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Chapter 1
Vector Analysis

1.1 Introduction

Electromagnetic field is a vector field. Thus vector analysis is one of the basic
mathematical tools for studying the properties of electromagnetic fields. In this chapter, we
mainly introduce the essential knowledge of vector field theory: the vectors operation, the
gradient of scalar field, the divergence and curl of vector field, and the operation rule of
operator V called del or nabla which is important for the operation of the vector fields. Later,
we will introduce some important theorems of the vector fields, and the property of Dirac delta-
function § in this chapter. Although, in the study of the electromagnetic field theory, the all
mathematical tools are not only these, what we introduce in this chapter will play an important

role in our discussion of electromagnetic field theory.

1.2 Vectors Operation

Most of the quantities encountered in the study of the electromagnetic field theory can be
divided into two classes, scalars and vectors.

A quantity, such as mass, length, temperature, energy and electric potential, which only
has magnitude, is called scalar.

A quantity, such as force, displacement, velocity, electric field intensity and magnetic
field intensity, which has both magnitude and direction, is called vector. In this book, vectors
will be represented by boldface italic types.

A unit vector is defined as a vector of unit magnitude and will be written as a. If a unit
vector a@ is chosen to have the direction of vector A, then we can write vector A as

A =A4a and a = 4
A
We also can say that a is the unit vector of A.

It is often more convenient to represent vectors by arrows, with the length and direction of

the arrow representing the magnitude and direction of the vector, as shown in Figure | -2 —1.

Two vectors A and B are equal if they have the same magnitude and direction. We can only




compare vectors if they have the same physical or geometrical meaning and hence the same
dimension. If the magnitude of a vector is zero, the vector is called null vector or zero vector.
This is the only vector that cannot be represented as an arrow because it has zero magnitude.

We also can define the vector area. Suppose that we have a plane surface of scalar area s.
We can define a vector area s whose magnitude is s, and whose direction is perpendicular to
the plane, in the sense determined by a right-hand grip rule on the rim, see Figure 1 -2 -2.
This quantity clearly possesses both magnitude and direction. Similarly, a vector element of
area is ds. Its direction is determined as a matter of fixed convention by the right-hand-thread
rule.

ds =dsa,

a_ is the unit vector of the normal direction of ds.

n

Figure 1 =2 -1 A vector A Figure 1 =2 -2 A vector area §

1. Vector addition and subtraction

Vectors can be added each other, and it gives another vector. The operations of vector
addition obey the commutative and associative laws.

Commutative law ; A+B=B+A (1-2-1)

Associative law : (A+B) +C=A+(B+C) (1-2-2)

To add two vectors A and B, it gives another vector C, C =A + B, the triangle of vectors

or the parallelogram of vectors gives the rule of two vectors addition, shown in Figure 1 -2 -3

below.

A
Figure 1 -2 -3 Vector addition: C =A +B

By C=A + B, it means a vector C can be replaced by two vectors A and B. In other
words, a single vector can be replaced by two vectors which have the same effect and are called
the components of the vector. Any vector can be resolved into components. Conversely, two
vectors can be replaced by a single vector which has the same effect.

If B is a vector, then —B (minus B) is also a vector with the same magnitude as B but in
opposite direction. So we can define vector subtraction, C =A - B, as

C=A+(-B)
Figure 1 =2 —4 shows the subtraction of B from A.



Figure 1 -2 -4 Vector subtraction; C =A - B

2. Multiplication of vector by a scalar

Multiplying a vector A by a scalar k, we obtain a vector B such as
B =kA
The magnitude of vector B is simply equal to |k| times the magnitude of vector A. If k>0, B

is in the same direction as A. If £ <0, B is in opposite direction from A.

3. Scalar product

The scalar product of two vectors is also called dot product of two vectors, or inner
product. The dot product of two vectors A and B is written as A * B and is read as “A dot B”.
It is defined as the product of the magnitudes of the two vectors and the cosine of the smaller

angle between them, as illustrated in Figure 1 —2 —5. That is

A*B = ABcosf (1-2-3)
It is obvious that the dot product is a scalar and it obeys the commutative law
A*B = BAcosf = B-A (1-2-4)

Equation (1 -2 —3) is an algebraic expression for the dot product of two vectors. Its
geometric meaning is that the scalar product of two vectors A and B is a product of the
magnitude of vector A and the projection of vector B on vector A, or the magnitude of vector B

and the projection of vector A on vector B, as shown in Figure 1 -2 -5.

>

A

Figure 1 -2 =5 TIllustration for the dot product

The magnitude of a vector A can be obtained by let A =B in Equation (1 -2 -3),

A= JA-A (1-2-5)

The scalar product also obeys the distributive law

A*(B+C)=A*B+A-C (1-2-6)

Example 1 -2 -1 If A, B, and C form the three sides of a triangle with angle 6 opposites to

side C, use vectors to prove the law of cosine for a triangle



C=[A’+B" -24Bcosf]"”’
Solution: From Figure 1 -2 -6, we have
C=B-A
The magnitude of vector C, from Equation (1 -2 -5), is
C=J/(B-A)-(B-A)
In terms of Equations (1 =2 -6) and (1 =2 —4), we have
(B-A)-(B-A) =B>-B-A -A-B +A* =A> + B> —2ABcosf

Therefore ,
C=[A* +B* —2ABcos#]"”?

B

A
Figure | =2 -6 A triangle formed by A, B, and C

4. Vector product

The vector product of two vectors is also called cross product, or exterior product. 1t is
written as A X B and is read as “A cross B”. The cross product is a vector which is directed
normal to the plane containing A and B and is equal in magnitude to the product of the vectors
A and B, and the sine of the smaller angle between them. That is

A xB =a  ABsinf (1-2-7)
where @ | is a unit vector perpendicular to the plane containing A and B, and its direction
follows the right-hand grip rule: if the fingers of your right hand curl from A to B then the
thumb points in the direction of A x B, as shown in Figure 1 =2 —7. It shows the direction of
a | is perpendicular to both A and B.

) B

Figure 1 =2 =7  Illustration for the cross product

It is easy to show that
AxB=-BxA (1-2-8)
Thus, the operation of vector product is not commutative. We also can show that the cross
product obeys the distributive law
Ax(B+C)=AxB+AxC (1-2-9)
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The cross product of two vectors also has its geometric meaning: If it is a parallelogram
with A and B as sides, as shown in Figure 1 =2 —8, the vector area s of the parallelogram then
is given by

s=AxB (1-2-10)

Figure 1 -2 -8 A vector area s constructed by vectors A and B

It also can be said that the magnitude of the cross product is equal to the area of the

parallelogram with A and B as sides.

Example 1 -2 -2 If A, B, and C form the three sides of a triangle, as shown in Figure 1 -

2 -9, use vectors to prove the law of sine for a triangle.

8~

C

e -
A

Figure 1 =2 -9 A triangle formed by A, B, and C

Solution; From Figure 1 =2 -9, we have

B=C-A and BxB=Bx(C-A) =0
It gives

BxC=BxA or BCsina = BAsiny
From this, we have

A C

sing siny

In the same way, we can get
A B
sina sinB

Therefore ,
A B C

sina¢ sin8  siny

5. Product of three vectors

The scalar triple product of three vectors A, B, and C is a scalar and written as

C:-(AxB)



a = A xB
& =TAxB]’

C: (A xB) =C(ABsinf) cos¢ = ABCsinfcosd

where 6 is the smaller angle between the vectors A and B, ¢ is the smaller angle between the

Since A X B is a vector, its direction denoted as a therefore ,

vectors C and a,. Obviously, the scalar triple product is a scalar. If it is parallelepiped with
A, B and C as sides, as shown in Figure 1 —2 — 10, then the scalar triple product yields its

volume.

Figure 1 =2 =10 Illustration for the scalar triple product

From Figure 1 —2 - 10, we can get the scalar triple product equality below
A+ (BxC)=(AxB)C=B+(CxA) (1-2-11)
The vector triple product of three vectors A, B, and C is a vector and is written as A X (B
x C). From above discussion, It is obvious that the A x (B x C)is not equal to the (A xB) X
C. So, the brackets are important in the vector operation.
There is another useful formula called the wvector triple product identity or double cross
product identity as below
Ax(BxC)=(A-C)B-(A-B)C (1-2-12)

It is used over and over again in our study.

Example 1 -2 -3 Prove Equation (1 -2 -12).
Proof;: Suppose there are three vectors A, B, and C, as shown in Figure 1 -2 - 11 (a). Let
A=A +A,
where A | and A, are the vectors that are respectively normal and parallel to the plane
containing the vectors B and C. Therefore, we have
Ax(BxC)=(A +A,,)) x(BxC)=A, x(BxC)
Let
D=A, x(BxC)
D and A, are all parallel to the plane containing the vectors B and C. From Figure 1 -2 -11
(b), we have
D-a, =D=A,BCsin(6, -0,)
= —(Bsing, ) (A,,Ccosh,) + (Csinb, ) (A, Bcosh, )
=[B(A,C) -C(A,B) ]-a,
We know, if b+a=c-a, we get b =c +kd, where vector d is normal to vector @ and £ is

a scalar. Because A ,, is normal to D, from above we have
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B(A,C)-C(A,rB)=D+kA,,
Now we find out k. Using A,, dot above two sides, the left educes
(A, B)(A,C)-(A,C)(A,B)=0
while the right
A, D +kA}, =kA),
We get k£ =0. Therefore,
D=B(A,-C)-C(A,B)=B(A-C)-C(A*B)
Equation (1 —=2 —12) has been proved.

A C A C
\< b
B B
(a) Three vectors A, B, and C (b)DLA,.D 1Ay

Figure 1 =2 - 11  Proving the vector triple product identity

Summary: The operation rule of vectors:
(1) A+B=B+A
(2) A*B=B-A
(3) A (B+C)=A*B+A-C
(4) AxB=-BxA
(5) A (BxC)=(AxB):C=B-(CxA)
(6) Ax(BxC)=(A-C)B-(A*B)C

Review questions :
1) What is a unit vector?
2) What is the significance of a zero vector?

3) How can you determine the area of a triangle with two vectors A and B as two sides?

1.3 Coordinate Systems

The discussion above is quite general and uses graphical representations when operating
vectors. From a mathematical point of view it is very convenient to work with the vectors when
they are resolved into components along three mutually orthogonal directions. In this section,
we will introduce the curvilinear orthogonal coordinate, and the most useful three ordinary
orthogonal coordinate systems: the rectangular ( or Cartesian ) coordinate system, the

cylindrical (circular) coordinate system, and the spherical coordinate system.



1. Curvilinear orthogonal coordinates

The electromagnetic field laws and physical quantities are not varied with coordinate
system. In reality, they should be expressed in a coordinate system which is suitable to the
geometrical shape given in the problem.

In the three-dimensional space, the position of a point P can be determined by the
intersection point of three surfaces. The three surfaces are expressed respectively by u, =
constant, u, = constant, and u; = constant. Here u,, u,, and u; denote three coordinates
(distances or angles) or coordinate variables. If the three surfaces are mutually orthogonal , we
get an orthogonal coordinate system. We do not use the non-orthogonal coordinates because the
non-orthogonal coordinates will make the problems more complex.

Leta,, a,, and a,represent the unit vectors pointing in the directions of independent
positive displacements of w,, wu,, and u; respectively in three-dimensional orthogonal
coordinate system, as shown in Figure 1 —3 —1. These unit vectors form an orthogonal triad at
each point in space. They are perpendicular respectively to the three corresponding surfaces,

u, = constant, u, = constant, and u; = constant at point P(u,, u,, u;).

u3 = constant

Figure 1 =3 =1 Curvilinear coordinates

As the three surfaces are perpendicular one another at every point in space, in right-hand

curvilinear orthogonal coordinates, the relationships of three unit vectors are

a; xa, =a,
a, xa, =a,
d; Xy =d,
and
a -a =6;
where
1, ifi=j

i,j=1,2,3 and 5, ={

0, otherwise
8, is called Kronecker delta sign. Therefore, in three-dimensional orthogonal coordinates (u, ,

u,, uy), a vector A at a point in space can be written as

A=Aa +Aa, +Aa, (1-3-1)



