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Diffusion Limit of Small Mean Free Path of
Transfer Equation in R’

Guo Boling(3r 44 ) Han Yongqian(# 7K a7 )

Abstract

This article is devoted to establish the well-posedness of solutions and diffusion limit of the small mean free
path of the nonlinear transfer equations, which describes the spatial transport of radiation in a material medium.
By using the comparison principle, we obtain the lower bound and upper bound of the solution, and then we
prove the existence and uniqueness of the global solution. We show that the nonlinear transfer equation has a
diffusion limit as the mean free path tends to zero. Our proof is based on asymptotic expansions. We show that
the validity of these asymptotic expansions relies only on the smoothness of initial data, while two hypotheses,
Fredholm alternative and centering condition, are removed.

Keywords transfer equation; asymptotic limit
1 Introduction

The spatial transport of radiation and its interaction with matter plays an important and
sometimes dominant role in many physical systems (Bowers and Wilson, 1991; Larsen et al. ,
1983; Pomraning, 1973). Assume that the material is in local thermodynamic equilibrium and
ignore material motion and thermal diffusion, the spatial transport of radiation in a material
medium is described (Bowers and Wilson, 1991; Larsen et al., 1983; Pomraning, 1973) by
the following transfer equation (Tr. Eq.)

r7,u+‘:‘-w'v,.u+%u:((%*O‘u)z?+o'a/37v4, (1.1)
¢
and the state equation of hydrodynamic

‘(?“(/31,4 ~a)=0. (1.2)
“h

d, v+

Here u(t, x, w) denotes the specific intensity at time z =0, at location = € R® with the

direction w € S?of travel of the photon, the scalar density defined by

(e x) = iJ::u(t, v @)dw, (1.3)

¢ is the vacuum speed of light, 5 =0, + g, is the transport coefficient, o, >0 is the scattering

* Transport Theory and Statistical !"hvsics, 2011, 40:243 —28]1.
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coefficient, o,>0 is the absorption coefficient, GL >0 is the mean free path, $>0 is called the

Stefan-Boltzmann constant, material temperature denotes by v, C, >0 is the pseudo-heat
capacity. In the absence of boundaries, equations (1.1) and (1.2) must be supplemented with
initial conditions

w(0,7,0) = " (z,0), 0(0,2)=1"(2), z€R, w€PCR. (1.4)
Here we assume that =0 and v"=0.

The asymptotic analysis (Larsen et al. , 1983), approximate models, and computational
methods of radiative transport equations (1.1) (1.2) are the topic of many recent articles
(Adams and Larsen, 2002; Anistratov and Larsen, 2001 ; Bowers and Wilson, 1991; Larsen,
1982,1988; Larsen et al. , 1983; Li and Feng, 2008; Morel et al. , 2006; Pomraning, 1973;
Roberts and Anistratov, 2007) and therein references. In all these papers, no attempt has been
made to be mathematically rigorous. Instead, physical intuition and physical arguments are
emphasized.

This article is devoted to investigate the well-posedness of solutions and diffusion limit of
small mean free path ¢ of the equations (1.1), (1.2), (1.4) and to get mathematically
rigorous results. In order to establish the existence and uniqueness of the global solution of the
equations (1.1), (1.2), (1.4), we need to estimate the lower bound and upper bound of the
solution, which is fulfilled by using comparison principle. To obtain the diffusion limit of small
mean free path ¢ of the equations (1.1), (1.2), (1.4), we first construct formal asymptotic
expansions in the usual way (Bensoussan et al. , 1979; Golse et al. , 1999) and then verify the
validity of these expansions.

The relative topic of the basic linear radiative transfer equation, which describes the
propagation of the radiation field is extensively studied in Bardos et al. (1984), Bensoussan et
al. (1979), Golse et al. (1999, 2003), Habetler and Matkowsky (1975), Larsen (1992),
Larsen and Keller (1974), and Larsen and Miller (1980) and therein references. In
Bensoussan et al. (1979), the validity of the asymptotic expansion rests on three general
hypotheses: smoothness, Fredholm alternative, and centering condition. But to verify the
validity of the asymptotic expansions of equations (1.1), (1.2), (1.4), we need to rely only
on the smoothness of initial data «" and ©°. It is crucial to remove two hypotheses: Fredholm
alternative and centering condition.

Throughout this article, different positive constants are all denoted by the same letter C.
If necessary, we denote by C(-,+) a constant depending only on the quantities appearing in
parenthesis.

The outline of this article is as follows. In Section 2, we prove the existence and
uniqueness of the global solution of equations (1.1), (1.2) and (1.4). In Section 3 and
Section 4, we investigate the diffusion limit of small mean free path ¢ for equations (1.1),

(1.2) and (1.4). A few concluding remarks are given in Section 5.
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2 Existence and Uniqueness of Solution of Transfer Equation

We pass now to the question of existence. First we rewrite equations (1.1) and (1.2) as

integral equations:

u(t,z,0) = u"(zy.,,0)E(1) +.[:)E(t —5) X [JU,B'U“ + ((% -0, )E](x,«rw,y)ds, (2.1)

¢ t
v(t,z) = %(zx) — (CO-HJ‘O{B'U‘%S,I) —u(s,x)lds, (2.2)
~h
4
where z, ,=x — ?w and E(t) = exp( - % ) Here we assume that the mean free path 0<

<l1.

Theorem 2.1 (Existence and Uniqueness of Local Solution) Let «"€ L*(R**X S5?) and
"€ L (R?). Then there exists Ty >0 such that the solution (u, v) of equations (1.1)
and (1.2) with initial condition (1.4) is existent and unique. Moreover we have

u € C([0, Tra)s L™(R* X S?)), v € C([0, Tpe); L™ (R?)).
If T, <o, then
Tyr [lute, e+ Loty )l o] = o, 2.3)

Proof Equations (2.1) and (2.2) can be solved by the principle of contraction mapping.

Let T >0 and set
B ={(u,v)lu € C([0,T];L”(R*x5%)), v € C([0,T];L"(R)),
max (JuCe, )=+ Tole, )l ) <2(”“OHL‘,’,"N + 1% )1 (2.4)

We wish to find conditions on T which imply that the map @: (u,v)>(®(u,v), P, (u,
v)), given by

& (u,0)(t,r,0) = u’(z,, ,,0)E(t) +J;E(Z —5) X {g,Bov* + ((% - 0(1>L7 {52y < Jds 5
(2.5)
@3(u,0)(t,2) = o) = F2f 180*(s,2) = a(s,2)lds, (2.6)

is a strict contraction on B. For 0<{¢t<{T, using (2.5), we have
| @1Cu,0) (e, D= <Tull = + To,(Bloli= + lul,= )+ T%lul~ .(2.7)
ryw Tyw t,x lor,w ( t,r,w

Employing (2.6), we obtain

Ts,
C‘Z Bloli= +lul> ), Veelo,T],

[ @200, 0) ey ] o < 10l = +

L.l

(2.8)

1
o, (1+1/C,)(168y3 +2) +25/3’
For any (uy,v1), (us, u)€ B, we have (0<<t<<T)

Let T<C where yo= [ «°] L + [ 20 L=+ Then @:B—>B.
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[1@1Curno1) = @1 Cuz, 012, )] -

@

<mwmwm—mhm+hrmﬁf>+T%Mrwﬂf, (2.9)

” {@z(ul,vl) - ®2(u27v2)I(ty )“L»

To,
C,

<

(32.3313“7)1 — vl - + Hul - Mz” e ). (2.10)

L,
Let Ty = mi L L

L0 MR 1+ 1/C) (16Bys +2) + 20 /3 6,(1+1/C,) (64By3 +2) +20 /¢
<Ty. Then ®:B—>B is a strict contraction. By the principle of contraction mapping, there

t,r,w

and T

exists a unique solution (u,v) of equations (1.1) and (1.2). Moreover, we have u € C([0,
Tols L= (R*x5?)), v€C([0,Ty]; L7 (RY)), and
max (lu(z, ) =+ oz, DI =) <20l = + 10 ). (2.11)

U< 0

Now we can solve equations (1.1) and (1.2) at the initial time moment ¢ = T, instead of
¢t =0 with initial data («( Ty, x,w), v(Ty,x)) instead of («°, v") again. Then the time
domain [0, Ty] can be extended, which denotes by [0, T, ], and the unique solution (u,v)
of equations (1.1) and (1.2) is well defined for any t € [0, T,]. Here T, > T,. Repeating
this procedure again and again, we can obtain a series { T,,{ and the existence of T, = sup
T,.

If Thux<o° and

Ty r_{lae, Ol e + Lole, l,-1 < oo,

then
Ky = SUpze[o.TmX)%"u(t, ‘)“Lm + [ v(e, ')”me < oo,
L T o 1 1
T T I G (14 1/G) (168K3 +2) +20 /3 6,(1+1/C,) (648K +2) +20/3 |

Now we solve equations (1.1) and (1.2) at the initial time moment ¢ = T, — % T instead of

t = 0 with initial data (u(T,mx—%Ta,r,w),v(Tm—%Tg,x)) instead of («", v%).

Then the unique solution (u«, v) of equations (1.1) and (1.2) is well defined for any ¢ €
[O, Toax + % Ts ] . This is contradictory.

Therefore (2.3) is proved.

If «==0 and v"=0, we will prove that the solution of (1.1) and (1.2), which is
constructed in Theorem 2.1, is global. First we prove the solution of (1.1) and (1.2) is non-
negative.

Lemma 2.2 (Non-negative) Let 0<<u"€ L7 (R**S?) and 0<<2°€ L= (R?). Then for
the solutions (u,v) of (1.1), (1.2) and (1.4), the following estimate is valid:
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-1/3
u(t,r,w) =0, o(t,r)= ((f‘”g + (%) =0,
—~h
Vi € [0, Tpw), x* ER, €2, (2.12)

Proof Let (u, v) be the solution of equations (1.1), (1.2) and (1.4) solved in
Theorem 2.1.

Considering v as known function, we re-solve the equation (1.1). That is to solve the

following equation
t
w(t,z,w) = u’(z,,,w)E(2) +JOE(1‘ —5) X [ouﬁ’v“ + ((%_ — 04 >@}(.\',Iw,x)d.\‘,
(2.13)

where w is unknown function and v is known function. It is obvious that w = « is the unique
solution of equation (2.13), which the uniqueness follows as in the proof of Theorem 2.1 by
the principle of contraction mapping.

On the other hand, we can resolve equation (2.13) by iteration. We let

t
w(t,x,0) = u’(x, ,,w)E(2t) +JOE(I - s)o, Bv*(s, x,.,)ds, (2.14)

t
W (,z,0) = [ EG =95 o ™ (5,2, 0ds, (2.15)
where n=1,2,--+. ©°=0 implies that
w™ =0, n=1,2,". (2.16)
For any T € (0, T ), we find that
lw®(e, )= <C(T), Veel0,T] (2.17)

and inductively

(C (()Z)

lw™ (e, )= < c(T), VYeelo,T], (2.18)

Zw

where C(T) and C’(¢) are constants. Since the solution w0 * of equation (2.13) is formally

w (t,z,0) = 2w (t,z,0), Vi€ I[0,T],

=1
our estimates show that this series converges and w * (¢, x,w)=0 exists for all tE€[0, T].
By the uniqueness of solution of equation (2.13), we have u(t,z,w) =w”* (t,2,w)=
0forall t€[0,T],zER* and w €S2, Since TE (0, T,p) is arbitrary, we can obtain that
u(t,r,w)=0foral t€[0, T ), rER and w ES>.
Using equation (1.2) and «=0, we have

'O-d
OB, (2.19)

d, v+
“h

There exists a unique solution
~1/3

3¢o,
((;. P 5 (7,,0)*3}

w(t,z) = {

of equations
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co. B
(/h

dw +

w* =0

w|,:0 = UO

By comparison principle, we get v(¢,x)=w(t,z), YtE[0, Ty, T ER.
Let us construct a stationary state of equations (1.1) and (1.2) as follows:

u, = max{ l uO"Lva LBl v()”iwf . v = (u,/B)Y4. (2.20)

We will prove that the solution of equations (1.1), (1.2) and (1.4) is bounded by (u,,v,).
Lemma 2.3 (Upper Bounded) Let 0<<4"€ L*(R**S?) and 0<<2°€ L*(R?). Then
for the solutions (u,v) of (1.1), (1.2) and (1.4), the following estimate is valid:
0<ult,r,w)<u,, 0<ov(t,r)<wv, Vi€ [0,T),xr € R, € S?
(2.21)
Proof Let us define
Ult,z,w) = u, —u(t,x,0w), V(t,x)= v, —v(t,x), VYt € [0, Tom)
(2.22)
where (u, v) is the solution of equations (1.1), (1.2) and (1.4) established in Theorem
2.1. Then (U, V) defined by (2.22) is the unique solution of the following equations

qU + i—wa,U+ 2ty = ((% — a(,)U +0,8f(v,0)V, t€[0,Twme), (2.23)
¢

9V IV =U) =0, t€[0, T, (2.24)

U(z,x,w)l,:0 =u,—u'">=0, V(t,2)],.0= v —2"=>0. (2.25)

Here f (v, v,) = v° + v? v, + vo? + v3. By the principle of contraction mapping, the
uniqueness follows as in the proof of Theorem 2.1.

It implies (2.21) that U and V are non-negative. The following iteration argument leads

directly to the desired results as we now show. Let

U9, z,w) = (u_\.—uo)(fm,,,w)E(t), (2.26)

(2.27)

0

{av(o) e [Bf(v v, )V(O) U(O)} =0,
V(O)(t,x)l,:o =9, — v,

U("*l)(t,‘r,w) = J;E(t == s)[o‘aﬂf(v,vs)v(") + ((% - au)U(n):I(S,.Tw.s)dS) (2'28)

VD + 22 [Bf(w,u) VD - TM] =g,
{ [ ] (2.29)
V(,lJrl)([’I) l t=0 — Ov
where n=0,1,2,*+. u, — «"=0 implies that U® =0 and
o'll
v 4 & s >0, 1€[0,T,,). (2.30)
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There exists a unique solution

5. B
C/1

w(t,r) = (v, — vo)exp{ J flo(),v)dr |, t € [0, o)

of equations

dw + Chﬂ]‘(v ) w *()
wlig= v -

By comparison principle, we get V' (¢, 2)=w (1, 2)=0, Yt € [0, T,u), v € R, By
induction, we have
U (t,z,0) =0, V(r,2) =0, Vi€ [0, Ty z € R0 € 52,n=>1.

(2.31)
For any T€ (0, T,.x) and : €[0,T], we find that
109G, )= <u, (2.32)
(0) .
VO, - )Il Ch (2.33)
10U, e < S+ ol = ( + e (2.34)
(0g
VG, - <5t (2.35)
and inductively
C?ﬂtﬂ O_
(n) . - o
10U e < S w0+ G2, (2.36)
VDG, Ol < 8o Tu™ (s, 1= ds, (2.37)

. (0, . . * *
where n=1 and constant C, = % +ao, B f ”L” + C—a Since the solution (U™, V*) of
¢ [ ) h

equations (2.23), (2.24) and (2.25) is formally
U*(t,x,w): ZU(”)(f,I,CU), VZG[O’ T]’

n=0

V*(t,x) = 2, VW(¢,2), Yeelo, T],

=0
our estimates show that these two series converge and (U * (¢,2,w), V*(¢,2)) exists for all
t€[0,T]. Moreover, U* (t,x,w)=0 and V* (£,2)=0 for all tE[0,T], 2 ER? and
wES?2.

By the uniqueness of solution of equations (2.23) and (2.24), we have U(z, z,w) =
U'(t,z,w)=0and V(¢,2)=V*(t,2)=0forall t€[0,T],2ER? and w €S?. Since
T € (0, Tuy) is arbitrary, we can obtain that U(z,x,w)=>0 and V(¢,x)=>0 for all € [0,
Toax) > ER® and @ €S2, It implies (2.21) that U and V are non-negative.
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As a consequence of (2.21), the solution of equations (1.1), (1.2) and (1.4) is global.
Theorem 2.4 (Global Solution) Let 0<<u4°€ L™ (R**5?) and 0<2°€ L (R?). Then
the solution of equations (1.1), (1.2) and (1.4), constructed in Theorem 2.1, is global.

3 Diffusion Approximations [ : C, = O(¢)

We wish to describe the asymptotic behavior of the solution (u« ,v) of equations (1.1) and
(1.2) as ¢—=>0. To this end, and under liberal smoothness assumptions, we first construct an
asymptotic expansion for (u,v). Then we prove that the expansions are truly asymptotic.

In this section, let C, = O(¢) and denote C, by Cyc.

) - . 2 )
Let us introduce explicitly the variable 7= ¢ /¢ and let us seek an expansion of the form

- -
u(t,z,w) = 2, fu(t,x,0) + 2, Full (o2, 0)
k=0 k=0

- 58 ) (3.1)
o(t,x2) = X foe, ) + 2] Foft(z,2)
k=0 k=0
with the following initial conditions
up(0,2,0) + uff (0, 2,0) = u’(z,w)
i 5 . (3.2)
(0, 2) + vy (0,2) = v%(x)

Here the superscript IL stands for “initial layer.” Inserting (3.1) into equations (1.1) and

(1.2), we balance the terms order by order in «¢.

First, by balancing the O(1/¢*), we have

uo(t,z,w) = ug(t,x) = ijozuo(t,x,w)dw, (3.3)
dult + oull = oull, (3.4)
dolk = 0. (3.5)
Integrating equation (3.4) respect to w over 5%, we get 9, wi- =0. Then
iy (r,2) = af(0,2) = @°(x) — @o(0,x). (3.6)

Since @f (7, x)>0as t—>+ %, we have ull (z,2)=0 for any € R> and r=>0. Therefore,
wo(0,,0) = @y(0,2) = @) = 2| u(x,0)dw (3.7)
and

dull + sull =0,
(3.8)

ulb(0,7,0) = u%(2,w) — a°(x).
Then there exists a unique solution
ul (t,2,0) = {u(z,0) — 2(2)te™ (3.9)
of equation (3.8). Since v{r (z,x) =0 as 7=+ %, we obtain vi- (7, x)=0 for any x €R?
and 7==0. Thus we have



