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Series Preface

Mathematics is playing an ever more important role in the physical and
biological sciences, provoking a blurring of boundaries between scientific
disciplines and a resurgence of interest in the modern as well as the clas-
sical techniques of applied mathematics. This renewal of interest, both in
research and teaching, has led to the establishment of the series: Texts in
Applied Mathematics (TAM).

The development of new courses is a natural consequence of a high
level of excitement on the research frontier as newer techniques, such as
numerical and symbolic computer systems, dynamical systems, and chaos,
mix with and reinforce the traditional methods of applied mathematics.
Thus, the purpose of this textbook series is to meet the current and future
needs of these advances and encourage the teaching of new courses.

TAM will publish textbooks suitable for use in advanced undergraduate
and beginning graduate courses, and will complement the Applied
Mathematical Sciences (AMS) series, which will focus on advanced textbooks
and research level monographs.



Preface

This book is based on a one-term course in fluid mechanics originally taught
in the Department of Mathematics of the University of California, Berkeley,
during the spring of 1978. The goal of the course was not to provide an
exhaustive account of fluid mechanics, nor to assess the engineering value
of various approximation procedures. The goals were:

e to present some of the basic ideas of fluid mechanics in a mathemat-
ically attractive manner (which does not mean “fully rigorous”);

e to present the physical background and motivation for some construc-
tions that have been used in recent mathematical and numerical work
on the Navier—Stokes equations and on hyperbolic systems; and

e to interest some of the students in this beautiful and difficult subject.

This third edition has incorporated a number of updates and revisions,
but the spirit and scope of the original book are unaltered.

The book is divided into three chapters. The first chapter contains an el-
ementary derivation of the equations; the concept of vorticity is introduced
at an early stage. The second chapter contains a discussion of potential
flow, vortex motion, and boundary layers. A construction of boundary lay-
ers using vortex sheets and random walks is presented. The third chapter
contains an analysis of one-dimensional gas flow from a mildly modern
point of view. Weak solutions, Riemann problems, Glimm’s scheme, and
combustion waves are discussed.

The style is informal and no attempt is made to hide the authors’ bi-
ases and personal interests. Moreover, references are limited and are by no
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means exhaustive. We list below some general references that have been
useful for us and some that contain fairly extensive bibliographies. Refer-
ences relevant to specific points are made directly in the text.

R. Abraham, J. E. Marsden, and T. S. Ratiu [1988] Manifolds, Tensor Analysis and
Applications, Springer-Verlag: Applied Mathematical Sciences Series, Volume 75.

G. K. Batchelor [1967] An Introduction to Fluid Dynamics, Cambridge Univ. Press.

G. Birkhoff [1960] Hydrodynamics, a Study in Logic, Fact and Similitude, Princeton
Univ. Press.

A. J. Chorin [1976] Lectures on Turbulence Theory, Publish or Perish.
A. J. Chorin [1989] Computational Fluid Mecanics, Academic Press, New York.

A. J. Chorin [1994] Vorticity and Turbulence, Applied Mathematical Sciences, 108,
Springer-Verlag.

R. Courant and K. O. Friedrichs [1948] Supersonic Flow and Shock Waves, Wiley-
Interscience.

P. Garabedian [1960] Partial Differential Equations, McGraw-Hill, reprinted by Dover.
S. Goldstein [1965] Modern Developments in Fluid Mechanics, Dover.
K. Gustafson and J. Sethian [1991] Vortez Flows, SIAM.

O. A. Ladyzhenskaya [1969] The Mathematical Theory of Viscous Incompressible Flow,
Gordon and Breach.

L. D. Landau and E. M. Lifshitz [1968] Fluid Mechanics, Pergamon.

P. D. Lax [1972] Hyperbolic Systems of Conservation Laws and the Mathematical The-
ory of Shock Waves, SIAM.

A. J. Majda [1986] Compressible Fluid Flow and Systems of Conservation Laws in
Several Space Variables, Springer-Verlag: Applied Mathematical Sciences Series
53.

J. E. Marsden and T. J. R. Hughes [1994] The Mathematical Foundations of Elasticity,
Prentice-Hall, 1983. Reprinted with corrections, Dover, 1994.

J. E. Marsden and T. S. Ratiu [1994] Mechanics and Symmetry, Texts in Applied
Mathematics, 17, Springer-Verlag.

R. E. Meyer [1971] Introduction to Mathematical Fluid Dynamics, Wiley, reprinted by
Dover.

K. Milne-Thomson [1968] Theoretical Hydrodynamics, Macmillan.

C. S. Peskin [1976] Mathematical Aspects of Heart Physiology, New York Univ. Lecture
Notes.

S. Schlichting [1960] Boundary Layer Theory; McGraw-Hill.
L. A. Segel [1977] Mathematics Applied to Continuum Mechanics, Macmillian.

J. Serrin [1959] Mathematical Principles of Classical Fluid Mechanics, Handbuch der
Physik, VIII/1, Springer-Verlag.

R. Temam [1977] Navier-Stokes Equations, North-Holland.
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We thank S. S. Lin and J. Sethian for preparing a preliminary draft of
the course notes—a great help in preparing the first edition. We also thank
O. Hald and P. Arminjon for a careful proofreading of the first edition
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1
The Equations of Motion

In this chapter we develop the basic equations of fluid mechanics. These
equations are derived from the conservation laws of mass, momentum, and
energy. We begin with the simplest assumptions, leading to Euler’s equa-
tions for a perfect fluid. These assumptions are relaxed in the third sec-
tion to allow for viscous effects that arise from the molecular transport of
momentum. Throughout the book we emphasize the intuitive and mathe-
matical aspects of vorticity; this job is begun in the second section of this
chapter.

1.1 Euler’s Equations

Let D be a region in two- or three-dimensional space filled with a fluid.
Our object is to describe the motion of such a fluid. Let x € D be a point
in D and consider the particle of fluid moving through x at time ¢. Relative
to standard Euclidean coordinates in space, we write x = (z,y, 2). Imagine
a particle (think of a particle of dust suspended) in the fluid; this particle
traverses a well-defined trajectory. Let u(x,t) denote the velocity of the
particle of fluid that is moving through x at time t. Thus, for each fixed
time, u is a vector field on D, as in Figure 1.1.1. We call u the (spatial)
velocity field of the fluid.

For each time ¢, assume that the fluid has a well-defined mass density
p(x,t). Thus, if W is any subregion of D, the mass of fluid in W at time ¢
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trajectory of fluid particle

FIGURE 1.1.1. Fluid particles flowing in a region D.

is given by

m(W,t) = /W p(x,t)dV,

where dV is the volume element in the plane or in space.

In what follows we shall assume that the functions u and p (and others to
be introduced later) are smooth enough so that the standard operations of
calculus may be performed on them. This assumption is open to criticism
and indeed we shall come back and analyze it in detail later.

The assumption that p exists is a continuum assumption. Clearly, it
does not hold if the molecular structure of matter is taken into account.
For most macroscopic phenomena occurring in nature, it is believed that
this assumption is extremely accurate.

Our derivation of the equations is based on three basic principles:
i mass is neither created nor destroyed,

ii the rate of change of momentum of a portion of the fluid equals the
force applied to it (Newton’s second law);

vos

ili energy is neither created nor destroyed.

-

Let us treat these three principles in turn.

i Conservation of Mass

Let W be a fixed subregion of D (W does not change with time). The rate
of change of mass in W is

d _d _ 9p
am(W,t) =% /W p(x,t)dV—/W at(x,t)dV.



1.1 Euler’s Equations 3

Let OW denote the boundary of W, assumed to be smooth; let n denote
the unit outward normal defined at points of dW; and let dA denote the
area element on OW. The volume flow rate across OW per unit areaisu-n
and the mass flow rate per unit area is pu - n (see Figure 1.1.2).

_ portion of the
~" boundary of W

FIGURE 1.1.2. The mass crossing the boundary OW per unit time equals the
surface integral of pu - n over AW.

The principle of conservation of mass can be more precisely stated as
follows: The rate of increase of mass in W equals the rate at which mass is
crossing OW in the inward direction; i.e.,

d

— dV=—/ pu - ndA.
dt wp aw

This is the integral form of the law of conservation of mass. By
the divergence theorem, this statement is equivalent to

/W [%” + div(pu)] dv = 0.

Because this is to hold for all W, it is equivalent to

ap

5 + div(pu) = 0.

The last equation is the differential form of the law of conservation
of mass, also known as the continuity equation.

If p and u are not smooth enough to justify the steps that lead to the
differential form of the law of conservation of mass, then the integral form
is the one to use.
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ii Balance of Momentum

Let x(t) = (x(t), y(t), 2(t)) be the path followed by a fluid particle, so that
the velocity field is given by

u(z(t), y(t), 2(t),2) = (£(t),y(t), 2(2)),

that is,

u(x(t), 1) = 50,

This and the calculation following explicitly use standard Euclidean co-
ordinates in space (delete z for plane flow).!

The acceleration of a fluid particle is given by
a(t) = Lox(t) = Su(a(t)y(t),2(t), 1
T T @ AR NSNS
By the chain rule, this becomes

Gu, Ou. Ou, Ou
a(t)=-8—x:r+a—yy+—a—zz+§.

Using the notation

u, = ?_11 u @ etc
2z aI) t — at ) 1
and
U(I,y,Z,t) = (U(l‘,y, z’t)5v(x,yvzat)1w(maya Z,t)),
we obtain

a(t) = uvug + vuy + wu, + uy,
which we also write as

a(t) =du+u-Vu,

!Care must be used if other coordinate systems (such as spherical or cylindrical) are
employed. Other coordinate systems can be handled in two ways: first, one can proceed
more intrinsically by developing intrinsic (i.e., coordinate free) formulas that are valid in
any coordinate system, or, second, one can do all the derivations in Euclidean coordinates
and transform final results to other coordinate systems at the end by using the chain
rule. The second approach is clearly faster, although intellectually less satisfying. See
Abraham, Marsden and Ratiu [1988] (listed in the front matter) for information on the
former approach. For reasons of economy we shall do most of our calculations in standard
Euclidean coordinates.



