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APPLICATIONS OF DE MOIVRE’S FORMULA

Abstract
By equating cosnf + isinné = cos™ #(1 + itan@)" = sin™ (i + cot #)", this paper derives

eight finite sums of tangent functions and cotangent functions. Most results are believed to be
new. By using the same techniaue, two identities of L. Euler can be proved.

We derive the following sums of tangent functions and cotangent functions. Let Z and
Z be the sets of all positive integers and integers, respectively.

§1. Summation of Tangent Functions
Let m = Z . Then

cosmb + isin mf = (cos @ + isin#)™ = cos™ (1 + i tan 8)™ = cos™ @ z (r:) (itan@)*
k=0
implies
(3] m
— m _ 13k 2k
cosmf = cos BZ( 1) (239) tan“* 8, (A)
k=0
[=5] m
= —_ m _1\k g 2k+1
sinmf = cos™ @ EU( 1) (2k+1) tan ]
(= m
— cos™ @ a 13k 2k
cos™ @ tan ¢ k;( 1) (2k+1)tan 8. (B)

n-1
(1) kz tan? if—:-i—;l =n(2n—1)/3forany n€ Z,: Let m =2n+ 1 in (A). Then
=0

cos(2n + 1)8 = cos®™+! GZ(—I)"

(2n +1
k=0

2%k ) tan?* § = cos®>"*+1 9P(tan? @)

with P(z) = Y (-1)¥(*3{")z*. P(z) is a polynomial with degree n and has n zeros. We
k=0

claim that the zeros of P(xz) are tan? CEUm for kb = 0,1,2,--- ,n~1.Let0< 8 < %1’1’, then

an+42
cos(2n + 1) = 0 iff P(tan®6) = 0 iff (2n + 1)0 = ZtLr for some k € Z. Thus 6 = L—mﬂ

for k=10,1,2,--- ,n— 1. Hence P(2) = 0 iff z = taal.n”%i‘i_,fzH for k=0,1,2,--- ,n—11is
true, and the claim is proved. This imples

n—1

(2k + D) 2n+1 2n+1
tan? 07 — = -

’ga 4in + 2 2n-1 /( 2n ) n(2n—1)/3

foranyne Z..
Example 1. For n = 2, we can prove that y = tan 75 satisfies 5y* ~ 10y° 41 = 0.
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(2) 'ji‘l tan2 Q{:—ll =n(2n—1) for any n € Z,: Let m = 2n in (A). Then
k=0

cos 2n@ = cos*" ¢ Z( 1)k (2 ) tan®* @ = cos?" 8 P(tan?9)
k=0

with P(z) = E( 1)*(35)z*. Let 0 < @ < 3. Then cos2nf = 0 iff § = Zktly for k =

0,1,2,--- ,n-—l is true. Thus P(z) has zeros x = i:ta.al""'Q—"i%lE for k=10,1,2,--- ,n—1.
n—-1

This imples Z tanzw (,om )/(2" =n(2n—1) foranyne I,.

2n-2 2n

Example 2 Let n = 2. Then tan® I + (tan? 2)~! = 6 implies tan* I — 6 tan> I+1=0
and tan® F=3— 2\/_ Hence tan 2-1is obtamed.

(3) Z t =2n+1in (B). Then

2n+1 kf2n+1 2k 2nt1 2
sin(2n + 1)0 = cos ftand Z( 1) tan“* 8 = cos & tan § P(tan” 9)
Z 2% + 1

with P(z) = Eﬂ(_m(gg;)mk. Let 0 < § < 7. Then sin(2n +1)6 = 0 iff 6 = ;%75 for
k=1,2,--- ,nis true. Thus P(z) has zeros r = tan?® 2:11 for k=1,2,.-- ,n. This 1mphes
n—1
kgo tan? ;A7 = (g:ﬂ)/(gzﬁ) =n(2n+1)foranyne Z,.

n—1
(4) Y tan? ’;—: =(n-1)(2n—-1)/3 forany n € Z,,n > 2: Let m = 2n in (B). Then
k=1

n—1
2n
. 2n _nk 2k 2n 2
sin 2n8 = cos Btan&E (-1) (2k 1) tan“" f = cos*" § tan § P(tan’ §)

k=0
n—1
with P(c) = 3 (~1)*(;{},)z*. Let 0 < @ < . Then sin2nf = 0 iff 6 = 5 for k =
k=0
1, 2 y7— 1 is true. Thus P(z) has zeros z = tan? "—“ for k=1,2,... ,n—1. This imples
E tan? £ = (2.:":'_‘3]/(2rl ) =(n~-1)2n-1)/3 forany n € Z, withn > 2.

§2. Summation of Cotangent Functions
Let ne€ Z,. Then
= [m
cosmf + sinmb = (cos§ + isin @)™ = sin™ (i + cot )™ = sin"‘ﬂz (k)i“ cot™ % ¢

k=0
implies

(7]
cosmb = sin"‘BZ(—l}" (;:) cot™~2k g, (8]
m-ll

sinmf = sin™ ¢ E (-1)* ( 1) cot™~2-1g (D)

k=0
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n—1
(5) 3 cot? Li‘—*’:; =n(2n+1) forany n € Z,: Let m = 2n + 1 in (C). Then
k=0

cos(2n + 1) = sin>" 1 ¢ 2 (2“’ N 1) cot?("R+1 g

= sin”" ! ecotez(—l)‘“ (2” N 1) cot?(n=k) g

k=0 2k
= sin®™*! B cot BP(cot? 6)
with P(z) = g( D*(*751) 2"k, Let 0 < § < 3. Then cos(2n+ 1) =0iff § = 2;‘—222 for
k=0,1,2,--+ ,n—1is true. Thus P(z) haszerosm—coﬁ%zhfo k=0,1,2,--- ,n—1
This imples kz:: cot? %‘—Z,E = (2“;1)/{2";'1) =n(2n+1)forany ne Z,.

n—1
(6) 3" cot? Qﬁ;ﬂ =n{2n — 1) for any n € Z: Let m = 2n in (C). Then
k=0

cos 26 =sin™ 0y (-1)F 2) ot2(n=k) g = gin2n 0P(cot? §)
P 2k

Tt
with P(z) = 3 (-1)*(37)z"*. Let 0 < # < %. Then cos2nf = 0 iff § = Q'ﬂ%”’[
k=0

for
k=0,1,2,--- ,n—11is true. Thus P(z) has zeros z = cot? !&:‘M for k=0,1,2 ,n—1.
n—1
This imples 3~ cot? M =

= () /{2n =n(2n—1) forauy n € Z,.
k=0

Example 3. Let n = 2. Then cot? ¥ + (cot? Z)~! = 0 implies cot? F—6cot? 5 +1=0
and cot? § = 3 4+ v/2. Hence cot ¥ =

n
2 _
(7) kgl cot” 3007

f+ 1 is obtained.
bt —n(@2n—1)/3foranyne Z,: Letm=2n+1in (D). Then

. . a 2n+1
2 1)¢ = 2n+19 1 k 2(n—k} g _ oo 20+l .ot 2
sin(2n + 1)¢ = sin Z( ) 9% + 1 cot 8 = sin 8P(cot? 0)
with P(z) = 3 (-1)k(37H!
k=0

ari)e" k. Let 0 < 8 < . Then sin(2n+1)8 = 0 iff § =

k=1,2,--- ,nis true. Thus P{z) has zeros ¢ = f'ot2 2:11 for k =1,2,.-. ,n. This implies
n
kz cot? FEr = (2";1]/(2"1‘*1) =n(2n —1)/3 for any n € Z . This identity is known

=1

2 2
Example 4. Let n = 2. Then cot? I + cot? 2% = 2 implies y + (y—z—;—l) = 2 and
5y* — 10y + 1 = 0, where y = cot £
n—1
(8) g“l cot? E% = (n —1)(2n ~1)/3 foranyn=Z,, n>2: Let m = 2n in (D). Then

n—1

. 2n
sin 2nf = sin®" @ —1)* 2An—k)—1
. in Z( ) (% . 1) cot 8
-1

— 2n k 2(n-1-k) g _ _: 2n 2
fcot @ 1 =
sin“" § co E ( ) (% + l) cot 8 = sin“" 6 cot 8P (cot? )
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+1

-1
with P(x) = “Z (-1)%(,27 )z 7% Let 0 < 8 < Z. Then sin2nf = 0 iff § = 5 for
k=0
k=1,2,---,n—1is true. Thus P(z) has zeros x = cot? ;—: for k=1,2,-.. ,n— 1. This
implies E cot? £ = (3 /(%) = (n — 1)(2n — 1)/3 for any n € Z with n > 2.

From the above identities, we summarize that

n
Zt 2 (2k+ r Z:cm;2 kx = n(2n — 1)/3,
k=1

pard in 4+ 2 2n+1
"‘1t 2 k4 hr A p @t o
E an T_Zco T—n{n— )s
= k=0
n—1
(2k + 1)w
t cot? ——— =n(2n+1) forany n € Z,,
Z: an® g yrer n( ) for any +

n-1
Ztan ——Zc t.2 =(n-1)(2n~-1)/3 for n> 2.

By using the same technique, we can prove the following sophisticated identity which is
due to L Euler

(9) z cot( X +6) = m cot(m8) fcr any m € Z ., such that mé is not an integer multiple
of w: Frum cos(mf) =+ isin(m#) = (cosd + isin &)™, we obtain

2cos(m@) = (cos @ + 7sin @)™ + (cosd — isin§)™

and 2isin(mé) = (cos 6 + isinf)™ — (cos 6 — isin§)™. Division then yields

[m/2)

2 }j (F)(~1)* cot™=2k ¢
k=

1 _ {(cot® +4)™ + (cot§ — )™}
i cot(mf) = {(cotf + i)™ — (cot§ — i)™} |“—r11 '
20 Y (pei)(~1)kcot™-2k-1g
k=0
that is
{cot“‘ 60— (3) cot™ 20+ (7) cot™ 49— ... }
cot(mf) = )
{mcot“‘“ 0~ (%) cot™ 38+ (7) cot™ 59— ... }

or z™ —mz™ ! cot(mb) — (7)a™ 2 + () 2™ 3 cot(mh) + () z™ 4 - ... = 0 with = = cot 6.

The last equation in z has degree m, and is also true for z = cot(d + %) forany k € Z;
since cot(mf + km) = cot(mf). Hence the m roots of this equation are cot(8 + XX) for

m—1
k=0,1,2,--- ,m — 1. This implies ¥ cot(f + -'51) = mcot(m#@).
k=0

(10) Z csc2(8 + '”) = m? csc’(m#) for any m € Z, such that m# is not an integer
multiple of 7 : This identity is obtained from (9) by differentiating w.r.t. 8.
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SIMPLE PROOF OF TWO COMBINATORIAL IDENTITIES

Abstract
For any positive integer n, the identities —h(z:‘)(k) = 2n-2 ln—k( E } for k
1254 k
POUR) =2nm B (PR for k= 0,1,2,0 -, [252] are proved

09 1! 2» ] [%]- and mzi (2m+1
by considering the recursive equation e, = 2:.,,_1_;, — cp—2,k—1 which are satisfied by two
doubly indexed sequences {an}:;:;o under different initial conditions.

The fascinating identities
n

B o\ /m —ogn-2k-1_N_ (n—k) o k=0,1,2 (]
.,gzmk* nok\ k ) TETOOST0A

(25%)
n m\ aok_1fn—k-1 _ o n—1
é(zmﬂ)(k)_z ( N ) for k=0,1,2,-,[——]

are difficultly proved, where n is a positive integer. In [1], the proof is by induction and
assumes the validity of both identities in inductive hypothesis. The proof of these identities
here is simple, direct and without induction. However, the analysis at the end of [3] is

inspiring. Let X, be the set of positive integers.

and

§1. Two Interesting Doubly Indexed Sequences

We construct two doubly indexed sequences {an}n o Satisfying the recursive equation

Cnk = 2Cn_1 k — Cn_2 k-1 With different initial conditions.
QG'n-ik ~0n—-2,k-1 forn € Z+, ke Z+U{O}

The first one {ank}n req 18 defined by apg =
except a_; 1 = a@gp = 1 Oy = a,_1 » = 0 for all n's and k's, and an; = 0 for n < 2k. Part
of this sequence is !]luth‘ﬂTF’d in Table 1.

n\k| -1 0 1 2 3 4 n\k|l -1 0 1 2 3 4

-1 ©@ 1] O

0 @ 0 @)

1 1 0 1 1 0

2 2 -1 2 2

3 4 -3 re 3 4 -1

4 0 8 -8 1 4 0 8 -4

5 16 —-20 5 5 16 —-12 1

6 32 —48 18 -1 6 32 -32 6

7 64 —-112 56 -7 7 64 —80 24 -10
8 128 —256 160 —32 1 8 128 —192 80 -8 0

Table 1 Table 2
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For finding the general formula of a,x, an analysis is given at the end of [3]. We note
oy = {((J,—l)“Q“'z""l“:‘_‘t " )Of,;(};e?welsf+ and k € £, U {0} with n > 2k,
The second sequence {bnk}:_‘fzo is defined by
buk = 2bn_1 4 — bn_2k_y for n€ £, k€ Z, U{0}
except
b1, 1=~1,boo=br_1=b_1 =0

for all n’s and k's, and bpi = 0 for n — 1 < 2k. Part of this sequence is illustrated in Table
2. For finding the general formula, we make the following analysis.

k=0: n bno
1 1
2 2 k=1: n —bn1
3| 4 3 1=1-2
4] 8 4 4=1-4 k=2: =n bro
5/ 16 5| 12=2.6 5[ 1=12
6] 32 6 32=4-8 6 6=1-6
T 64 7 80=28-10 T 24=2-12
3| 128 8] 192=16-12 8| 80=4-20
bn1 = —2""%(2n — 4) bz = 2"%(n% — Tn +12)
bro=2""forn>1 =-2""3(n-2) =2""6(n - 3)(n—4)
forn>3 form>5
Hence
b = ( 1)kon=2k-1("=%"1) for any n € Z, and k € Z, U {0} withn— 1 > 2k,
0, otherwise.
is obtained.

§2. Where do These Sequences Appear ?

Let ¢ = cos8, 5 =sin@,n € Z,; then
cosnfl + isinnf = (cosf + isin §)"

= zﬂ: (;) cos" " B(isin @)™

m=0

implies

-

Cos ‘Rﬁ —_ [’__I)m ( ) Cosn—-2m g Sin2m 9

— 2m

and
[257)
sin nf = Z (=™ (an+ 1) cos" M=l ggip2mtl g

m=0
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Hence

E3]
cosnf = Z(_l]m (;;)an‘—Zm(l _ az:,m

m=0
- i(—nm(z’; Joron {5 (1)

il

3 St () (7)o

e () ()
()

Eod

(3

n
2m
Z(_l)kan—Qk{ (2:;

5]

>

=i m=0
(3]

2.

m=k

k=0
(3]
=) ana™ %,
k=0
where (:) =0 for u < v and
3] 2\ /m
nk — -1 k
=03 () (7)

is the coefficient of a"~2*. a_; )y =agy =1, ap_1 =a_ 4, =0forn, k> 0and ape = 0
for n < 2k is obvious.
On the other hand,

sin ng n—2m— m
sin @ E (-1 (2 +1)a -
{"TU

B o ()
B B ) (e

m=0 k=0

[+ (%5

- s 3 (,0)()
["—fll

= Z bn&an—Qk—l
k=0

indicates that “;;‘n’;," is a polynomial in cos 8 with degree n — 1, where

n—1

bk = (—1)* [E] (zmn+ 1) (T)

is the coefficient of a™ 2*=1. b_; _} = —1,bgo = by, _; = b_, 4 = 0 for n,k > 0 and b =
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for n — 1 < 2k are also obvious. We note that
sinnf = 2 cos(n — 1)fsin 8 + sin(n — 2)8
implies

sinnf sin(n — 2)8
nd 2cos(n — 1)8 + g

as polynomials in cos & recursively.

sm !18

This can express

‘We next prove that ank and by in §1 and §2 are identical. We note

(-6

§3. Proof of ):( J(7) = 2r-2-1a_(no4)

Let an, be defined in §2.
Lemma 1. Letn € Z, and k € U {0} satisfy n > 2k. We assume (:) =0 for v < 0.

(i) Gnk — @n1k = mzk (2m 1) (%) is true.

31
(i) @nk — @ne—1 = (—1)F 3 () (™F) is true.
m=k—1

Proof. (i} If n is even, then

o=t 3 () ()0 B () ()

m=k
is true. If n is odd, then
n-2—1 _n_;_l
_ — (_1)k i my n—1 m
o eenmon E (2)(0) - E (20
m=k m=k
n—1}
2zl
-1 m
= (-1)* "
03 (o) (3)

is true.



