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Sgueeze Film Analysis
II—Eigenvalue Problem

Wang Famin

Institute of Mechanics, Academia Sinica, Beijing

J, T Stuart

Department of Mathematics
Imperial College of Science and Technology, London, U.K.

T.W_. NG

Department of Mathematics
National University of Singapore, Smgapore

Abstract In this paper we present a mathematical study of solving eigenvalue equa=
tion obtained in Part I, An informal! solution of special initial value problem ot a
pertnrbation developing at some given time js obtained by using Jacobi’s method, With
this solution known the possible instability for a squecze film is then discussed, The
study of Jacobifs method to investigate a class of mathematical instability problem, in
which the basic flow wvaries significantly in two coordinates with time tand the stability
equation derived is an ordinary differential equation containing three parameters repree
senting partial derivatives of a phase function,suggested by J,T Stnart, is a new app=

roach in hydrodynamic stability studies,

INTRODUCTION OF JACOBI METHOD

This section is concerned with the discussion of solutions of the first order

partial differential equation(3,23), relating to the problem of squeeze film sta-
bility. The general procedure of solving this equation is to use the method of
W.K.B.J., to get an asymptotic solution for some fixed local point. In this
section, following an earlier work of Stuart and Diprima, we study the mathe-

matical analysis of Jacobi’s method to infer an informal solution of this eigen

o 1 o



problem .

To illustrate the main idea, we consider a general partial differential equation

F(x,y,z,p,q) =0 (1. 1)
If i U(,x,y,z)=0 R L (1.2)
is a relation between x,y and z,then ' Lo
: Ul : U Lo
= - =, = - iy .
p Us g U HEETIN C (1.3)
where U, = ou , U,= o’ . U3=~6’—U~. If we substitute from (1,3) into
ox ay 0z
equation (1,1) » we obtain a partial differential equation of the type
f(x’y’Z’UuUuUa'):O .48

in which the new dependent variable T/ does not!appear:’ =
The fundamental idea of Jacobi’s method is the introduction of two further

differential equations of the first order.:

g€ 9,2, U, U,,Us56)=0 } (L.5)
hCxy ¥ 92, Uy Uy Usyb) =0
involving two arbitrary constants ¢ and b and such that:
(a) equations (1,4) and (1,5‘)"can"b'e solved for U,,U,,Ugs
(b) the equation e e
AU =Udx+Udy +Ugdz. ... - - - (1.6)

obtained from these values of U,,U,,U; is integrable

The mam dlfflculty of thls approa.ch is 1n the determmatlon of the auxi-
liary equa‘tlons (1-5) . We have to flnd two equatlons whlch are compatible
with (1. 4), such that the equatmns g and h are, solutlons of the linear parti-

al differential equat1qn

g L - ag - - 6 -0g '
fo, 5% +fo,~ a +fo, 00—y, 00—y, 08 -1, a.n
which has auxiliary fequatlons
cxcdy 2 aU, _dU, _dU, (g

ful-— fo, fn, T D

Once the two integrals g(x, ¥,z,a) and h(x,y.2,b) of this kind have been
found, the problem reduces. to solvmg for J i U,. U,.- and then the solution
of equation (1.6) contalmng three arbrtrary constants will be a comple'te inte-
gral of(1.4). The three constants.are necessary if the given .equation is(1.4).
However, when the ,quatiqn,is given in the form  (1.1). we need only two
arbitrary consté.nts in the final. splution. - By takipg different choices of third
arbitrary constant we-get different.complete integral of the given equation.

In applying this idea in the problem  of, instability of squeeze film. the
main. difficulty here is that the eigenvalye functign F appeared in equation is

o« 2 9



unknown. However._there is a possibility of finding some partial dxfferentxal
equatmns ef f1rst ‘order, mdependmg the uqknown functwn F» by ‘usmg the

method of F Orsy‘fh With fhls integral and an éxpansion of equation F given,
we can get the solution for U,» Ug(U,» U, are two special constant functions).
From the values of U ,-the Pfaffian equation obtained is a non-linear ordinary
differential equation. This equation is solved for some special initial conditions
of a perturbation developing at some given time. The transition from laminar
flow to' turbulence is ‘theén found by s1mp11fymg the solution of this specific
initial value-preblem. -+ - . o« i SRR

I

2 - INTEGRABILITY OF EIGENVALUE EQUATION

To seek a solution of this eigenvalue equation, which is a non-linear par-
tial differential eqiation, we need to-introdice three further differential equa-
tions of the' first brder, if-the Jacobi’s method is used: For this purpose. we
let

U(x:0:T»0)=0
‘be an arbitrary 4th—dlm,ensxona1 surface and denote the derivatives of [J as

oU U _ L aU _ |
| ax U a Uy S =Us o6 U @.1
such that. we have'- :
= —-C_I.L.., —.--_UF I = - U:’ .2
0. L v O = = (2.2)
By substituting equation (2.2). the partial differential«r'equ\aﬁo_n ¢2.23) then
‘becomes ‘
2 U, 1 U‘:],__ U, _,_z~ _ Us \_, 3
P{m| Tk +X2 ot HHXU(}s ! Ul}o 2-3)
which has auxa,hary equations .
| R . 1 . ot P . - a oLy
zUx 1 H U,
HUF"HHX P Box T
_ @ . - _. . 4T
HZ Uz F 2 H F
2 Sy 3 H: XU, :
_ T lae I
-2H' [U + Xz] -2 -‘H‘,rngzLF,
- dUl ol } LA
UL -3 gH U 2H . Usp
UrxX F A7 -5 i S



au,

= — HHT :+_U-) ‘ 3 2+H XUL -— zHT HHL’I ___q_,!
af_U_r[U LR [H Horl Fy- B i
~9U, | S
g
__dU‘
)

' where F,»F, and F, denote the derivatives. of. function F with respect to eigen
parameters a?,a® and C respectively. To determine unknown functiens U,» U,»
U, and U, we need to seek
Us=By - .~
U,:A}‘ (2.4a)
where A and B are two arhitrary constants.
Our aim then is to find the third partial differential equation of the type
(1.5). By linear combination. we obtain. amn . equivalent form of equations
3.2)

au, ,
2H:iB? 3 U, .. 2 HU
Sxs Do Bty e
_ de _ dg
T _2H™ 172 _3 U - B
As[U +—F]F HH. X lF; 2H* XzA,Fl
= ar__, =A¢@+dex+Bdi"'UsaT
2 _H F 0
3 HU, °
-daUu,+4 I;{'d@+H” [X.U,~ B4l - ,H’U,dT

= , 0 — (2.4b)

There are no further combination in the numerator with zero in the denomi-
nator, because no linear combination of the three non-zero denominators can
be zero. | “ ’

To obtain an exact intégral which is independent of F. we introduce the
integrating factors G and Q, which are functions of six variables x,8-8.T .U,

U, for the two linear combinations

—dU, + A1 ag + Hﬂ' [XdU, - Bag1- Hry.ar @.5)
H H
and Ado + U,dx + UsdT +Bdg 2.6>

A partial differential equation of the first order

o( au, + A.H_d@+ f};: (XdU, - Bdg) -

T U,aT )



, +G(4d0+U dX + Bdg+ U, dT) =0 2.7)
O%ta'med from (2.5) :: aild- (2.6) is then éxpected ‘t0 ‘be a. cbmplete integral.
Now we wish to determine the integrating factors ¢ and Q by using the me-
thod given by Forsyth (p.17). For this purpose, we let

sai=Ugr =X x,=U, \
X =6 x%5=T+ x4=8
and
= - ,‘-‘.= X = _ﬁTL
Qi Xy=Guy Xy=x, Q (2.8)
=AQ~%1+AG:X,=—

=]
=

X, -—HH’—T—BQ+BG

If this new variables are substituted, the equation (2.7) then becomes the

standard form:

ZX;dx;=0

i=1

(2.9

The conditions of integrability of equation (2.9) require that the equations

Quyn -Xr +au|va+ar;m X” =0

(2.10)

to be satisfied identically for all combinations of the indices m,n.r {rom series

1,2,3,4,5,6, The coefficients g;; are evaluated by following formulas:

a =._§2(__"'__....Q'XA’L
I P 8%m

_ 0X. _ 80X, _
Gu,r 5. ox. 2.11>
0 . = X, _ 0Xn
T % 9%,

From equations (2.10), we obtain a set of partial differential equatidnsl

There are twenty of such equatlon,s. but onl«y ten of -them are independent.

They are given as follows:

123: (—%T;?——Q—G)F+x,xs f}’;:(cgi Fgf:)+xs(G-Q~Q~ Q-Z%)=0
s M2 -0 30) s (032 ~02E) (035 -0 20)
"‘(an, Ggﬁ)+x,(0 29 2% )+ m6( G- Hiq)
Handr(0dZ-c0) -0

s 5 o



126: B

134:

135:

136:

145:

146:

156:

234:

'235:

T en

236:

A G w030 08)sh ”"(Oax, o)
A(an, 32 s H"(anl -6%¢ gi) oL
(Qgi aﬁ)+xlx,HT7:- Q&GT_G%’%

_x2Q{[ HTT) HTT]Q HTT G} o
Q-6 52) bx H"(Qa‘fxv = ol
A(Gz——f;{TT—T—Q‘)+A( 622 -q G, (@8 -c 29

wa (oo )
(650~ Qgﬁ)”(‘??ﬁ G o).

oo )

[( HTT ;l—Hr)GQ [ Hrr HT]qz Gzl ot
"o ! HTT Hr)(anl_ axl

+x(GaQ QaG)+B(Q*£— GGQ) 0

0Xs e ax, dxs

(HT Q+G)(G- Hyr Q)+J(4 '3 ’é’(ng, _}; gg

A H:rr (QGG' -G aQ)+x;x rr 60 Q GG)

0%s ax; 0% !
Hroxa o)t

Hrr H”' g G Hrr G
B(_H—TQ '.'.G) +B (Caa?, —“Q\a )+ B i Ha ~-(ng:

G——Q— +xx

o Hrr( ?9@ QGG

8xs. 0%e ) 0



25: A, (4x) oG+, fér(ogf 699 44, (G0 g o0 )
\ T ) 2 5 s

EHT-( ax‘ am) 0

046 Br.(-%- H”)(GaQ Qac;)+B HT,/GQQ_Q:)(;)

+x1x3“

gx; s Ho, \ DXy Ox,
a2 (05% - ¢ 92) v pa(Har) 06 -0
8 T /T

o A G i
@5y -6 g ) emnl(63l - Qgf

+ A ? HTT(Qa;xs (7x5)

s (e (0380 32) e (02 -0 1)
*AI—HTT(Q g_,i GGQ)
356: B,z(—%%—)TGQ+x,xz M (Qgi G gi) + B., Hrr

(Gax; ax5> B, (T )(G‘o?; 2,};‘):0

w56 4BQ - {[ Iz ﬁJT—) ~(Hx). H” Yo (), + (i )]G}
+ B, _PTTT!—— Q26 - 22 ap(Hr - M) (G 9

-0 38) v 2. Jfp(0 58 -0 §2)=0

From the above set of equations we can infer the following results:

A, The integrating factors ¢ and Q have to satisfy the equation

-g—: fé’: (2.12)
B. The function H de-cribing the motion ot the oscillating disk s defined
by:
Hw=00-d)* (2.13)
and satistying the initial condition:
HO) =1 (2.1

where o and a are two arbitrary constants.

C. If we substitute the functions G» Q and H into equations 123, 124. 123,

i »



126, 134, 135, 136, 145, 146, 156, 234, 235, 236, 245, 246, 256, 345,
346, 356, 456, we can then see that they are all satisfied.
D, The partial differential equation becomes a complete integral, if the equa-
tion (2,12) and (2,13) are substituted. It may be written in the form:
(1=~oTHdU;+ A(26~1)0d® + (a=1)0O

(XdU1+U1dx) _UadT=0 <2.15)
Without loss of generality, we choose two constants
A=-1
aea } (2.16)

i.e. O,=n
as the disturbance has a wave length 2=x.
After integrating, we have the following complete integral containing an

arbitrary constant g,

-(20-—1)@+(a—1)XU,+(ai—T)Us=k, Q.17
Now we have a system of four equations:
_ 3a Uf U: » i — te-1, U| , —Z(I_UT)US -
F{a-oT) ('Uf * X‘Uf) g (=0T XRF7 30XU, J=0
- (26~ 1@+ (@~ DXU, + 2 (1-0TU;=t, (2.18)
Uzzﬂ
‘U4= -1

for four unknown functions U,» U,» U, and U,. In the next section, we shall

discuss its solutions to get the Pfaffian equation
Ude+U,0+U,dX + U, AT =0 (2.19

3 COMPLETE INTEGRAL _

I . Pfaffian equation

Our objective here is to seek a solution of Pfaffian equation (2.19). As sta—
ted in §3,2, we need to solve the system of equations (3,18) first. But the dif-
ficulty is that the function F is unknown. However we can use its expansion
given in [Wang, Stuart and NG], and then infer some results for some special

values of @ and o.
(i) In the case t=1, a=1/2, the moving speed of the upper disk is in the

form

H(T);= %(1—?)-*" (3.1>



