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Preface

The theory of robust estimation, first put forward in the sixties by mathem-
aticians, has now grown into a statistics branch, and is still going ahead. In the
surveying field,it resumes,in particular, the least square and nonleast square me-
thods more extensively.Together with researches in many other topics, it seems
to be bound to reinforce the classical surveying theory, This collection of paprs
tries to promote its application and development in surveying.We hope also it
could make some contributions to the robust estimation,

The papers facus their attention on parametric estimation of oBservations.The
estimators are required to weaken the effects of outliers and at the same time have
small variances, The basic scheme is the“robust method of least squares”, that is,
it gives consideration to both robust estimation and the least squares method in th-
eory as well as algorithm, Based on the theory of bounded error distribution,da-
ta are divided into three sections; observations with small errors take the original
weights; the gross errors are ﬁot accepted as information and the corresponding
observations are deleted; those in the middle are given“equivalent weights”, such
that the observation equations lead to robust estimates (IGG I scheme),

For correlated observations, the corresponding“equivalent correlated weights”
are suggested (IGG J scheme), There we try to find a way for the robust estima-
tion of such observations,

According to different prior distributions of both parameters and observa-
tions, three extreme forms for robust Bayesian estimation and robust collocation
are constructed, The algorithms and posterior accuracy are discussed,

Leverage observations is a troublesome question in estimate theory. Keeping
this in mind,we discuss the residuals in some detail, Equivalent weights and data
division are fixed according to the distribution of residuals (IGG I scheme), In
this scheme, we propose a “strong rejection” process for the preliminary deter-
mination of parameters and a supplementary “weak rejection”to improve the effi-
ciency of the estimates,

We have also analyzed several estimators with high breakdown point develped
in recent years, It isshown by investigation that they are usually not suitable for
geodetic adjustment,

As a practical example, the problem of coordinate transformation with high
hreakdown point is studied, I:’1 addition, two papers concerning hypothesis test

are included,
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Of all 13 papers, a few are presented in'both Chineseand English,

The authors
: December, 1991
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Classwal Theory of Errors
and Robust Estimation*

Zhou Jiangwen

Abstract
In the sixties mathematicians resumed the non-least-squares problems and
have made prominent progress in robust estimation, The present paper, starting
from“equivalent weights”,proposes a robust scheme(IGG [ )for estimation of pa-
rameters and cbvariances of their functions, in reasoﬁing much use is made of the
classical least-squares theory, The results of trial computation on a small net

show that the IGG scheme is good as compared with gome other ones,

1. OQutliers and Robust Estimation

Robust Estimation was formally put forward in the sixties, In over twenty
vears, mathematicians have perfeeted lots of oriinating works, finding applica-
tions in ever more fields, in w]iich surveying will be an important one, Mathema-
ticians provide rigid theories under definite comditions, effective estimation me-
thods can hopefully be found dy proper use of them,

The motivation of roditst estimation is connected with outliers (some times

“gross errors”),~ They are, as the name implies, outlying errors, stemming from
mistakes, inadequacy in observation functions and in distribution models, all
inevitable practically .Here the observation model deviations are restricted to local
ones,noefficient estimation methods are available to cope with whole model devia-
tions, So far as rcsults are concerned, the observation model is even more impor-
tant than the method of estimation,

In surveying, we may take Gauss-Markov distribution as the model one, The
amount of obsefvation n is usually not very large as compared with the numter of
parameters m, N

Small errors are not distinguishable in origin, so the outliers practically
refer to the large ones, locally deviated from models,

The robust estimation refers to’" those methods, by which the estimates or

* Published in Acta Geodetica et Cartographica Sinica Vol 18, No 2, 1989




others, are to large extent free from the influence of outliers,i, e, the robust esti-
mator obtains the best estimates of model parameters and others,

In the method of least squares estimates of parameters are attracted by out-
liers, variances estimates are oéually to be larger owing to. the existance of outliers.
Nevertheless, under normal dlstnbutlon, itis superlor in mathemattca] and sta-
tistical properties, Therefore an effeettve estimation method will preserve the su-
periority of the method of least-squares, while at the same time improving its ro-
bustness, o

After all, the whole rests on a well representative sample,

‘2. Equivalent weights

Given observation sample {x;}, mutually independent, w1th observation

weights {p,;}, ¢ from 1 to n, Its enipirical probab’ ‘hty density may be written as

g(x)_[p‘a([xp]xl)] i - . (1)

[ Imeans summation,wherein index ¢ generally omitted,like [p] in the de-

nominator; in the numerater, to: distinguish x; ;fgom x, { remains, d(x-x,)
means Dirac function concentrated at.x,, . ‘
In M estimation, . we are to find the estimation of parameters {0;}, jfrom
1to m, under the condition Pl :
minimizing j’p(u)g(x)dx or Lpp] w;th Lfespeot to §; (2)

9p ) } [ W ]_ - |
or . [Paoj] [P(aV )aa( V_ bw Y % V-_o (3)
in which p some chosen functxon, {v } the remduals .. -

To dlrectly solve (3), the equatmn of estlmates, is dlfflcult, but the

equatlon can be transformed mto

oV .
ao)PV APV =0 (4
) !av;. n,‘. a& '_“‘;
50, " o8, | |
L -I B S | (5)
ae - Ny
.1.0v, e Ov,. ;
(oo, ™ 0.

' 1
P={p;:), P:i"‘Pi(aV ”_I}'-"‘") Rpw:

w; will be cal-led the weight factor,

8



(4) may be taken as normal equations in the least squares method, corre-
sponding to observation equations
Ao =xX+V, equivalent weights P (6)

» mm 1 = 1 ® 1

V is indispensable to calculate P,but we may take adequate approximate va-
lues of them, seeing that it is not very strict to assign weights, We shall call P
equivalent weights, because taking them as weights of the observation equations
(6 ),the normal equations thus found are the right estimate equations( 3),

Thus by use of equivalent weights P, M estimation can be transformed into
least squares estimation, which brings in convenience both in compatation and in
estimation scheme design, We shall make good use of it,

Through weight factors, comparison among different extremum functions p
can be made, Reversely, given weight factors, the corresponding p may be
found, '

The following outlines some generally effective estimation schemes with ap-
propriate modification, so that the weight factor at |V | =ko is 1, o the observa-

tion weight s, e., k the multiplier,

Extremal funétion p Weight factors w
least squares o ’ vt /2 ' i 1 7))
least absolute sum " kolv| ‘ ko /| vi (8)
One of Hubet’s schemes , |v]|<ko; v*/2 ' 1 v
{|v|>kcr, kolo] - (k") B (9
: . (o] lvl 2
Fair function Z(ko)z{ B —ln( 1+ )} - IRl
" ko
Danish method ,
vi/2,  |v|l<ko ' 1
{-—(k202+k0|plfexp(-—l£;~‘;i- ),]v]otheryvngE 1/ex\p‘(%-—l) '(11)

Take equivalent weights as known, classical formula may be used for app-
roximate assessment of variance of unit weight o, and covariances of estimated
functions,

According to references [ 4 ] pp44-48, distinguishing P= (p,w,), the equi-
valent weights from Q=Q. = (1/p,)the weight iﬁverse ‘of'.observation we find

=V/PV [/(n—m) rejected observations out of account | a2
Q =C-' A'PQPAC-! -C‘IA'PAC‘ P=(p;w?) as)
Q,.=BQ,B : (14)

9




for example for ¥V = 49, we have

Q, = AC-'A"PAC-1 4" 15)
in which C=A’PA,

8, Choice of Robust Schemes——IGG I Scheme

Viewing from the preceding, an effective robust scheme should be designed
as follows,

There will be a bound ko, within which least squares method remains, weight
factor being 1; Outside it the factor decreases from 1 gently as |v| increases,

The method of least absolute sum is connected with the median in the simp-
lest case,where sums of weights,respectively of p9sitive and negtive residuals are
equal, If changes of observations do not alter symbols of all residuals, the solu—
tion will be kept unchanged, therefore the method is superior, In robust theory,
its absolute influence functions are shown constant, the breakdown poigt ‘ is the
maximum 1/2, This confirms its superiority,as compared with the least squares
method .Unfortunately, from the bound-ko inward, the factor increases bound-
lessly, thus conflicting drastically with the observation weights,

According to the theory of errors, the multiplier 2 may be taken 1.5(in nor—
mal distributjon, the probability of an error outside + 1. 5 0 is 0.13), observa-
tion with an error beyond the bound can not be neglected entirely, yet its harm
should be prevented, Therefore it is advisable to set the weight factor as

_1+b

AR
1+bk0

b positive ) (16)

to lower the observation weights,

Once the residuals lie beyond + 2.5 o (probability 0.01 in model distribu-
tion) ,they should not be taken as observation information i.e.taken w= 0 sPro-
vided the observation model is appropriate_ In the method of least absolute sum,
w is only 3/5 when | v | =2.50, thus the factor decreases somewhat too slowly.

Differentiate(16), %g’ = (11:bllvvl|//kl:a)z » being negtive, Therefore

to enlarge b will decrease w, lim w= 1/%1,thus( 8) is already the fast decre-
b w00

asing factor,
Fair function sets no bound for small v, where it gets weight still contradict-

ing observation weight, though its maximal weight factor is only 2, better than

10



