, the radian number of a positive angle is
always positive.

If angle a is negative, then its radian number is negative. The
radian number of angle 0 is 0. For example, a negative central angle

with its opposite arc length /=4mr has its radian number

In general, we have that the radian number of a positive angle is
positive, the radian number of a negative angle is negative, the radian
number of angle 0 is 0; the absolute value of the radian number of
angle a is

[a|=2,
where [ is the arc length opposite to @ as a central angle, r is the radi-
us of the circle.

Such a unit system with the radian as the unit of measuring
angles is called the radian system,

In degree and radian systems for measuring angle 0, the quanti-
ty is the same (always is 0) while the units are different. However,
for angles other than 0, both quantity and units are different. In
what follows, discuss the relationship between the degree and radian

systems.

Chapter 4 Trigonometric Functions 9



