Viladimir I. Arnold
Boris A. Khesin

Matheir\r?aptliice:I T°p°|oglca|

sciences . Methods in
Hydrodynamics

KB F PeYIB/IND F

Springer SER ¥ & e )
www.wpcbj.com.cn




Vladimir I. Arnold Boris A. Khesin

Topological Methods in
Hydrodynamics

With 78 Illustrations

@ Springer



BBERFE (CIP) HiE

WARsh S B FM T = Topological Methods in
Hydrodynamics, Applied Mathematical Sciences 125 ;

¥/ (%) FEEESE . —da. HRAEHHK
KA AT, 2009.8
ISBN 978-7-5100-0530-5

1. - . B M. hFh—RH— iR 12 —3E3C

IV.0351.2

o A B 43 4R CIP Bl (2009) 565127327 5

H #: Topological Methods in Hydrodynamics

1£ #: V.L Amold, B. A. Khesin

hoE L FESiERRERN TS

HERE: BE

W& HERBHBERAARISREAH

B Rl #&. Z=WMEFENPSERAH

b3 17 HERAEBHEARICEAR (JEREERAE 1375 100010)
BEZREIE: 010-64021602, 010-64015659

BFER: kb@ wpebj. com. cn

7 . 245

ED o 16.5

BR Y. 2009408 A

fEA =i .  [ESE. 01-2009-3588

] 2. 978-7-5100-0530-5/0 - 746 E M 45.00 50

R 84 HAR R T L RA T BHRIF Springer BMEFEAMMREDN LT



Vladimir 1. Arnold Boris A. Khesin

Steklov Mathematical Institute University of Toronto

8 Gubkina Street Department of Mathematics
117966 Moscow, GSP-1 Toronto, Ontario MSS 3G3
Russia Canada

AND AND

CEREMADE Yale University

Université Paris-Dauphine Department of Mathematics
Place du Marechal de Lattre de Tassigny New Haven, CT 06520
75775 Paris Cedex 16e USA

France

Editors

Jerrold E. Marsden L. Sirovich

Control and Dynamical Systems, 116-81  Division of Applied Mathematics
California Institute of Technology Brown University
Pasadena, CA 91125 Providence, RI 02912
USA USA

Mathematics Subject Classification (1991): 22XX, 35XX, 53XX, 58XX, 76CXX,
T6EXX, 76BXX

Library of Congress Cataloging-in-Publication Data
Arnold, V. I. (Vliadimir lgorevich), 1937-
Topological methods in hydrodynamics / Vladimir 1. Arnold,
Boris A. Khesin
p. cm. — (Applied mathematical sciences ; 125)
Includes bibliographical references and index.
ISBN 0-387-94947-X (hardcover : alk. paper)
1. Hydrodynamics. 2. Topology. . Khesin, Boris A. II. Title.
111. Series: Applied mathematical sciences (Springer-Verlag New York
Inc.); v. 125.
QA1.A647 vol. 125
[QA9I11]
510 s—dc2t
[532°.5] 97-10079

© 1998 Springer-Verlag New York, Inc.

All rights reserved. This work may not be translated or copied in whole or in part without the
written permission of the publisher (Springer-Verlag New York, Inc., 175 Fifth Avenue, New
York, NY 10010, USA), except for brief excerpts in connection with reviews or scholarly
analysis. Use in connection with any form of information storage and retrieval, electronic
adaptation, computer software, or by similar or dissimilar methodology now known or hereaf-
ter developed is forbidden.

The use of general descriptive names, trade names, trademarks, etc., in this publication, even
if the former are not especially identified, is not to be taken as a sign that such names, as
understood by the Trade Marks and Merchandise Marks Act, may accordingly be used freely
bv anvone.

This reprint has been authorized by Springer-Verlag (Berlin/Heidelberg/New York) for sale 1n
the People’s Republic of China only and not for export therefrom.

987 6543 2 (Cormrected second printing, 1999)

ISBN 0-387-94947-X Springer-Verlag New York Berlin Heidelberg SPIN 10733346



Applied Mathematical Sciences
Volume 125

Editors
J.E. Marsden L. Sirovich

Advisors

S. Antman J.K. Hale P. Holmes

T. Kambe J. Keller K. Kirchgissner
B.J. Matkowsky C.S. Peskin

Springer
New York
Berlin
Heidelberg
Barcelona
Hong Kong
London
Milan
Paris
Singapore
Tokyo



Applied Mathematical Sciences

It
12.
13.

16.
17.
i8.

20.
21.

22,

24,
25.
26.

217.
28,

. John: Partial Differential Equations, 4th ed.
. Sirovich: Techniques of Asymptotic Analysis.
. Hale: Theory of Functional Differential

Equations, 2nd ed.

. Percus: Combinatorial Methods.
. von Mises/Friedrichs: Fluid Dynamics.
. Freiberger/Grenander: A Short Course in

Computational Probability and Statistics.

. Pipkin: Lectures on Viscoelasticity Theory.
. Giacoglia: Perturbation Methods in Non-linear

Systems.

. Friedrichs: Spectral Theory of Operators in
‘Hilben Space.
. Stroud: Numerical Quadrature and Solution of

Ordinary Differential Equations.
Wolovich: Lincar Multivariable Systems.
Berkovitz: Optimal Control Theory.
Blumani/Cole: Similarity Methods for
Differential Equations.

. Yoshizawa: Stability Theory and the Existence

of Periodic Solution and Almost Periodic
Solutions.

. Braun: Differential Equations and Their

Applications, 3rd ed.

Lefschetz: Applications of Algebraic Topology.
CollatyWenterling: Optimization Problems.
Grenander: Pattern Synthesis: Lectures in
Pattern Theory, Vol. I.

. Marsden/McCracken: Hopf Bifurcation and Its

Applications.

Driver: Ordinary and Delay Differential
Equations.

Courant/Friedrichs: Supersonic Flow and Shock
Waves.

RouchelHabeis/Laloy: Stability Theory by
Liapunov’s Direct Method.

. Lamperti: Stochastic Processes: A Survey of the

Mathematical Theory.

Grenander: Pattern Analysis: Lectures in Pattern
Theory, Vol. II.

Davies: Integral Transforms and Their
Applications, 2nd ed.

Kushner/Clark: Stochastic Approximation
Methods for Constrained and Unconstrained
Systems.

de Boor: A Practical Guide to Splines.

Keilson: Markov Chain Models—Rarity and

" Exponentiality.

29.
30.

31

32

33.

de Veubeke: A Course in Elasticity.

Shiatycki: Geometric Quantization and Quantum
Mechanics.

Reid: Sturmian Theory for Ordinary Differential
Equations.

Meis/Markowiiz: Numerical Solution of Partial
Differential Equations.

Grenander: Regular Structures: Lectures in
Pattern Theory, Vol. IIL

34

41.
42,
43
. Pazy: Semigroups of Linear Operators and

45.

47.

50.
51

S2.
53

54.
55.

56.
57.
58.

59.

Kevorkian/Cole: Perturbation Methods in
Applied Mathematics.

. Carr: Applications of Centre Manifold Theory.
. Bengtsson/Ghil/Kdllén: Dynamic Meteorology:

Data Assimilation Methods.

. Saperstone: Semidynamical Systems in Infinite

Dimensional Spaces.

. Lichienberg/Lieberman: Regular and Chaotic

Dynamics, 2nd ed.

. Piccini/StampacchialVidossich: Ordinary

Differential Equations in R,

. NayloriSell: Linear Operator Theory in

Engineering and Science.

Sparrow: The Lorenz Equations: Bifurcations,
Chaos, and Strange Attractors.
GuckenheimeriHolmes: Nonli Oscillations,
Dynamical Systems, and Bifurcations of Vector
Fields. ’
Ockendon/Taylor: Inviscid Fluid Flows.

Applications to Partial Differential Equations.
Glashoff!Gustafson: Linear Operations and
Approximation: An Introduction to the
Theoretical Analysis and Numerical Treatment
of Semi-Infinite Programs,

. Wilcox: Scattering Theory for Diffraction

Gratings.

Hale et al: An Introduction to Infinite
Dimensional Dynamical Systems—Geometric
Theory.

. Murray: Asymptotic Analysis.
49.

Ladyzhenskaya: The Boundary-Value Problems
of Mathematical Physics.

Wilcox: Sound Propagation in Stratified Fluids.
Golubitsky!Schaeffer: Bifurcation and Groups in
Bifurcation Theory, Vol. L.

Chipor: Variational Inequalities and Flow in
Porous Media.

Majda: Compressible Fluid Flow and System of
Conservation Laws in Several Space Variables.
Wasow: Linear Tumning Point Theory.

Yosida: Operational Calculus: A Theory of
Hyperfunctions.

Chang/Howes: Nc Perturbation
Phenomena: Theory and Applications.
Reinhards: Analysis of Approximation Methods
for Differential and Integral Equations.
Dwoyer/Hussaini/Voigt (eds): Theoretical
Approaches to Turbulence.

Sanders/Verhulst: Averaging Methods in
Nontinear Dynamical Systems.

1 Qi 1
'S

. GhillChildress: Topics in Geophysical

Dynamics: Atmospheric Dynamics, Dynamo
Theory and Climate Dynamics.

(continued following index)



Preface

. ad alcuno, dico, di quelli, che troppo laconicamente vorrebbero

vedere, nei pind angusti spazii che possibil fusse, ristretti i filosofici
insegnamenti, s{ che sempre si usasse quella rigida e concisa maniera,
spogliata di qualsivoglia vaghezza ed ornamento, che é propria dei
puri geometri, li quali né pure una parola proferiscono che dalla
assoluta necessitd non sia loro suggerita.
Ma io, all’incontro, non ascrivo a difetto in un trattato, ancorché
indirizzato ad un solo scopo, interserire altre varie notizie, purché
non siano totalmente separate e senza veruna coerenza annesse al
principale instituto.*

Galileo Galilei
“Lettera al Principe Leopoldo di Toscana” (1623)

Hydrodynamics is one of those fundamental areas in mathematics where progress
at any moment may be regarded as a standard to measure the real success of math-
ematical science. Many important achievements in this field are based on profound
theories rather than on experiments. In turn, those hydrodynamical theories stimu-
lated developments in the domains of pure mathematics, such as complex analysis,
topology, stability theory, bifurcation theory, and completely integrable dynamical
systems. In spite of all this acknowledged success, hydrodynamics with its spec-
tacular empirical laws remains a challenge for mathematicians. For instance, the
phenomenon of turbulence has not yet acquired a rigorous mathematical theory.
Furthermore, the existence problems for the smooth solutions of hydrodynamic
equations of a three-dimensional fluid are still open.

The simplest but already very substantial mathematical model for fluid dy-
namics is the hydrodynamics of an ideal (i.e., of an incompressible and inviscid)
homogeneous fluid. From the mathematical point of view, a theory of such a fluid

** ... Some prefer to see the scientific teachings condensed too laconically into the
smallest possible volume, so as always to use a rigid and concise manner that whatsoever
lacks beauty and embellishment, and that is so common among pure geometers who do not
pronounce a single word which is not of absolute necessity.

1, on the contrary, do not consider it a defect to insert in a treatise, albeit devoted to a single
aim, other various remarks, as long as they are not out of place and without coherency with
the main purpose,” see [Gal].
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filling a certain domain is nothing but a study of geodesics on the group of dif-
feomorphisms of the domain that preserve volume elements. The geodesics on
this (infinite-dimensional) group are considered with respect to the right-invariant
Riemannian metric given by the kinetic energy.

In 1765, L. Euler [Eul] published the equations of motion of a rigid body.
Eulerian motions are described as geodesics in the group of rotations of three-
dimensional Euclidean space, where the group is provided with a left-invariant
metric. In essence, the Euler theory of a rigid body is fully described by this
invariance. The Euler equations can be extended in the same way to an arbitrary
group. As a result, one obtains, for instance, the equations of a rigid body motion
in a high-dimensional space and, especially interesting, the Euler equations of the
hydrodynamics of an ideal fluid.

Euler’s theorems on the stability of rotations about the longest and shortest
axes of the inertia ellipsoid have counterparts for an arbitrary group as well. In
the case of hydrodynamics, these counterparts deliver nonlinear generalizations
of Rayleigh’s theorem on the stability of two-dimensional flows without inflection
points of the velocity profile.

The description of ideal fluid flows by means of geodesics of the right-invariant
metric allows one to apply the methods of Riemannian geometry to the study of
flows. It does not immediately imply that one has to start by constructing a consis-
tent theory of infinite-dimensional Riemannian manifolds. The latter encounters
serious analytical difficulties, related in particular to the absence of existence the-
orems for smooth solutions of the corresponding differential equations.

On the other hand, the strategy of applying geometric methods to the infinite-
dimensional problems is as follows. Having established certain facts in the finite-
dimensional situation (of geodesics for invariant metrics on finite-dimensional
Lie groups), one uses the results to formulate the corresponding facts for the
infinite-dimensional case of the diffeomorphism groups. These final results often
can be proved directly, leaving aside the difficult questions of foundations for the
intermediate steps (such as the existence of solutions on a given time interval).
The results obtained in this way have an a priori character: the derived identities
or inequalities take place for any reasonable meaning of “solutions,” provided
that such solutions exist. The actual existence of the solutions remains an open
question.

For example, we deduce the formulas for the Riemannian curvature of a group
endowed with an invariant Riemannian metric. Applying these formulas to the
case of the infinite-dimensional manifold whose geodesics are motions of the
ideal fluid, we find that the curvature is negative in many directions. Negative-
ness of the curvature implies instability of motion along the geodesics (which
is well-known in Riemannian geometry of finite-dimensional manifolds). In the
context of the (infinite-dimensional) case of the diffeomorphism group, we con-
clude that the ideal flow is unstable (in the sense that a small variation of the
initial data implies large changes of the particle positions at a later time). More-
over, the curvature formulas allow one to estimate the increment of the expo-
nential deviation of fluid particles with close initial positions and hence to pre-
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dict the time period when the motion of fluid masses becomes essentially unpre-
dictable.

For instance, in the simplest and utmost idealized model of the earth’s atmo-
sphere (regarded as two-dimensional ideal fluid on a torus surface), the deviations
grow by the factor of 10° in 2 months. This circumstance ensures that a dynamical
weather forecast for such a period is practically impossible (however powerful the
computers and however dense the grid of data used for this purpose).

The table of contents is essentially self explanatory. We have tried to make the
chapters as independent of each other as possible. Cross-references within the
same chapter do not contain the chapter number.

For a first acquaintance with the subject, we address the reader to the following
sections in each chapter: Sections I.1-5 and .12, Sections I1.1 and I1.3—4, Sections
IT1.1-2 and II1.4, Section IV.1, Sections V.1-2, Sections V1.1 and VI1.4.

Some statements in this book may be new even for the experts. We mention
the classification of the local conservation laws in ideal hydrodynamics (Theorem
1.9.9), M. Freedman’s solution of the A. Sakharov-Ya. Zeldovich problem on the
energy minimization of the unknotted magnetic field (Theorem 111.3), a discussion
of the construction of manifold invariants from the energy bounds (Remark I11.2.6),
a discussion of a complex version of the Vassiliev knot invariants (in Section
IIL.7.E), a nice remark of B. Zeldovich on the Lobachevsky triangle medians
(Problem IV.1.4), the relation of the covariant derivative of a vector field and the
inertia operator in hydrodynamics (Section IV.1.D), a digression on the Fokker—
Planck equation (Section V.3.C), and the dynamo construction from the geodesic
flow on surfaces of constant negative curvature (Section V.4.D).
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Chapter I

Group and Hamiltonian Structures of
Fluid Dynamics

The group we will most often be dealing with in hydrodynamics is the infinite-
dimensional group of diffeomorphisms that preserve the volume element of the
domain of a fluid flow. One can also relate many rather interesting systems to other
groups, in particular, to finite-dimensional ones. For example, the ordinary theory
of a rigid body with a fixed point corresponds to the rotation group SO (3), while
the Lobachevsky geometry has to do with the group of translations and dilations
of a vector space. Our constructions are equally applicable to the gauge groups
exploited by physicists. The latter groups occupy an intermediate position between
the rotation group of a rigid body and the diffeomorphism groups. They are already
infinite-dimensional but yet too simple to serve as a model for hydrodynamics.

In this chapter we study geodesics of one-sided invariant Riemannian metrics on
Lie groups. The principle of least action asserts that motions of physical systems
such as rigid bodies and ideal fluids are described by the geodesics in these metrics
given by the kinetic energy.

§1. Symmetry groups for a rigid body and an ideal fluid

Definition 1.1. A set G of smooth transformations of a manifold M into itself is
called a group if

(i) along with every two transformations g, » € G, the composition g o A
belongs to G (the symbol g o & means that one first applies & and then g);

(ii) along with every g € G, the inverse transformation g~! belongs to G as
well.

From (i) and (ii) it follows that every group contains the identity transformation
(the unity) e.

A group is called a Lie group if G has a smooth structure and the operations (i)
and (ii) are smooth.
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Example 1.2. All rotations of a rigid body about the origin form the Lie group
S0(3).

Example 1.3. Diffeomorphisms preserving the volume element in a domain M
form a Lie group. Throughout the book we denote this group by S Diff (M) (or by
D to avoid complicated formulas).

The group S Diff (M) can be regarded as the configuration space of an incom-
pressible fluid filling the domain M. Indeed, a fluid flow determines for every time
moment ¢ the map g' of the flow domain to itself (the initial position of every fluid
particle is taken to its terminal position at the moment ¢). All the terminal posi-
tions, i.e., configurations of the system (or “permutations of particles”), form the
“infinite-dimensional manifold” S Diff (M). (Here and in the sequel we consider
only the diffeomorphisms of M that can be connected with the identity trans-
formation by a continuous family of diffeomorphisms. Our notation § Diff (M)
stands only for the connected component of the identity of the group of all volume-
preserving diffeomorphisms of M.)

The kinetic energy of a fluid (under the assumption that the fluid density is
1) is the integral (over the flow domain) of half the square of the velocity of the
fluid particles. Since the fluid is incompressible, the integration can be carried out
either with the volume element occupied by an initial particle or with the volume
element dx occupied by that at the moment ¢:

1
E=-2—‘/;lvzdx,

where v is the velocity field of the fluid: v(x,?) = %g‘(y), x =g'(y) (yisan
initial position of the particle whose position is x at the moment ¢), see Fig. 1.

FGURE 1. The motion of a fluid particle in a domain M.

Suppose that a configuration g changes with velocity . The vector & belongs
to the tangent space T, G of the group G = S Diff (M) at the point g. The kinetic
energy is a quadratic form on this vector space of velocities.

Theorem 1.4. The kinetic energy of an incompressible fluid is invariant with
respect to the right translations on the group G = S Diff (M) (i.e., with respect to
the mappings Ry : G — G of the type Ry (g) = gh).



