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GENERAL INTERPOLATION FORMULAS
FOR SPACES OF DISCRETE FUNCTIONS

WITH NONUNIFORM MESHES'®
Zhou Yu-lin
(lnstitute of Applied Physics and Computational Mathematics, Beijing, China)

Abstract

The unequal meshsteps are unavoidable in general for scientific and engineering computations
especially in large scale computations. The analysis of difference schemes with nonuniform meshes
is very rare even by use of fully heuristic methods. For the purpose of the systematic and theoretical
study of the finite differnce method with nonuniform meshes for the problems of partial differential
equations, the general interpolation formulas for the spaces of discrete functions of one index with
unequal meshsteps are established in the present work. These formulas give the connected relation-
ships among the norms of various types, such as the sum of powers of discrete values, the discrete

maximum modulo, the discrete Holder and Lipschitz coefficients.

1. Introduction

The great number of problems for the large scale scientific and engineering computations
concern the numerical solutions of various problems for the partial differential equations and
systems in mathematical physics. The finite difference method is the most commonly used in
these computations. So the theoretical and numerical studies of the finite difference schmes
for the problems of the partial differential equations and systems naturally call people’s
great attentions.

The imbedding theorems and the interpolation formulas for the functions of Sobolev’s
spaces are very useful in the linear and nonlinear theory of the partial differential equations
[1-4]. It is natural that the analogous extensions of the interpolation formulas for the discrete
functional spaces must play the extremely important role in the study of the finite difference
approximations to the problems of linear and nonlinear partial differential equations and
systems. The discrete interpolatin formulas and their consequences can be used in the study
of the convergence and stability of the finite difference schemes for the various problems of
linear and nonlinear systems of partial differential equations of different types. And they
can also be used to construct the weak, generalized and classical, local and global solution
for the problems of partial differential equations and systems [5-11].

The finite difference schemes with unequal meshsteps for the problems of partial differen-
tial equations are much more complicated than the schemes with equal meshstep. There are
only very few simple results concerning this topic. Establishment of the general interpola-
tion formulas for the spaces of discrete functions with unequal meshsteps obviously gives the
possibility and strong apparatus for the systematic studies of the finite difference schemes

* Journal of Computational Mathematics, Vol.13, No.1, 1995, 70-93.



with unequal meshsteps for the problems of partial differential equations.

The purpose of the present work is to establish a series of general interpolation formulas
for the discrete functional spaces of discrete functions with equal and unequal meshsteps.
These general interpolation formulas give the connected relationship among the discrete
norms as the summations of powers, the maximum modulo and the Lipschitz and Holder
quotients for different discrete functional spaces. Also a series of consequences, derivations
and applications for these interpolation formulas are justified. They are very commonly
used in the further study for the finite difference approximations to the theory of partial
differential equations.

2

Let us divide the finite interval [0,!] into the small segments by the grid points {z;,|j =
0,1,---,J}, where 0 = 79 < z; < -+ < zy_; < zy = [,J is an integer and hj+% =

zTjt1—2z; >0(j =0,1,---,J—1) are the equal and unequal meshsteps. The discrete function
up = {u;|j =0,1,---,J} is defined on the grid points {z;|j = 0,1,---,J} with unequal
in general meshsteps h = {hj+% | =0,1,---,J = 1}. Let us denote Aju; = uj4; —u; or

simply Au; = ujy —u;j(j =0,1,---,J} and A_u; =uj —uj— (=0,1,---,J).

Now let us introduce some notations of the difference quotients for the discrete function
up = {u;|j=0,1,---,J}. As the discrete functions we take the notation for the difference
quotient of first order

un = {au#% _ =

=0,1,---,J -1}, 1
hros J } (1)

which can be regarded as a discrete function defined on the grid points

{zglﬁ% (1:_]‘+1+Ij)j:0,1,---,.]—1}

of the interval [z(’;) 7V 1] of length :1: % (%1) =1]- %(h% + h;_y) with the unequal in
general meshsteps

{h(+%_h1+%]—0 1, J—l}.

The difference quotient of second order for the discrete function up = {u;|j = 0,1, -+, J}
is a discrete function

j:l,-~~J—1}. 2)

The grid points of this discrete function are

(2) _ (1) (1)
{, 2(:+%”: s)

j=0,1,---,J—1}



of the interval [:c(lz), z(Jz) 1] with length 3(12)1 - :ci * and the corresponding unequal meshsteps

are

j=0,1,-~-,J—1}.

{hf” % (hjy +his)

For the difference quotients of higher order, we have

8%ujyy — 6%u,
3 _ 3 Jj+1 J s _
&up = ¢ 8u +1 T] 1-~-,J—2},
it}
63u- 1—5 U, _
(54uh={54uj= J+3 = J %j=2’...,‘]_2}’ (3)
h’j
i 62ku +1—(5 Uu;
52k+1uh = (52L+1'U.J-+§_ = h(zT)] ] = k k+ 1 - (k+ 1) )
i+3
2Ly — g2+
52k+2uh={52k+2“j= Jh%(_2k+2) lj=k+1,, 0= (k+ 1),
J
k=0,1,---,
where
1
h1+1 hjs i
2 1, ) 1 1
B = L, 4 h0) = Hhyy +hyy)
1, (2 2) 1
hﬁ)%_i(h()lJrh() g (hivy + 250y +hyy)
@ _ Lo @ _1
A = S (h9y + 2, ) = 2 (hyeg +3hi0y +3h_y +hy3)

(4)
(2k+1) _ 1/ 2k) (2k) 2k
hj+% - §(hj+1 +h; ) 22k Z ( ) J+k+ i =i

2k+1
p(2k+2) _ l(h(2k+1) 4 (2k+1)) 1 2k + 1 L
j ) j 22L+1 JHk+3—i

it+%
k=0,1,---.
The discrete difference quotients 62¥*1u; and 62"+2uh (k > 0) can be regarded as the
discrete functions defined on the grid points {z(2k+l) | 7 -+, J—(k+1)} and {z§2k+2)|j =
k+1,-- —(k+1)} with unequal meshsteps {h(2k+1)] =k,---,J—(k+1)} and {h§2k+2)|j =

k+1,---,J — (k+1)} of the intervals [zi?:l),z‘(ffa{:%)] and [zg:fl),:c_(ff:;?l)] with the



lengths lok+1 = :c(ff?::%) - :ciif;rl) and lygyo = :z:f,zfzﬁl) - ziz_:fz) repectively, where

2k+1
2k +1 .
xﬁ;l) 2%2( ; >z1+. ke =k J = (k+1));
2k+2
1 2k + 2 .
.(72k+2) 22k+1 Z ( ; )I]+l (k+1)» G=k+1,---,J—-(k+1)) (5)

and

pEEFD) _ (2k) _(2k).

i+3 Jj+1 j
k+1) _ Lok o6 . _ .
Zi} —2(J+1+ )y i=k,,J—(k+1)
(2k+2) _  (2k+1) (2k+1)
h’j J+L Ij—% ’
k+2) 1, (@k+1) | (2k+1) .
z; = (]+% +z7y )s j=k+1,---,J=(k+1) (6)
with a: =z;(j=0,1,---,J).
Let; us denote
= =0 g -1 T j=0 -1 hisy: (M
It is clear that
> AKX h(2k+1) h* > — h(A2k+2)
= =k d—(k+1) I3 7 = =kl d—(k41) 2 ’
and
ho<  min el h. < min R{2k+2)
Y7 sk d—(k+1) I+E ] Y skl d (k1)
for k=0,1,---. And it can be verified that
1 1
l > 12k+1 > | —2kh* > 5[ 1> 12k+2 > — (2k + l)h* —2‘
for k=0,1,---
3

The norms of the disctrte function up = {u;|j = 0,1,---,J} with unequal meshsteps
are defined as

1
' P
1 1 1
llunll, = §|U0|phg +> |“j|p§(hj+% +hj_ 1)+ ElquphJ_% (8)
3=
or
-
J L
”uh”p = Z 2 J+% + h’]——)lu’Jl 9)
j=0



or

J-1

1
lunlly = | 3 5 (usl? + 1)y g

and

=0

s

lluallee =

where h_y =h;,1 =0and 1<p<oo

(10)
e ol

and

(11)
[16un]|oo = max_
=0,1,-

The difference quotient of first order is the discrete function dup has the norm as

|5u1+1|

(12)
1
—1 P
6unlly = | D I6u;411Ph
=0

(13)

order for the discrete function uj, have the expressions as
and

where 1 < p < o is a real number. The norms of the difference quotients §%uy, of second
18%unlloo = _max  [6%u;|

16 urll, =
where 1 <p < o0

(14)
3
Z |62u |ph(2)

as follows

(15)

Then for the norms of the difference quotients 6*uy, of order k > 1, we take the notations

J—(k+1) 0
”62k+luh”p: Z |52k+1 J+ |Ph(2k+l) ;
J=k
J—(k+1) 7
2k+2 k42 2k+2
168254 2upllp = | D (6%, PR ) (16)
j=k+1
and
2k+1 — 2k+1
167 unlleo = .. 1655 1],
52k+2,, _ — 52k+2,,
| hlloo j:k+1,~»,J—(k+1)l 'U'le (17)
where 1 <p < 0o and k =0, 1,
Denote by
h,_ 1 h., 1
M= max I3 s
7=0,1,---,J—1 hj+



the maximum ratio constant of two consecutive unequal meshsteps or simply the ratio con-
stant of meshsteps.

4

Lemma 1. For any diserete functions up = {u;|j = 0,1,---,J} defined on the
grid points {z;|j = 0,1,---,J} with unequal meshsteps {hj_,_% = zjy1 —z; > 0]|j =
0,1,---,J—1} of the interval [0, ] of finite length | < oo and for any constants 1 < ¢, < oo
and q < p < o0, there is

— U S |
llunlly < Clunlly*16unlly + 17~ |Junlly) (18)
with i i .
_:—_a+a(——l) (19)
P q r
and
1
0<a< —3 <1, (20)
I==d =
T g

where C is a constant independent of the constants p,q,r, the finite length 1 < oo, the
meshsteps {hj+% >0|j=0,1,---,J — 1} and the discrete function u.
Proof. For any up = {u;|j=0,1,---,J}, we have

m—1
luml|? = |ug® < [ul, —ud] <d Y (Juse | + lug|* ) Juje — ),
-

whered>1land 0<s<m < J. Let 1 <g,r < co and

1 1
- +-=1.
g T
Here we then have
1 1
m—1 7 |m-1 iy = r T
= = +
luml® <d | 3 (w470 + 1wy | [ D0 2| hjey| +lual®
j=s j=s
1
m—1 L
<2d | 3 (a4 + Jus |09 hs y | lBunlls + fugl®
j=s
<2d2’ ”uh”(d 1)9”5uh”7 + “us”d'
Take (d — 1) = g(g > 1), then
1
1__.¢
1-— l + l
r q



If for j =0,1,---,J, |uj| > a >0, then
llually > alt.
Thus there always exists such a ug, that
lually > Juslis.
Taking this special uy, we get for any m =0,1,---,J,
[uml? < ddlfunlld~ lunllr + 1 % lluallj-

Hence we have )
1-— —1
llunlloo < Allunlls™ 2 [I5unlld + 7% [[unlly,

where (4d)§ <4ford>1.
For any 1 < ¢ < p < o0, there is

llunlly < [lunllts llwnll}-
Therefore, we have

- 1_1
llunllp < 4llunlly™*16unlly + 17 < [lually,

where
1 1
q P
o=
1 1
1-=4=
T q
forany 1 < g <p<oo.
By means of Holder inequality, we have
llun [lun
ually & ealle < uppte,  p>g
le l»
and then also 15l
Up
—lr < l6un|co-
These show that
Jim llunlle = llunlloo, — lim [jounll; = [|6unllco- (21)

Hence the obtained estimate is valid also for 7 = oo and ¢ = co. Then the lemma is proved.

Lemma 2. For every discrete function up = {uj|j = 0,1,---,J} defined on the
grid points {z;|j = 0,1,---,J} with unequal meshsteps {hj+% = zZjp1 —Z; > 0]F =
0,1,---,J—1} of the interval [0, ] of finite length [ < co and for any constants 1 < g,7 < 0o
and ¢ < p < o0, there is

6% unll, < C(UI8 unl L= N6+ unl|® + 137 (|6%unll,) (22)



with

i 1= 1
2.2 a+a(——1) (23)
P q r
and
1
0gag —IL—7 <], (24)
G B
rogq

where k£ > 1 and C is a constant independent of the constants p, g, r, the finite length Il < oo,
the meshsteps {h; +1> 0]7=0,1,---,J — 1} and the discrete function u, and dependent
on the ratio constant M of meshsteps.

Proof.  For the sake of brevity, let us consider the case of k being odd integer, k =
2k'+1,k' =0,1,---. Then let vy = 6*uy, or

vn={v; =*uj 4 li=F,--,J - (K + 1)}
This discrete function vy = 6*uy, is defined on the grid points
{vi=a¥ 1=K, T +D}
with the meshsteps

(k) k) (k+1) -
{Tn% =Y T Y= T ‘I§+; =hiy I =k',-~-,J—k'—2}

on the interval [yx, v —(k41)] = [zi’fi%,x(f_)k,_%] of length Iy = yy_p_1 —yp = :c(f_)k,_§ -

If:)+l > 11. Here we also have dvy = 6**1uy, in fact
2

k _ Sk,
_ Vj+1 — V5 _ 1) Uj+% 1) 'U.]—{-% — 6k+lu~
Tl k1) J+1
I+3 j+1

5“J‘+§

forj=k---,J—k' -2
By the same way as the begin of the proof of Lemma 1, we have ford > 0,k' < s<m <
J—k'—1land 1<gq,r < oo with §+ % = 1, the estimate

1 1
m—1 9 Im—1 5 . r r
j+1
ol < 2 | S (01l + 031754 ] N
Tiyd 2
j=s j=s Itz
or
- 1
m—1 9
k k k k+1
[0 314 <2d | 37 (165254317 + 1654 4 [ RSETY
L i=s

1
v

—m—l
k+1
x | ST 18wy TR |+ 1Ry 4,
j=s




where ¢ = (d — 1)g > 1. Then we have

L1
6%ty 3 |4 < 2dW 5|65 up]l + 1654417,

where

J—k' -2
k+1
W= 3 (188,51 + [6%u;, 4 |)RERY.
j=k'
Here we have
(J—k'—2)
- k+1) k+1 k+1
W o=[Fue g [TRETY + 30 1650, 1R + AEY)
j=k'+1
(k+1)
+ l5ku1—k'—§|qh1—k'—1
RE+D) J—k' =2 RUHD | p(e+1)
—|15k (k) k'+1 k (k) 3 j+1
=107 up g "y 0 + 218 ui3lhiyy B8
k'+3 Jj=k+1 i+3
) R+
k J—k'—1
+ |5 u.,_k,_%lqh.,_k,_% h(T‘
J-k—1
pk+1) R+
<2)|8 unllg max 2o max 2]
j=ki 1=kl =1 p(K) 7 ek Tk -2 p(K)
i+3 i+3
Since
1 2K'+1 2K 41
Z — i) | P
h§k+l) =h§2k +2) _ 2E+ Lo ( i ) J+k+3—i
L8 L@F+T) 1 2K
it} ity 27;)( i V ik sy
1
S+ MM, =KL T - K -]
and
R 1
J k—1 ! ]
h(k) S§(1+M)M ) J—k’ 1J—k_21
it+3

then we have
W < (14 M)M*|685un]|g.

This shows that
1, k=t _
|65ty 3 |4 < 2d(1+ M)s M5 (|65 unllg 165 unllr + 165 0,4 4|
Similarly to the proof of Lemma 1, we get the estimate
_ 1_1
165 unlly < C(M)(||8%unlly 185 unlly + 17 (|8 uallq)

with
1 l1-a (1 )
—=—+4al|l--1),
p q T



where C(M) depends on the maximum ratio constant M of two consecutive unequal mesh-
steps. This gives the result of the lemma for the case k = 2k’ + 1 being odd.
For the case of k being even, k = 2k', k' =1,2,---, let us denote v, = &5uy, or

vp = {vj =6Fu;|j =k, J— K}
This discrete function vy, is defined on the grid points
=27 1i=k 7 -k}

with the meshsteps
_ (k) k) _ p(k+1) | -
{Tj+%=yj+1—yj—x§+1 2§ =hjy |J—k',---,J—k'—l}

on the interval [yx,yj—x] = [zi, :cJ k,] of length Iy = yy_p —yp = :z:(f)k, - a:k,) > 1l

Here we have dv, = 65 uy, in fact

k k
S _ Uj41 Yy _5ui+1—5 uj—5k+1u-
Tird BT i+3%
It3 j+§

forj=k', -, J—k' -1
Similarly we have ford > 0,k' <s<m < J—k'"and 1 < ¢,r < co with %+%=1,the
estimate

1 1
m—1 9 | m—1 v, r 5
41—
loml* < 2d | ) (Joja]® + vj]M)75 L=l | + 160
it} Itz
j=s j=s
or
1
m—1 9
k, |d k k k+1
6 uml? <2 | 37 (1854117 + 185, 1R
j=s
1
m 1 T
k+1
|6k+1 ujys | h;:%) + |65 u, |9,
] =s

where ¢ = (d — 1)g > 1. Then we have also
65 um|* < 2dW 5 [|65 upll, + |65 uy|?,

where
o (k+1)
W = Z (|<5"uj+1|" + |(5kuj|")hj+% .

i=k

Similarly, we can prove that

W < (14 M)M*|[6%u)2.
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