5

o Bol

u

»

1A
Y3




A R A

(GEIEE)

BHaxR F

e B LR IR AT
T



EEERSR R (CIP) #iE

FHRLIE FLE/AHERE. M. EEH TR, 2009.2
ISBN 978 -7 - 5623 - 2847 - 6

T.86 [0.%- [NM.OWHR-XEQFLEHFE-XE N.0175-53

P EMRAEFE CIP BHEZ T (2008) %4 213114 5

Bo% 7. EEETAEEEE CMALEREETRY 17 58, B4 510640)
HaRm I, 020-87113487 87111048 ({5 H)
E-mail: z2ch@scut. edu. cn http: //www. scutpress. com. cn
EERE. 7k W AEF ¥ T
R E: THERARBREURERT
. 787mm* 1092mm 1716 EP¥: 38.5 HBW: 2 FH: 961 T
20004FE 2 A% 1R 2009 £ 2 A% 1 (KEpR
98.00 JG

WOE N
SEH

BB s



£

AHAEREFBHRARL 705K, L EE T A¥EHBRERE BRI B R %
XE), BEMNFF AREBRNITALS BERAXEEF. ZERERF
£, BRTI985 EENNENAWE LS TEKEFEF, AR KL BE
BEL, HARERVERGEARF T, LB EB X FEIRFEEHE S
HRER, EFFENAFERAEFORORRERTHE LRETT
RAWE R, FHERERA LRI EFHE - EREHRTER RSP,

BHENW1936 FATRELAZTHFEFEZENE N3 FENBREL EH T
B—rEENAEKRFERFR, BV EERTE, 1963 4, 352 JF R A HEE o
EFE NEEAFPALEN ANE S HERFTART . NERRETH T H
XEBFE ABELDFFNAREBE T AR ETEIE, 20 UM H
HIXFIE, A REERBHRXEME T RBRY TR, 1978 £ % & F & MU
B HXAESUEREFBRFERRLEKETERABFTRAR I, AN
FHRR LA R, PERYER L, XORERZFALXI004LE.&
FORNBTEREREABF=ZF£,1994 £ 1998 EHEXEFEHHLZE
BAE#F —SL, HYREVBEHRES AL ERENRT EAT#H,

BERNFRTOSRBEFRSENNE  EF OB FEERET AR
ERRABERE N LTFER AFED N AEE  HAXR IR TERERE
FHRABENETRIENEFEERNE, I FRDEFENFAER P Y
UGS EENERBRRARFTBATTRARANF R, £ 2t Landau -
Lifshitz 77 7 # Benjamin - Ono 7 B o4 A W E Wy B T M MLy E — ¥  E N
M AT HAURBRBRARER T TR ATRRAN N B R, EXFEFH R
KFERERART —NEENLFED N R R AL TARERLY F.18
MRBRENERER N EER OB EREAE T EEL, BRE T —FiL W
BERTFHRFEFE, HAAABHAEF 2 ETERONPRETE BFT
REFHEWPER, TERAXLANAFTENEHEIFE — B ERRR

Landau - Lifshitz 7 (X 4 s8R s THEMW E 48, S RESH
AMfn AR E N EBRAE, E 20 ML 80 ERIMNERNNLEFEANEKF
FHTEAFRNRRE A, BAHTATY, YERAKB R LB ER,
fi1#E 1982 2 2| 1986 % j&, % | Leray - Schauder F 30 5 £ # . B ¥ F #.
Galerkin ¥ FEA T A— 4 AN AR LB EABEEEHFESE, LE S
1992 £ BAWEXERE T HiL 10 £,

20 42 90 E R, AEM FHAMELAE A AGERETH
NEBRIESHIRANEHRER, §—  BER 20T EESHHEHE %,
K+ 2550 8 £ Bt T — % Landau — Lifshitz 5 8 6 & #2894 v —



2 FHEALE(FEEE)

M, AT AAETRENER BATKBETMARNY R, £, 2%
ST % MR W = % Landau — Lifshitz # B H # W &%, £ A 7 Landau -
Lifshitz 7 R SR BARNK R, HEH LA SRR BER AT 2R N F
M, REBANSXFTENXERERLEHFAZIANAER, BRB BN Landau -
Lifshitz % 89 8E&, R B TR AL K,

20 H# 42 90 £ X F #, ¥ 7 % F Landau - Lifshitz 7 2 85 & # [{] B &,
Landau— Lifshitz # 4 Maxwell 7E W HEH X L BENFAE HAHRTT
BNWHR BRET —RIWRER B 7 BB UBEURRIHENE R’
AT BRENRER, AFARBEHRKTRESERRAEE, BEHHN— R %
REBRTXEER, LR TANRERVNEEL R FTHEESE, A2HTH
Hausdorff M 4EH W L TR EMET, A, BT, 5RBREAR
B, BAGHBETRHARZSARAEE, HYREENEH LR HIH
B, EREETERATERTRIL, FEEERRGIUTENER, 541
£ Blow-up R HAMEE, EARABR, Tt T RPBRBRELRYL, XHH
F BB RELB RN,

MNTEHEEE20EL0EREHES, B EHE. Tt B
W HTFL—EBHTHFIRE, AAHBS T ZABEWHAR. T, EAT
“HFENEAREEN LT AR R E -, XANEREMUT Frere X T
FhRERRNE R, £ =, 5 7 %% Landau - Lifshitz 7 B A4 H F M 7
B A Hausdodff £ FREHFEi. £=,%2 7 =4 Landau — Lifshitz -
Maxwell 7 & 8 & & £ 4 ) Hausdorff R il E W it. FIW, /AT %5
B AN EE BRSO RARX, BEHEFQT -2 F
WA R R, Plin, kTS ERH4HB T RARBHEEE - BEREXR
WHUBFRE AR B -HBREF L, BRBERB T ITEELRHMEFE
M EAE RN FAN, &IT,E Landau— Lifshitz 7 B # & 3 44 Maxwell 74
W, AT FSHNHE,

SER,HEFAEN —APREEUEARTERBNERFEE L ARY
BB HEF SRS ETRT S EHEANNAR, ZAENSRTHS
BEE, FRNWERAFETRFNE AR KB F HEEHE, oW
Schrédinger 7 %2 41 . Zakharov % # | Schrodinger — Boussinesq 77 £ 41 , Schrodinger
~KdV ¥ 8B4 K & % 4 Maxwell 7 # 4 Davey — Stewartson # 2 4 Klein
— Gordon - Schrodinger F # 4. W # F &. ) X KdV # # . Kadomtsev —
Petviashvili( KP) % # . Benjamin — Ono % #£ . Newton — Boussinesq # # . Cahn -
Hilliard 7 £ .Ginzburg — Landau 78 %, E¥ X BE4F R AH E R L 5 2|
TE - NER, FUATHARNET  AEBRIEATHARFETEENE A

YEWELFEG N ZAFTAELFRT) EWHE, BRET EHAKLR,



AR LR (FwE) 3

AEBEEURR T BT AENTFETNERR, FRTEER FHAELE
W oM EHRE T BERY EUEERAY KBRS FEFE, £ EAH
RERB ELAEYRFLBRB TR EREART FHEM TR LN LB E
B TFRABEBRINFHEEF EME T, MERAAEEH HHA, HEK
A4 Ginzburg — Landau 2, HEZ WA AR E By 2R L BE AL A
AREFE,ERT REAMEHRT FHAHELEY, %R E K Ginzburg - Landau
TRORSECGANE FELESHEN, ARAARES A RANWE R
FEGEHETERINBEBN L HAER(FMEIT 4)FEH R & BRI %
WEAALIRAER, X - FREAR FAMEHMFHEERLR, 41
A BRAREREH B LM, 1999 48 Bk, 353 U £ o F I 77 0 5 8t Fo
Hamilton EF & H R AW EHUEF R, A AN L FES FHEHE B,
Fenichel £ 4 B b fu £ %7 4 Melnikov B %, ¥ FE AN E RN =% B A% L
M Schrodinger 7 2, LA T B E W A E M, FEHRERB TP T Smale
LWWAHFAN, BAT, B —F %A T E /3 %W Hamilton LW %K L
A TEFFRLGTLEFNAECRTTRARFNNFR, BT T HE R 2
B, HEAXRERERTEF, WL XS ITHBIHEREAINNEETH,
BHRAFEANEREN “HEFEG I RABDAEERAN TR, &
K, BEFEHEAEHF ER T EREREY KAV 78 L2 BERS FHELAR,
ZERGBEIAFE®,

FEFARECFHHUBERF, BRORIERTARNTEE (H+ 4,
Mta WLE), BXRLET,F40 2 A, HBEENMNATHE G S I L f0
BE S TFTERAANEAES PN T IACRI TEAANERE LA A
BABRTHHERRE ZRFER R TRABRT, R I ZFHH LS
BT

(FHMAAXEVERBERETRA BN BT REAR, 2% 5 % 1
Mo XEFHBENHNEBEFERRAKXINERBRE, EXBRERER
EHRARREHRBR TN FARR, FEENRA TAEXFE¥I H
RNEZETRAEMGE, RAXENHRBEA TS T TWHB S L8 £ E
RALEETIRFRKEFTAEZ AHETIAFHRAER THK e gE
TA¥E¥BEFREFRKNIFE. TERIRMEGEEIAFKEAHAE
HE EETEAFH THAZR XS AVESHTERZTFRAHE LN
HRAFEALER XN EE ABERALE T RPN BT EHWEH, REEY
BT A% HRANRENXENBORETHE,

EARE
2005 £ 8 H FEIT k¥



B R

1998 4
Partial Regularity for Two Dimensional Landau-Lifshitz Equations -------<=-==ssesereeemeanee (1)
Global Attractor of a Class of Strongly Damped Nonlinear Wave Equations ==-=--+-----=-- (11)
#84 Schrodinger-KAV 24 Cauchy [RIBAEERE +-roererererrremmmrmrniinen (20)
Slow Time-periodic Solutions of Cubic-quintic Ginzburg-Landau Equation ( I )

—FEquilibria Problem «+sssesseersisremii (28)
Slow Time-periodic Solutions of Cubic-quintic Ginzburg-Landau Equation ( [I )

Heteroclinic Orbits crescrerrrrsresrritteiitiaseactiotitcennetrottaesecstttesttsaascssicsscnne ( 40 )
Attractors for the Long-short Wave EQUAtons ««+++++sssessssresissmstiiniiessinenninionne: (48)
Initial-boundary Value Problem for the Landau-Lifshitz System ( 1)

Existence and Partial Regularity ............................................................ ( 67)
Initial-boundary Value Problem for the Landau-Lifshitz System ( I[ )

_Uniqueness .................................................................................... ( 78 )
Gevrey Class Regularity and Approximate Inertial Manifolds for the

Newton_Boussinesq Equatlons ..................................................................... (83)
Attractor for the Dissipative Generalized Klein-Gordon-Schradinger Equations =----------- (93)
The Global Smooth Solution for Landau-Lifshitz-Maxwell Equation without

Dissipation .......................................................................................... ( 104)
Global Attractor and Its Dimension Estimates for the Generalized Dissipative KdV

Equation on R .................................................................................... (117)
Attractor for the Dissipative Hamiltonian Amplitude Equation Governing Modulated

Wave Instabilities ==ccceeeeeesaerreererretiiiiiiiiiiiettiiiiientioiiiiiatoiiistiiiestiiees ( 125)
Long Time Behavior of Strongly Damped Nonlinear Wave Equations «+ssssseeereseeseses (138)
Space-time Means and Solutions to a Class of Nonlinear Parabolic Equations «+=+++++++= (147)
Orbital Stability of Solitary Waves of the Long Wave-short Wave Resonance

EQUALIONS  ~++++++++sssssrmsmsmses s et et et et b ettt e bt (161)
Well-posedness of Cauchy Problem for Coupled System of Long-short Wave

EEQUALIONS  *+¢errreerrmssnnstnm s nr ettt sttt sttt et ( 172)
Global Flow Generated by Coupled System of Schrédinger-BBM Equations - «-<+=-++-+-+- (184)
Remarks on the Global Attractors of Semigroups Having a Lyapunov Functional = -+--- (193)
Approximate Inertial Manifolds of Non-Newtonian Viscous Incompressible Fluids ------ (197)
1999 £

Long Time Behavior of Nonlinear Strain Waves in Elastic Waveguides ~ «+----=-x-=-2c-+- (211)



2 FHRELE(RFLE)

Smooth Solution for One-dimensional Inhomogeneous Heisenberg Chain

EQUALIONS  *++ee+++++rermesssositaees s st b et e st s s e st e s e s b e e s es bbb e e e e s enas (222)
Smooth Solution of the Generalized System of Ferromagnetic Chain ««===+++sreerereerreens (234)
Well-posedness of the Cauchy Problem for the Coupled System of the

Schr('idinger-KdV Equations ..................................................................... (246)
The Cauchy Problem for Davey-Stewartson Systems «««+++««seccsessesssceeessrrmassessaans (256)
Solitary Waves for Two-dimensional Schrédinger-Kadomtsev-Petviashvili

Equations .......................................................................................... ( 269 )
Global Existence of Smooth Solution to Nonlinear Thermoviscoelastic System

with Clamped Boundary Conditions in Solid-like Materials =r=esereeeeerreseecnenenne (280)
Asymptotic Behavior of the Solution to the Systemn for a Viscous Reactive Gas  +++++»+++ (298)
Long-time Uniform Stability of Solution to Magnetohydrodynamics Equation «++=+«++++ (317)
Measure-valued Solution to the Strongly Degenerate Compressible Heisenberg

Chain Equations .................................................................................... ( 323)
Orbital Stability of Solitary Waves of Coupled KdV Equations «<s«=ssseseererereeseiiienaa. (333)
2000 £
=4 Wigner-Poisson FRRER Cauchy [AJR ceovenevrrrivaeer i (344)
The Attractors for Landau-Lifshitz-Maxwell Equations ««srreeetseerarereremmna.., (351)
Global Attractor of Nonlinear Strain Waves in Elastic Waveguides +-v+vroreeeemerereanees (370)
Initial-boundary Value Problem for the Unsaturated Landau-Lifshitz System ---+++=>+-- (384)
Exponential Attractors for the Generalized Ginzburg-Landau Equation ~ -++=+-ecvveeeee (400)
Global Existence of Solutions to the Derivative 2D Ginzburg-Landau Equation  «-++<+-+ (412)
Approximate Inertial Manifolds for Davey-Stewartson Equations +e«ctesseersereeserreeenen (428)
On the Weak Solution to the Equations of Antiferromagnets <+-=+=seererrarvsaranenracecnn. (438)
Existence and Blow-up of Sclutions to Degenerate Davey-Stewartson Equations -<--++--- (447)
Initial-boundary Value Problem for the Landau-Lifshitz System with Applied

Fleld  reeveereremmmnnsrmrmnmmreetreriee et e s r e e et b e e e e se b eesan s e ranaaaaes (461)
Algebraic L? Decay for the Solution to a Class System of Non-Newtonian Fluid

I R seecerereserittiniroenntiiiiiiiusarioitttattastettotenanntiitrarnetitiraatecattttarseaniusttaoes (476)
Attractors for the Ginzburg-Landau-BBM Equations in an Unbounded Domain  ++e+<-+- (485)
2001 £
ELFAHE FHIER Y Schrodinger JTHE +rererserrrersereermmmmeninsetae st (494)
Long Time Behavior of Solutions of Davey-Stewartson Equations «---=====-=rsereemanenenees (500)
Neumann Rroblem for the Landau-Lifshitz-Maxwell System in Two Dimensions -**-+* (512)

Some Exact Nontrivial Global Solutions with Values in Unit Sphere for
Two_dimensional IJﬁndaU‘LifShitZ Equations ................................................ (525)



3] * 3

Existence of the Periodic Solution for the Weakly Damped Schrédinger-Boussinesq

Equation ............................................................................................. ( 5 30)
Almost Periodic Solution of Generalized Ginzburg-Landau Equation =--==--s===sseeseeeenes (545)
On the Initial Value Problem and Scattering of Solutions for the Generalized

Davey-stewartson Systems ..................................................................... (556)
E—E Wigner-Poisson ﬁﬁﬁg H‘Jﬂﬁ)&‘ﬁf ............................................................ (566)
The Global Solution for Landau-Lifshitz-Maxwell Equations »=+=«sesereeseeerrrameerniaee. (577)
Time-periodic Solutions to the Ginzburg-Landau-BBM Equations =+=+++rs=s=sseerereeecoess (591)
BRI B BB 24 B TR L BB I -+ - veeeeemmmememsessrnnmenneesnnsnnnnees (598)



1998 % 1

Partial Regularity for Two Dimensional
Landau-Lifshitz Equations -

Chen Yunmei{ Fi#9#%) Ding Shijin( T8#) Guo Boling(F# %)

Abstract
It is proved that any weak solution to the initial value problem of two dimensional Landau-Lifshitz equation
is unique and is smooth with the exception of at most finitely many points, provided that the weak solution has
finite energy.
Keywords Landau-Lifshitz equation; nonlinear parabolic equations; uniqueness; regularity; Hodge

decomposition
1 Introduction

Let M be an m-dimensional compact Riemannian manifold without boundary. The
LLandau-Lifshitz equation for the ferromagnetic spin chain with Gilbert damping term (without
the external field) takes the form (see [1])

du =— ayu X (u X Apyu) + azu X My (1.1)
where “ X ” denotes the vector cross product in R®, u = (u!, 42, u®): M X R* = R® with
| u| =1,a; is the exchange constant and a; >0 the Gilbert damping constant. The continuous
Heisenberg spin chain has aroused considerable interest among physicists. The above equation
(1.1) of motion was first derived on phenomenogical grounds by Landau-Lifshitz!*). It bears
on a fundamental role in the understanding of nonequilibrium magnetism. A lot of work on the
study of the soliton, existence and regularity of solutions for one or two dimensional problems
has been made by physicists and mathematicians (see [2 — 7] for example). For the higher
dimensional problem, the only known result is the existence of weak solutionst® %1

It is easy to see from [6] that u is a solution of (1.1) if and only if u is a solution in the
classical sense of the following equation

du = a;Apyu + az(u X Apue) + ay | du|?u, (1.2)

or
atu=auxa,u+ﬁAMu+ﬂ|du'2u, (13)

for some constant «,f with 8>0.

# The project is supported by Applied Basic Reserch Foundation of Yunnan Province.
Acta Mathematica Sinica (New Series), 1998, 14(3): 423 -432.
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In this note, we shall discuss the partial regularity of any weak solution of above equation

having finite energy.
Consider the following Cauchy problem of the Landau-Lifshitz equation on M XR* ;

a,u=auX3,u+BAMu+B|du|2u, €M, t>0, (1.4)
ul(x,0) = ug, €M, (1.5)
where o€ H' (M, S?), dim(M) =2. The weak solution of this problem is defined by the

following.
Definition A map u:M X [0, T]—=5? is said to be a weak solution of (1.4) ~(1.5),if
u€ Wy, where
Wr=:13« € L*(0,T;L2(M)),du € L™((0,T),L*(M)),
lul=1, a.e.on M x [0, T]}
and if u satisfies (1.4)~(1.5) in the sense of distribution.

The following existence result was proved in [6];

Theorem 1.1')  Let M be a compact two dimensional Riemannian manifold without
boundary. For any initial value uo€ H'(M, S?), there exists a unique solution « with finite
energy of (1.4) ~(1.5) on M X R, , which is regular on M X R, with the exception of at
most finitely many points.

From now on, we call this solution as the “almost smooth” solution.

Recently, Chen and Guol®! found that any weak solution of (1.4) ~ (1.5) from a
Riemannian surface satisfying the energy inequality

_[;JMlazu’z+JM|du|2(',t)<JM|du0|2, for V¢ >0 (1.6)

is “almost smooth”. In this note we shall use a different approach which is simpler than that
used in [5], to prove that any weak solution of (1.4)~ (1.5) with finite energy is “almost
smooth”. Therefore, the assumption (1.6) is weakened in this note. More precisely our main
result is the following.

Theorem 1.2 Let M be a compact two dimensional Riemannian manifold without
boundary. For any T >0, if « € Wr is a weak solution of (1.4)~ (1.5) with finite energy

E(u(t))= JM'du |2(+,¢) << Eg for some constant Eg and for ¢ € [0, T1,then « is unique

and is smooth on M X [0, T'] with the exception of at most finitely many points.

This result is similar to the result of [10] on the uniqueness of heat flow of harmonic
maps. However, the extra nonlinear term u X u, brings more difficulty for the proof of our
result. QOur proof is completed by first showing that any weak solution of (1.4)~ (1.5) with
finite energy is in the space L?(0, T3 W!*(M)), and secondly by proving such a solution in
fact is in the space L*(0, T; W!*(M)). Then, we can prove the uniqueness for the weak
solutions of (1.4)~(1.5). At last, the regularity result is the consequence of the uniqueness
result and the existence result (Theorem 1.1).

Notation The Sobolev space W*'#(M, S?) is defined by
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WeP(M,S%) = {u € WoP(M,R¥) | u € S%?a.e. x € M}.
The norm | u [ly*»(p s is simply denoted by | u|y+», here the domain M and the target
S? are usually omitted. We use W (M, A‘) to denote the space of differential /-forms on
M with coefficients in the Sobolev space W#'? (M). The exterior derivative operator is
denoted by d and the conjugate operator of the exterior differential operator d in the metric of
M is denoted by d*. It is well known that dd=0, d*d* = 0 and the Laplace operator for
differential forms is given by Ayy=dd”* +d*d.

2 Preliminaries

In this section we shall give some lemmas, that are used in the proof of the main theorem.
Lemma 2.1(Hodge decomposition theorem)!!!! Let M be an m dimensional compact
Riemannian manifold without boundary and W be an /-form on M in L (M, A‘). Then,
thereis a ({ —1)-form A and (! +1)-form B such that W=dA +d*B, and A€ W\'#( M,

A, BEWLP(M, AYHY) satisfy
lAlyrr + 1Bl < ClW e, (2.1)

where C>>0 is a constant depending on M and p. Moreover A and B are unique and satisfy

d*A =dB = 0.
This result is due to Iwaniec and Martin!'! and the original proof is for the case that M =R”,
but it is not difficult to see that the lemma is also true in this case.

Lemma 2.2 (Wente’s theorem)!!?! Let M be a two dimensional compact Riemannian
manifold without boundary. If g € H' (M, A?) and h € H'(M, A®), then (d"g,dh) €
H™ (M, A% and

I{d*g,dr)| g < Cld gl 2l dil,2, (2.2)
where C>0 is a constant depending only on M. This result is due to Wente, the original proof
is for the case that M =R?, but the argument also can be applied to this case.

The next lemma is on the uniqueness and regularity for weak solutions to the Cauchy

problem of the following system:

3

dui — Bl = B, d*gY du' + f, z €M, >0, (2.3)
i=1

w'(x,0) = ub(z), z €M, i=1,2,3, (2.4)

where 8>>0 is a absolute constant, g(i,j=1,2,3) are differential 2-forms on M for each z &
(0,T) and fi(i=1,2,3) are functions of z and ¢.

Let
Xr = {u:M—R¥u € L*([0,T],H"*(M)),3u € L*([0,T],H ' (M)},

and for € Xr,define the norm of u in X7 by

| “XT = " Ju "]_2([0,'1*],;;“1) +u "Lz([o’T],Hl'z)'
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Let also that

Yr = lu:M—R|u € LA[0,T], WH(M)), 52 € L([0, T, L3(M))],
(2.5)
and for u € Y, define the norm of « in Y+ by
"“”YT = [%u ”Lz([O,T],L%) + lalizo, 79, w)-
We have the following lemma:
Lemma 2.3 Let M be a two dimensional compact Riemannian manifold without

boundary. Let also that in (2.3)~ (2.4) £i(i=1,2,3)€ LX[0, T1,LI(M, A")), g (1<
1,j<<3)€ L=([0,T],H' (M, A?)) and uo€ H' (M, S?). Then, there exists an g9 >0,
depending only on M, T and 8, such that if
leli=o, 7.0 = 12223” g 1> 0, .1 < =0 (2.6)

then any solution u of (2.3)~(2.4) in the space X; must belong to the space Y.

Proof It is sufficient to prove

Claim 1 The problem (2.3)~(2.4) has a unique solution « in X;.

Claim 2 The problem (2.3) ~(2.4) has a unique solution w in Y.

In fact, from the second claim, the problem (2.3)~(2.4) admits a unique solution ww in
Yr. Since YrC X1, so w& Xp. Then, from the first claim, if « is a solution of (2.3) ~
(2.4) in X1, u must coincide with . Therefore, u € Yr.

Now let us prove these claims by the contraction mapping principle. Endowed with the
metric oy (uy, uz) = | 21— uz| x, on X7 and with the metric py(uy, up) = | %1 = usz y, on
Yt, Xt and Y are nonempty complete metric spaces. For any v€ X7, by solving the Cauchy

problem of the following parabolic system:
3
atui — BAMui = ‘BE d*gij . d"Uf + fi, in MX (Oy T]) (2-7)
i=1
W'(x,0) = ub(zx), onM,i=1,2,3, (2.8)

we define a map L:v—>u=Luv.
By the theory for linear parabolic equations'®®!, the problem (2.7) ~ (2.8) admits a
unique solution z € X7 and

" u ”xr = " Ju ||L2([0,T],H-]) + [ du ||L2([0.T].L2) :

< C( Zj: ld*g? « dv' |20, 19,00y + DA 20,0, 00ty + Dol 2).
Applying Lemma 2.2 a;;dl the Sobolev embedding theorem to the right side of this inequality,
we obtain that
| u "xT <c(ldg lemo.rrty Mdoll o, .02y + 1Al 2o, 100 %) + [[uol w)s (2.9)

where C>>0 is a constant depending only on M and f8. Therefore, the mapping L maps X1
into itself. Moreover, we would like to show that L is a contraction mapping with respect to
the metric of Xr. Forany 0,2€ X, letu=1lov, =l andu=0-4,v=7 - 7. Since L
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maps X into itself, %, % € X7 and u satisfies

3

du' — Bl = B, d"g¥ - dv/, in M x(0,T], (2.10)
=1

u'(x,0) =0, onM, i=1,2,3. (2.11)

Applying the estimate (2.9) to the problem (2.10)~(2.11) and noticing that | dw |2 7112
Tl x,» we find that under the assumption (2.6),

lully, < Ceol vl
where C>>0 is a constant depending only on M, T and B. Therefore, if ¢y is chosen to be

equal to %, L is a contraction mapping on Xr. By the contraction mapping principle, there

exists an unique solution # € Xt to the problem (2.3) ~(2.4). The proof of Claim 1 is
completed.

Claim 2 can be proved by the same method. In fact, by the regularity theory for linear
parabolic equations'**’, the problem (2.7) ~ (2.8) admits a unique solution z € Y1 and

| u||yT< | 3 ||L2([0,T]'L"-‘) + I ullp2go.77..%

< c(“d*g"Lm([O,TJ.LZ) "dU"LZ([o.T].L‘) + "f"z.’([o,’r],:."’) + | uol g). (2.12)
By the estimate (2.12), it easy to see that if g in (2.6) is sufficiently small, then the map L
is a contraction mapping on Yr. Therefore, there exists a unique solution # € Yt to the
problem (2.3)~(2.4).
The last lemma in this section is regarding to the following Cauchy problem:
du' — Gi(z,t)Au = Gy(x,t)du + g(z,t), z€ M, t>0, (2.13)
ulx,0) = up(x), €M, ' (2.14)
where G;(x,t)(i=1,2) are matrices and g(x,t) is a vector.
Lemma 2.4 Let M be a two dimensional compact Riemannian manifold without
boundary. Suppose that in (2.13)~(2.14),
(1) Gi(x,t)Au is strongly elliptic;
(2) GLEC™(MX(0,T)), G,EL™(MX(0,T)), g€ L*0,T;L**(M)) and uy
€ H'(M). Then, there exists a constant ;>0 depending only on M and T, such that if
| Gall L=(wax0. 7y < €15 (2.15)
then the problem (2.13) ~ (2.14) has unique solution in L*(0, T35 W2*3(M)), for any
s€[2,4].
Proof Again we will use the contraction mapping principle to prove this lemma.
Fix an s€ [2,4]. For any v € L*(0, T; W**3(M)) by solving the following linear
strongly parabolic system
du — G(x,t)Au = Gy(x,t)Av + g(x,t), =€ M, t>0, (2.16)
with the initial condition (2.14), we define a map L:v—=>u=Luv.
By the theory for linear parabolic equations (see [14] Theorem 9.3, Remark 9. 14 and
Remark 9.15), the problem (2.16) and (2.14) admits a unique solution « € L*(0, T'; W2:4/3
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(M)) and
F% "L'(O, T W3 (M)

= CHl Gl L= uaxio, mp I 2 1o, w5y + Vg lito, rorv2myy + 1ol prgan !

<Clellvlye, v an + Telito,reemm + Tuolppnts (2.17)
where C >0 depends only on M and T and in the last inequality we have used (2.15).
Therefore, the mapping L maps L°(0, T; W**3(M)) into itself. Next we show that L is a
contraction mapping with respect to the metric of L*(0, T; W**3(M)). For any 5,7€ L*
(0, T;W243(M)), leta=Lv,a=Loand u=u —,v=5—. Since L maps L*(0, T;
W243(M)) into itself, @, Z € L*(0, T; W»*3(M)) and u satisfies (2.16) and (2.14)
with g =0 and ¢ =0. It is easy to see from (2 17) that

I ““L(o T W 0n) = “'0":,(0 T W3 »

if e, is sufficiently small. Therefore, L is a contraction mapping. By the contraction mapping
principle, there exists a unique solution € L°(0, T; W?*3(M)) to the problem (2.13) ~
(2.14), for any s&[2,4].

3 The Proof of the Main Result

In this section we shall prove Theotem 1.2.
Proof of Theorem 1.2
Step 1 In this step we will show that if € W is a weak solution of (1.4)~(1.5) with
finite energy, then u € Yr[) Wrp.
Let
WY = wid - Wdut, i,j=1,2,3. 3.1)
Since E(u(t))<XE,for a.e.t &[0, T], we have that
wie L=([0,T],LA(M, AY))
and
1wl =0.11..% < 2V Eo.
By using Hélein’s trick!'® and the fact that | «| =1, the equation (1.4) can be written as
3
Ju' ~ B’ = alu X 3u)t + pZ} WY . du. (3.2)
Applying the Hodge decomposition theorem (Lemma 2.1) to WY at each time slice ¢t €
(0,T), one may find that AY€ L~ ([0, T], H"(M, A®)) and BY€ L= ([0, T}, H'(M,

A?)) such that
WY = dAY + d*BY, fora.e. t € [0,T], (3.3)

and
HAZ N 2o,y + 1B oo, 11,0y < CU Wl 20, 77.0H < CVEg.  (3.4)
From (3.3), (3.1) and (1.4), we get
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AA’:i :d*WU - u'AW _ u]AMut + ﬁ_l(uiatuj - u’,azul) -

%(ui(u x3u) - w(ux3u)’) € LX([0,T],L2(M, A")).

By the Calderén-Zygmund inequality, dAY € L2([0, T],H'(M, A°)) and
1dA] 1200, 11,11y < C 3% | 2ppgo, 12y (3.5)
where C>>0 is a constant depending only on «, and M.
On the other hand, since B?€ L*([0, T]1,H'(M, A?)),for any ¢ >0, we always can
find BY€ L=([0,T],C”(M, A?)) and BJE L*([0,T],H*(M, A?)), such that

BY = BY + Bj, (3.6)
and
| B3 Lo, 71.HY < € (3.7)
Now, by using (3.3) and (3.6), we may rewrite the equation (3.2) to the following form:
3
du' — Ay’ = B2, d*BY - do + £, (3.8)
i=1
where
. . 3 .r . 3 =L .
Fi=a(uxdu) + B dAY - duf + 8D, d"BY « du’. (3.9)
i=t i=l

By the Sobolev embedding theorem and (3.5), we have

3 3
" Z;dAU - dw "LZ(EO.T].J_%)< Z 1A 20, 73,4 e =10, 11,9
i

Z"dA’"L([o 1,691 d# =10, 71,15 < C1 v Eq» (3.10)

i=

where C; >0 is a constant depending only on M and EFAR LAM[0,T])"
On the other hand, noticing that BY € L= ([0, T],C*(M, A?)),we have

"d B "L([o 11,14 == < C(T, M)”d BUHL (Mx[0,T]) = C(T M).

This leads to the estimate

’IZdB" dw’ “L([OT] 1_3)\2” *Bu"ﬁ([oﬂl.)"d“ FRIURSNERS < G VE,

j=1

w

(3.11)
where C, >0 is a constant depending only on M, T.
It is obvious that
u 9 € L3([0,T],L?) = L%([0,T],L3). (3.12)
From (3.9)~(3.12), we get that
e Lx0,T1,L3), i=1,23, (3.13)

and [ 7,2 (10,73, L3) is bounded by a constant depending only on M, T , e, Eg and 'E u||JL 2Mx(0.T]) -
Applying Lemma 2.3 to the problem (3.8) and (1.5), and from (3.7) and (3.13), we
can conclude that if e<{eg, where ¢ is determined in Lemma 2.3, then any solution of (3.8)
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and (1.5) in X7 isin Y. On the other hand, if # is a weak solution of (1.4)~(1.5), then
u is also a solution of (3.8) and (1.5) in X;. Therefore, v € Y.

Step 2 In this step we will show that if « € Y+ W is a weak solution of (1.4) ~
(1.5), then « € L*(0, T; W>*3 )N W.

For u€ Y+ W, u is defined a.e. on M X[0,T]. From (1.4), one can have

uXdu = fuXAu - adu.
Inserting this to (1.4), (1.4) reduces to the form:
(1+a®)3u = PAu + Bldulu + afu X Au,

i.e.,
Ju — G(u)Au = Bldul?u, (3.14)
where = 8/(1+ «?) and
B — afu®  aPu’®
G(u) = 1_'_1‘12 afu’ B — aful|. (3.14")
- afu?  afu! B
Since | u| =1, for any € >0 we can decompose « into the form:
©u=m+n, (3.15)
where m€ CT(M %X (0,T)), n€ L(MX(0,T)) with
| ||L°°(M><(0.T)) < Cllu "LW(M)((O.T))Q (3.16)
Il o, <ce- (3.17)

Inserting (3.153) into (3.14), it yields that

du — G(m)Au = G(n)Au + Bldul?u. (3.18)
Letting Gi(x,2)=G(m(x,1)), Go(z,t)=G(n(x,t)), and g(x,¢)=Fldul?u,
then, (3.18) takes the same form as (2.13). Moreover,

| G2 LT (Mx(0,T)) Clnl=axco,

L&l 0,700 < Cldullp (o, 77,5 due 210, 77,14

We can see from (3.14°), (3.16) and (3.17), that if e is sufficiently small, then the
assumptions in Lemma 2.4 and (2.15) are satisfied. Therefore, by Lemma 2.4, the problem
(3.18) with the initial condition (1.5) admits a unique solution v € L*(0, T; W*43)C
L?(0, T; W**3) and the solution in the space L2(0, T'; W?**/3) is also unique. On the other
hand, it is obvious that if « € Y7 W is a weak solution of (1.4) ~(1.5), then u is a
solution of (3.18) and (1.5) in L2(0, T; W>*3)_ Therefore, u = v€ L2(0, T; W>473).

Step 3 In this step we will complete our proof for Theorem 2.1 by showing the
following.

Lemma 3.1 Let «€ L*(0, T; W>*3)N Wy and v € L*(0, T; W>*3) N Wy be two
solutions of (1.4)~(1.5). Then, u=wv a.e. on M X[0,T].

Proof For simplicity we assume ¢ =1, 8=1. Now since w = u — v solves the following

equation



