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Chapter 1 Experimental errors and data analysis

1.1 Basic Concept of Error

1. Absolute error
It is defined as the difference between the measured value and the true value of the measured
quantity, given by: .
Ax = x —x;
Here, x is the measured value, and x, is the true value.
2. Relative error (or Fractional Error)
It is defined as the ratio of the absolute error to the true value

N = _Ax
[ xq |

The true value of a measured quantity is actually unknown. The theoretical value or the accepted
value (e. g from the measurements by other people) is generally used as the true value. The typical
examples are the velocity of light 2. 998 x 10°m /s, the Avogadro’s constant 6. 023 x 10/ mol. If
there is no theoretical or accepted value available, the mean value from a series of repeated meas-
urements can be taken as the best estimate of the true value.

3. Classification of experimental errors .

In general, experimental errors fall into two categories: systematic and random errors. The
characteristics of these two types of experimental errors are described as follows.

(1) Systematic error

This type of error occurred in a measurement has multiple sources, including the measuring in-
struments, the experimental methods, and the mistakes by experimentalist. More important, sys-
tematic errors often dominate other types of errors. Offsel error is one of the most important systematic
errors associated with the instruments. It can be identified by using a stardard, i. e. the calibration
by checking the values indicated by the instruments against ‘ known standards’. Once the offset er-
ror has been quantified, the measured values can be corrected accordingly.

(2) Random error

In repeated measurements, random errors produce a scatter of measured values around the true
value. Environmental factors, for instance, the electrical interference in a sensitive voltage measure-
ment, can introduce random scatter in the observed data. Although it is not possible to reduce the

ramdom error completely, the variability in values can often be dealt with some statistical tech-

3



niques.
Here we consider the spread of data in repeated measurements of a quantity obeys the normal
distribution only. As is shown in Figure 1 — 1, for a continuous variable, x, the probability density

function of normal distribution is given by

flw) = e
o 2w
FaeS m is the mean value of a series of measured values x;, defined
as
n
2%
m = lim =

n—o n
where n is the number of repeated measurements.
Another important parameter to measure the values
spread from the mean is the standard deviation ¢, which is

defined as

o
m-c m m+c

Figure 1 -1 Normal Distribution Curve

The properties of the normal probability distribution are

(1) The bell-shaped curve shows a single maximum at the mean value. A large proportion of
the measured values lie close to the mean.

(2) The spread/distribution of measured values is symmetrical about the interval containing
the mean.

(3) Less probability for the values that lie far away from the mean.

(4) The true value could be obtained by performing infinite number of repeated measure-
ments. But this way to eliminate random errors in an experiment is little practical.

The confidence interval and confidence probability of the normal distribution should also be
considered. The area of the space between the normal distribution and the x-axis can be used to ex-

press the probability of the measured value in a certain range; this range is called the confidence in-
terval. According to the normalized condition of the probability density function f flx)dx =1,

during the interval ( — o, + ), the area between the normal distribution curve and the x-axis
equals 1, which means that the probability of the measured value appearing in the interval ( — o,
+ o0 ) is 100%. The standard deviation ¢ is the characteristic width of the normal distribution. The
probability of finding a result x, falling in the interval (m -0, m + o) is68.27% , in the interval
(m-20, m+20) is95.45% , and in the interval (m -30, m +30) 1899.73% , ete.

For a sufficient large number of repeated measurements, the mean value is taken as the best

estimated true value, while the standard deviation S is taken as a measure of spread.



(1-1)

4. precision and accuracy

(1) Precision

Precision describes the effect of random errors on repeated measurements. When we say a meas-
urement is precise, it means that the spread of measured data around the mean value (S,) is
small. But it does not imply the mean value is close to the true value.

(2) Accuracy ’

Accuracy describes how a measured quantity is close to the true value. But it does not necessari-
ly mean that the spread of data is small. It reflects, to some extent, the effects of the systematic er-

rors in a measurement.

7
2

(a) (b) (e

Figure 1 —2  Scheme to Show the Difference Between Precision and Accuracy

In Figure 1 -2, the difference between accuracy and precision is illustrated.

Fig. 1 —2a; Precision, the hit points are concentrated, but far away from the centre of the
bull’s-eye (trué value) .

Fig. 1 —2b: Accuracy, the average position of the hit points is close to the bull’s-eye, but
these points disperse from each others in a relatively large region.

Fig. 1 —=2c: Both precise and accurate, the hit points are concentrated and lie close to the

bull's-eye. It means that both the random and the systematic errors are small.

1.2 Uncertainty and Methods of Evaluation

Instead of experiemental error, experimental uncertainty is nowadays a more commonly used
term to quantify in a clear way the amount of variation of a measured value in experimental work. We
must acknowledge that the realibility of our experiment is judged based on the quantification of the

viaration, which may strongly affect the conclusions drawn from the experimental results.



1. Two kinds of evaluation methods for experimental uncertainty

The uncertainty can be divided into standard uncertainty and extended uncertainty. In this
book, it just refers to the former.

(1) A-type standard uncertainty

The A-type standard uncertainty isv for repeated measurements, and is obtained by using a sta-
tistical evaluation method.

With repeated measurements under equal precision condition, the measured value x is observed

independently n times. The observed data are denoted as x, (i=1, 2, 3,..., n). The mean val-

ue is given by
o

_ 1
¥ = x, (1-2)

‘
i=1

The A-type uncertainty of any measured value is given by the Bessel formula .

(1-3)

Z,’ (%, = 9?)2

n{n-1)

(1-4)
Jn

The larger the number of measurements, n, the more reliable the evaluation of the A-type uncer-
tainty is. Commonly, the number of measurements n must be larger than 5.

(2) B-type standard uncertainty

The B-type standard uncertainty is generally related to the resolution limit of an instrument and/
or the calibration of an instrument provided by manufacturer or ‘ bureau of standards’. It can be ob-
tained by evaluating previous measurements, manufacturer's data sheets and other standard
sources. Here only the resolution limit of apparatus A, is consided, the B-type uncertainty can be

written as:

where k is called the coverage factor and is a constant for an assumed probability distribution of the
measured values and the assumed confidence probability.
For a uniform distribution and the confidence probability of 100% , k = /3. Thus the B-type

standard uncertainty is;

lLB - ins — ins (1_5)

.

where A, is the resolution limit of the apparatus which can be found in the manufacturers’ technical
manuals or data sheets. If the above information is unknown, A, can be estimated as half of the
smallest division on the scale of the apparatus.

Example Calculate the B-type standard uncertainty of an analogue ammeter:



A
ins _IOOXR

where A is the grade of the analogue ammeter, R is the full scale range used in the measure-

A

ment. Both are the apparatus specifications provided by manufacturers. Thus we have

(3) Combination of A-type and B-type standard uncertainties
The combined standard uncertainty includes both A-type and B-type standard uncertainties.
For a measurement having several independent uncertainty quantity u; (u; can be A-type or

B-type) , the combined standard uncertainty is:

w = |3 G, +d) (1-6)

1.3 Expression of the Results of a Measurement

When giving the result of a measurement, the best estimate, the uncertainty and units should
be given. There are different formats to express the measurement result; but the following format is
recommended in this book.

X = x(ug) (Unit)
Here, X is the quantity measured, x is the best estimate of X, u is the value of the combined
standard uncertainty.

Example Given a certain length with the best estimate value L =31.42 mm, and the com-
bined standard uncertainty z. =0.05 mm, the final result should be quoted as:

L =31.42(0.05)mm

1. Expression of the direct measurement result

(1) Expression of a single measurement result

The result should be given as:

X = x(uy) ( Unit)
Here, x is the single measurement value; ug is the B-type uncertainty.
(2) Expression of the result of repeated measurements
The result should be given as:
X = x(u.) (Unit)
Here, x is the mean value of the repeated measurements, and u is the combined standard uncer-
tainty.

Example Measure the diameter D of a steel ball for 7 times with a micrometer caliper. The
measured values d, are (6.995, 6.998, 6.997, 6.994, 5.995, 6.993, 6.994) mm. The zero-
offset is —0. 003 mm, and the resolution limit of the micrometer caliper is A;,, =0. 004mm. Give the
final result of measurement in the correct format.

Solution ;

(1) The fifth datum 5. 995 mm is obviously spurious; it must be rejected.



(2) Find the mean value of the rest of 6 data points;
ol L
d' = ¢ ;di = 6.99517mm

(3) Correct the mean value by eliminating the zero-offset error:
d =d -(-0.003) =6.99817mm

(4) Use the Bessel formula to calculate the standard deviation;

= 0. 0019mm

(5) Calculate the standard error of the mean:

S5 = 2%~ 0.00078
4 = — = \u mm
d «/;

(6) The A-type standard uncertainty :
uy, = 8; = 0.00078mm
(7) Calculate the B-type standard uncertainty ;
K~ A
(8) Calculate the combined standard uncertainty :
ue = A/ul +u} = 0.00243mm
(9) Quote the final result of the measurement:

D = 6.9982(0. 0024 ) mm
2. Expression of the indirect measurement result

= 0.0023mm

Assume a quantity @ is a function of the independent direct measured quantities (x,, x,, x;,

T xN):
@ = F(x, 2, 23, -+, xN)

Here, «, is the i" direct measured quantity. The formula for propagating the standard uncertainty is

ue( @) = fz () ) (1-7)

Here, u. (#,) is the standard uncertainty of x,. So that, the final result of the indirect measure-

given by:

ment is;
@ = Pu(P)] (Unit)
EXAMPLE There are three resistors in series, R, =40.5 (0.3) Q, R, =120.0 (0.3) Q,
R, =160.2 (0.3) Q. Calculate the total resistance R in series, and the uncertainty in R, u.
Solution ;
(1) Calculate the total resistance R
R =R, +R, +R, =320.7Q2



