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Solving Right Triangles

A C

A pumping station, with a water pipe laid along a slope, is to be
built. It can be seen from the above figure that the size of /A formed by
the slope and the horizontal plane can be measured with a clinometer and
the length of water pipe AB can also be measured directly. They are two
known numbers.

When the water pipe is laid up to place B, suppose the height from B
to the horizontal plane is BC. Because point C is inaccessible, the length
of BC cannot be measured directly. How can we work out BC with what
we know?

The above problem can be summed up that in Rt NABC, when /A
and h?ontenuse are given, how to calculate side BC opposite to A.

7ytonN u =2
After learnmg this chapter, the problem can be easily solved.



Chapter 6 Solving Right Triangles

I Acute Trigonometric Functions.

6.1/ Sine and Cosine

i

Let’s start with a set square to study the problem on the previous
page. In all set squares with no equal sides (Figure 6-1(1)), the length of
the opposite right-angle side of ,/30° (indicated with BC, and /C is a
right angle) is half that of hypotenuse ( indicated with AB). that is

opposite side of /A BC 1

hypotenuse ~AB 2
That’s to say, when /A =30°, the ratio of the opposite side of /A

1 . . .
to the hypotenuse always equals 5+ MO matter how big a triangle is.

According to this ratio, the length of side BC opposite to A can be
calculated if hypotenuse AB is given.

B
A//IC A Oc
(1) (2)

Figure 6-1

Similarly, in all isosceles set squares (Figure 6-1(2)), by Pythagorean

Theorem, we have

opposite side of /A BC BC 12

hypotenuse ~AB /BC2 -+ BC?2 :ﬁ_ 2°
That is to say. when /A=45°, the ratio of the opposite side of /A to

the hypotenuse equals \/g According to this ratio, the length of side BC

opposite to /A can be calculated if hypotenuse AB is given.
Then, when acute angle A has other fixed value, will the ratio of the
opposite side of /A to the hypotenuse be constant, too?

As we say acute angle A has a fixed value, it means that we have



6.1 Sine and Cosine

a lot of right triangles such as A,B,C,,
A,B,C,, A;B,C;, -+, they have one equal
acute angle. If we overlap A;, A,, A;, =+ and
mark them A , and make right-angle sides
AC,, AC,, AC,, -~ fall on a same straight A
line and hypotenuses AB,, AB,, AB;-- on
the other same straight line (Figure 6-2), it is

¢ G G

Figure 6-2

easy to know,
B,C, / Bzcz//BBC3//"'9
-.- AAB]C]C/)AAB2C2U)AAB3C3UD"'.
. BC_B,G_ BG_
** AB, AB, AB,

Therefore, among these right triangles, the ratio of the opposite side of

/A to the hypotenuse is a constant.

Training Exercise
In ANABC, /C is aright angle. If /A=60", what is the ratio of the opposite
side of /A to the hypotenuse?

As shown in Figure 6-3, in AABC, /C is a
right angle, the ratio of the length of the opposite

D apis ansoddo

side of acute angle A to the length of hypotenuse is
called the sine of /A, represented as sin A®, so

sin A:@posite side of /A
hypotenuse

Figure 6-3

If we denote side BC opposite to /A as a, side BC opposite to /C as ¢,
then

: a
sin A=——.
-

For example, when ./ A=30°, we have

©® Notice: this is a complete sign and it should not be written as sin = A. Angle * " is customarily
left out. the first letter “s” should be a small letter. The same rule applies to cos A, tan A, cot A, and so

Oorn.



Chapter 6 Solving Right Triangles

sin A=sin 30°——'%;
When /A= 45°, we have
sin A=sin 45°:J§.
Since the hypotenuse of a right triangle is greater than its right-angle
side, we can obtain from Figure 6-3
0<< =<1
S 0<Zsin A<<1(_~A being an acute angle).

e J[CRR  Find the values of sin A and sin B in Rt AABC as shown in
Figure 6-4.

>V

Figure 6-4
Analysis: To calculate sin A, the ratio of the opposite side of /A
to the hypotenuse is needed; to find sin B, the ratio of the opposite side of
/ B to the hypotenuse is also needed.

Solution: (1) °.° Hypotenuse AB=vVAC2+B(C?= 5,

<. sin A=§, and sin Bzé.
5 5
in A= 2
(2) sin A 13
" AC=VABZ—B(C?=144=12,
. sin BZI—Z

13
Similar to the case of sine, we can prove that when acute angle A has

any fixed value, the ratio of the adjacent side of A to the hypotenuse is
4



a constant, too.

In ANABC, as shown in Figure 6-5, /C is a
right angle, we call the ratio of the adjacent side of
/A to the hypotenuse cosine of ,~A, represented as
cos A, that is

adjacent side of A
hypotenuse '

cos A=

6.1 Sine and Cosine

=

Oapis aysoddo

adjacent side

Figure 6-5

If we denote the adjacent side of A (the opposite side of ./ B) as b,

then
cos AZQ.
c

0<<b<c,
0<cos A<<1 (A being an acute angle).

From Figure 6-1 and other known knowledge, we have:

(1) sin 3o°=%, sir 45°:%§, sin G0°=
3 V2

V3
2 b4

(2) cos 30°=7, cos 45°=*>, cos 60°=l

2"

it

!

G e

m Find the values of the following expressions;

(1) sin 30°+cos 30°;
(2) V7 sin 45°—*cos 60°.

2
Solution. (1) sin 30°+cos 30°
1.3 148
2 2 2

(2) V2 sin 450—%COS 60°

_mev2_ 1.1
=V2XG g X5
3

i



Chapter 6 Solving Right Triangles

Training Exercises
1. Find the values of sin D and sin E in the figure.

3
F E E 5 F

6’5

(1) (2)

o

(Exercise 1)

2. (1) Find the values of cos A and cos B in Figure 6-4;
(2) Compare the values of cos A and cos B with those of sin A and sin B (refer
to the solutions in example 1), and write out the expressions of sin A and
cos B, and also those of sin B and cos A.
3. (1) Find the values of cos D and cos E in exercise 1;
(2) Compare the values of cos D and cos E with those of sin D and sin E
obtained from exercise 1, and write out the expressions of sin D and cos E.
and also those of sin E and cos D.
4. Find the values of the following expressions:

(1) sin 45° + cos 45%; (2) sin 30° « cos 60°;
& o sin 30°
(3) 0.5—sin 60 ; (4) cos 30°

We have learned the sine and cosine of an acute angle, we are going
to study their relationships. We know:

T AR}
sin 30—2, sin 45 5 and sin 60 5
cos 30°:§, cos 45°:L2§, and cos 60°=%.

From the above, we can see:

sin 30°=cos 60°,

sin 45°=cos 45°,

sin 60°=cos 30°.
This is to say that the values of sine of the three special angles of 30°, 45°
and 60° are respectively equal to the values of cosine of their complemen-
tary angles of 60°, 45° and 30° (in the other way, the values of cosine of

the three special angles of 30°, 45° and 60° are respectively equal to the
6



6.1 Sine and Cosine

values of sine of their complementary angles of 60°, 45° and 30°).
Then, is the value of sine of any acute angle equal to the value of co-
sine of its complementary angle ? Figure 6-5 shows

<in A— Opposite side of /A a

hypotenuse ¢’
., adjacent side of /B __ opposite side of /A __a
cos B= = =Ry
hypotenuse hypotenuse ¢
.o sin A= cos B.

By the same reason cos A= sin B.
We notice in Figure 6-5 that S/A+ _ /B= 90°, i. e. /B= 90°—
/A. So we can also write the above formula as

sin A=cos(90°—A),

cos A=sin(90°—A).

any acute angle is equal to the cosine of its com-
plementary angle, and the cosine of any acute angle is equal to the sine of its
complementary angle.

This is to say. the sine of

EZTE (D GivensinA—y and /B= 90"~ /A, find the value

of cos B;
(2) Given sin 35°=0. 573 6, find the value of cos 55°;
(3) Given cos 47°6'=0. 680 7, find the value of sin 42° 54",

Solution: (1) cos B=cos(90°—A)=sin AZ%;

(2) cos 55°=c0s(90°—35°)= sin 35°= 0. 573 6;
(3) sin 42°54' =sin( 90°—47°6")
=cos 47°6'=0. 680 7.

Training Exercises

1. Given two acute angles of /A and /B.
(1) Write cos(90°—A) in the sine form of /A;
(2) Write sin(90°—B) in the cosine form of /A.



Chapter 6 Solving Right Triangles

V2
2
(2) Given sin 67°18 =0.922 5, calculate cos 22°42;
(3) Given cos 4°24"=0. 997 1, calculate sin 85°36".

3. In AABC, /C is aright angle, the opposite sides of /A, /B and /C area, b
and ¢ respectively. Please use the following conditions to find the values of sine
and cosine of /A first, then those of /B:

(1) a=2, and b=1; (2) a=3, and c= 4;

(3) b=2, and ¢=29; (4) a=4./5, and b=8.

2. (1) Given cos A="+ and /B=90"—_A, calculate sin B;



