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Preface

There are already several excellent books on Malliavin calculus. However,
most of them deal only with the theory of Malliavin calculus for Brownian
motion, with [35] as an honorable exception. Moreover, most of them discuss
only the application to regularity results for solutions of SDEs, as this was the
original motivation when Paul Malliavin introduced the infinite-dimensional
calculus in 1978 in [158]. In the recent years, Malliavin calculus has found
many applications in stochastic control and within finance. At the same time,
Lévy processes have become important in financial modeling. In view of this,
we have seen the need for a book that deals with Malliavin calculus for Lévy
processes in general, not just Brownian motion, and that presents some of the
most important and recent applications to finance.

It is the purpose of this book to try to fill this need. In this monograph
we present a general Malliavin calculus for Lévy processes, covering both the
Brownian motion case and the pure jump martingale case via Poisson random
measures, and also some combination of the two. We also present many of the
recent applications to finance, including the following:

The Clark—Ocone theorem and hedging formulae

Minimal variance hedging in incomplete markets

Sensitivity analysis results and efficient computation of the “greeks”
Optimal portfolio with partial information

Optimal portfolio in an anticipating environment

Optimal consumption in a general information setting

Insider trading

To be able to handle these applications, we develop a general theory of
anticipative stochastic calculus for Lévy processes involving the Malliavin
derivative, the Skorohod integral, the forward integral, which were originally
introduced for the Brownian setting only. We dedicate some chapters to the
generalization of our results to the white noise framework, which often turns
out to be a suitable setting for the theory. Moreover, this enables us to prove

VII



VIII Preface

results that are general enough for the financial applications, for example, the
generalized Clark—Ocone theorem.

This book is based on a series of courses that we have given in different
years and to different audiences. The first one was given at the Norwegian
School of Economics and Business Administration (NHH) in Bergen in 1996,
at that time about Brownian motion only. Other courses were held later, every
time including more updated material. In particular, we mention the courses
given at the Department of Mathematics and at the Center of Mathematics for
Applications (CMA) at the University of Oslo and also the intensive or com-
pact courses presented at the University of Ulm in July 2006, at the University
of Cape Town in December 2006, at the Indian Institute of Science (IIS) in
Bangalore in January 2007, and at the Nanyang Technological University in
Singapore in January 2008.

At all these occasions we met engaged students and attentive readers.
We thank all of them for their active participation to the classes and their
feedback. Our work has benefitted from the collaboration and useful comments
from many people, including Fred Espen Benth, Maximilian Josef Butz,
Delphine David, Inga Baadshaug Eide, Xavier Gabaix, Martin Groth,
Yaozhong Hu, Asma Khedher, Paul Kettler, An Ta Thi Kieu, Jgrgen Sjaastad,
Thilo Meyer-Brandis, Farai Julius Mhlanga, Yeliz Yolcu Okur, Olivier
Menoukeu Pamen, Ulrich Rieder, Goncalo Reiss, Steffen Sjursen, Alexander
Sokol, Agneés Sulem, Olli Wallin, Diane Wilcox, Frank Wittemann, Mihail
Zervos, Tusheng Zhang, and Xunyu Zhou. We thank them all for their help.
Our special thanks go to Paul Malliavin for the inspiration and continuous
encouragement he has given us throughout the time we have worked on this
book. We also acknowledge with gratitude the technical support with com-
puters of the Drift-IT at the Department of Mathematics at the University
of Oslo.

Oslo, Giulia Di Nunno
June 2008. Bernt Oksendal
Frank Proske
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Introduction

The mathematical theory now known as Malliavin calculus was first intro-
duced by Paul Malliavin in [158] as an infinite-dimensional integration by
parts technique. The purpose of this calculus was to prove the results about
the smoothness of densities of solutions of stochastic differential equations
driven by Brownian motion. For several years this was the only known appli-
cation. Therefore, since this theory was considered quite complicated by many,
Malliavin calculus remained a relatively unknown theory also among mathe-
maticians for some time. Many mathematicians simply considered the theory
as too difficult when compared with the results it produced. Moreover, to a
large extent, these results could also be obtained by using Hérmander’s earlier
theory on hypoelliptic operators. See also, for example, [20, 114, 225, 230].

This was the situation until 1984, when Ocone in [173| obtained an explicit
interpretation of the Clark representation formula [46, 47] in terms of the
Malliavin derivative. This remarkable result later became known as the Clark—
Ocone formula. Sometimes also called Clark-Haussmann—-Ocone formula in
view of the contribution of Haussmann in 1979, see [98]. In 1991, Ocone and
Karatzas [174] applied this result to finance. They proved that the Clark-
Ocone formula can be used to obtain explicit formulae for replicating portfolios
of contingent claims in complete markets.

Since then, new literature helped to distribute these results to a wider
audience, both among mathematicians and researchers in finance. See, for
example, the monographs [53, 161, 169, 212, 216] and the introductory lecture
notes [178]; see also [206].

The next breakthrough came in 1999, when Fournié et al. [81] obtained
numerically tractable formulae for the computation of the so-called greeks in
finance, also known as parameters of sensitivity. In the recent years, many
new applications of the Malliavin calculus have been found, including partial
information optimal control, insider trading and, more generally, anticipative
stochastic calculus.

At the same time Malliavin calculus was extended from the original setting
of Brownian motion to more general Lévy processes. This extensions were at

G.Di Nunno et al., Malliavin Calculus for Lévy Processes with Applications 1
to Finance,
© Springer-Verlag Berlin Heidelberg 2009



2 Introduction

first motivated by and taylored to the original application within the study
of smoothness of densities (see e.g. [12, 35, 37, 38, 44, 141, 142, 143, 163,
189, 190, 218, 219]) and then developed largely targeting the applications to
finance, where Lévy processes based models are now widely used (see, e.g.,
(25, 29, 64, 69, 148, 171, 181]). Within this last direction, some extension to
random fields of Lévy type has also been developed, see, for example, [61, 62].
Other extension of Malliavin calculus within quantum probability have also
appeared, see, for example, [84, 85].

One way of interpreting the Malliavin derivative of a given random vari-
able F = F(w), w € £2, on the given probability space (§2, F, P) is to regard
it as a derivative with respect to the random parameter w. For this to make
sense, one needs some mathematical structure on the space (2. In the original
approach used by Malliavin, for the Brownian motion case, {2 is represented
as the Wiener space Cy([0,T]) of continuous functions w : [0,T7] — R with
w(0) = 0, equipped with the uniform topology. In this book we prefer to use
the representation of Hida [99], namely to represent (2 as the space S’ of tem-
pered distributions w : S — R, where S is the Schwartz space of rapidly
decreasing smooth functions on R (see Chap. 5). The corresponding probabil-
ity measure P is constructed by means of the Bochner—Minlos theorem. This
is a classical setting of white noise theory. This approach has the advantage
that the Malliavin derivative D¢F of a random variable FF : &’ — R can
simply be regarded as a stochastic gradient.

In fact, if v is deterministic and in L?(R) (note that L?(R) C S’), we define
the directional derivative of F in the direction v, D. F, as follows:

D,F(w) = lim F(“’J“s? =L}

weS,

if the limit exists in L?(P). If there exists a process ¥(w,t) : 2 x R — R
such that

D.F(w) = /RW(w,t)'y(t)dt, wedS

for all v € L*(R), then we say that F is Malliavin-Hida differentiable and we
define
DF(w) := ¥(w,t), wedS

as the Malliavin—-(Hida) derivative (or stochastic gradient) of F at t.

This gives a simple and intuitive interpretation of the Malliavin deriva-
tive in the Brownian motion case. Moreover, some of the basic properties of
calculus such as chain rule follow easily from this definition. See Chap. 6.

Alternatively, the Malliavin derivative can also be introduced by means of
the Wiener-Ité chaos expansion [120):

F= Z In(fn)
n=0
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of the random variable F' as a series of iterated 1to integrals of symmetric
functions f,, € L?(R™) with respect to Brownian motion. In this setting, the
Malliavin derivative gets the form

D,F = Z nIn—l(fﬂ('s t)),

n=1

see Chap. 3, cf. [169]. This form is appealing because it has some resemblance
to the derivative of a monomial:
%:r" =nz
Moreover, the chaos expansion approach is convenient because it gives
easy proofs of the Clark—Ocone formula and several basic properties of the
Malliavin derivative.
The chaos expansion approach also has the advantage that it carries over in
a natural way to the Lévy process setting (see Chap. 12). This provides us with
a relatively unified approach, valid for both the continuous and discontinuous
case, that is, for both Brownian motion and Lévy processes/Poisson random
measures. See, for example, the proof of the Clark—Ocone theorem in the
two cases. At the same time it is important to be aware of the differences
between these two cases. For example, in the continuous case, we base the
interpretation of the Malliavin derviative as a stochastic gradient, while in the
discontinuous case, the Malliavin derivative is actually a difference operator.

n—1

How to use this book

It is the purpose of this book to give an introductory presentation of the theory
of Malliavin calculus and its applications, mainly to finance. For pedagogical
reasons, and also to make the reading easier and the use more flexible, the
book is divided into two parts:

Part I. The Continuous Case: Brownian Motion
Part II. The Discontinuous Case: Pure Jump Lévy Processes

In both parts the emphasis is on the topics that are most central for the
applications to finance. The results are illustrated throughout with examples.
In addition, each chapter ends with exercises. Solutions to some selection of
exercises, with varying level of detail, can be found at the back of the book.

We hope the book will be useful as a graduate text book and as a source
for students and researchers in mathematics and finance. There are several
possible ways of selecting topics when using this book, for example, in a
graduate course:

Alternative 1. If there is enough time, all eighteen chapters could be included
in the program.
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Alternative 2. If the interest is only in the continuous case, then the whole
Part I gives a progressive overview of the theory, including the white noise
approach, and gives a good taste of the applications.

Alternative 3. Similarly, if the readers are already familiar with the continuous
case, then Part II is self-contained and provides a good text choice to cover
both theory and applications.

Alternative 4. If the interest is in an introductory overview on both the con-
tinuous and the discontinuous case, then a good selection could be the reading
from Chaps.1 to 4 and then from Chaps.9 to 12. This can be possibly sup-
plemented by the reading of the chapters specifically devoted to applications,
so according to interest one could choose among Chaps. 8, 15, 16, and also
Chaps. 17 and 18.



Part 1

The Continuous Case: Brownian Motion
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