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PREFACE

It has been 10 years since the theory of topological mole-
cular lattices (TMLs for short) was first introduced. Let us
now look at the following aspects of this theory: the back-
ground based on which the theory was introduced; the relations
between the theory of TMLs and other branches of mathe-
matics; the development of its research field and some crucial
problems to be solved in order to get further progress.

In 1965, Professor L. A. Zadeh, an American expert in
5

control theory, introduced the concept of fuzzy set™, A fuzzy

subset 4 on a set X is in fact a mapping 4:X — [0,1]. We
denote by [0,1]1% the set of all such fuzzy subsets. If we iden-
tify a crisp subset B of X (i. e., a subset in ordinary sense)
with the characteristic function of B, then a crisp subset B of
X is in fact a mapping B:X — {0, 1}, The set of all such
mappings is just {0,1}*. As {0,1} C[0,1], hence the concept
of fuzzy subset is a generalization of the concept of crisp sub-
set. In 1968 C. L. Chang introduced the concept of fuzzy
topological spaces”. He called a subfamily 8 of [0,1]% a fuzzy
topology on X if 0, 1€8&, and & is closed under finite
intersections and arbitrary unions, here 0,. 1 are respectively
the least and the greatest mappings on X,and the intersections
and unions are the operations by taking infima and suprema
of mappings respectively. The pair (X, 8) is called a fuzzy
topological space. After the concept of fuzzy topological spaces

was introduced, a series of basic concepts in fuzzy topology
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can be defined by imitating the corresponding concepts in
general topology. E. g.,a fuzzy set G is defined to be an open
set if G is in 8; if A€ [0,1]%, the greatest open set contained
in A is called the open kernel of A, denoted by 4% if H =
1 — He 5, then H is called closed; the least closed set contai-
ning A is called the closure of A4, denoted by 473 (X, &) is
called compact, if each open cover @ (i.e., @/ C8& and sup?/
= 1) of X has a finite subcover. It seems that many more
concepts and theorems in general topology can be genera-
lized into fuzzy topological spaces without difficulty. The fact
is that point set topology is the topological theory developed
on {0,1}*, fuzzy topology is the topological theory developed
on[0,11%, as {0,1}* and [0,1]* have many properties in com-
mon (e.g., the De Morgan law holds in both cases and the
mappings connecting two spaces have many common properties
etc.), hence those theorems in point set topology based on these
common properties are naturally true in fuzzy topological
spaces (see [3]). On the other hand, [0,1]% and {0,1}* are
quite different, for example, The Law of Exclude the Middle
does not hold (that is, AANA" =0 and AV A =1 does not
hold in general), The Multiple Choice Principle does not hold
(that is, 1, € \/ A; does not imply that there is r}- such that

%€ A;, see [4]\. It is just these great differences that make
/

the traditional neighborhood method no longer applicable in
fuzzy topology (see [5]). This fact was reflected in the di-
fficulties met in the early 1970’s. Then the pointless school

evolved, B. Hutton was one of the pioneers in this direction.



PREFACE iii

The pointless school did much excellent work on quasi unifor-
mities and normalities, and this can be regarded as the repre-
sentative work of the pointless school. On the other hand,the
evolution of the pointless school maybe is due to the fact that
the pointwise study did not find a way out. In this situa-
tion,the theory of Q-neighborhood introduced by professor Liu
Yingming turned out to be very important (see [6]), it
paved a new way for the bracing up of the pointwise school.

Lattice-theoretically,both the topological theory developed
on L, == {0,1}* and the fuzzy topological theory developed on
L,= 10, 1]* are certain topological theories on certain lattice
L, hence they can all be regarded as part of the topological
lattice theory. G. Nobeling’s book [7] had detailed illustra-
tions about this fact, only the framework of [7] was so wide
that many basic concepts in general topology can not be dis-
cussed in this wide framework,in particular, because of the lack
of the concept of points and the corresponding concept of neigh-
borhood structures, many important concepts such as paracom-
pactness, embedding theory can not be discussed. Thus, we
need a new topological latrice theory that is on one hand wide
enough to include fields such as point set topology and fuzzy
topology as special cases and on the other hand it can retain
the pointwise characteristic and the aboundant results of point
set topology. It is just based on this consideration thatin 1979
we introduced the theory of “topological molecular lattices(1)”
(see [8]). We introduced such a kind of lattice, it contains
enough point like elements called molecules, the molecules are

the abstraction of the concept of points in point set topology
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and the concept of fuzzy points in fuzzy topology. On one
hand molecules play the role of points, each element can be
represented as the union of molecules, on the other hand mole-
cules are not the smallest units, they are decomposable. This
is why we call them molecules rather than atoms. For mole-
cules, we introduced the concept of remote neighborhood sys-
tems, this concept is anabstraction of the concept of neighbor-
hood in point set topology and the concept of Q-neighborhood
in fuzzy topology. By using remote neighborhood, we estab-
lished successfully the Moore-Smith convergence theory. At
the same time, in the category of TMLs we introduced a new
kind of morphisms--+--+ order homomorphisms, this was got by
abstracting the fact that ordinary mappings and Zadeh's fun-
ctions are union preserving and their inverses are involution
preserving. It turns out that the above two properties are es-
sential, and play a key role in developing the whole theory of
TMLs, order homomorphisms are just the proper morphisms in
the category of TMLs,as is shown by the development of the
theory. Thus, molecules, remote neighborhoods and order
homomorphisms are the three kinds of pillars of TMLs theory.

After “topological molecular lattices (I)” was introduced,
they were affirmed widely, and, at the same time.the question
that how to widen the framework was raised. In 1983 we
introduced the theory of “generalized topological molecular lat-
tices” (see [9], i.e.. “topological molecular lattices (1I)"), we
generalized greatly the concept of molecules, but remote neigh-
borhoods and erder homomorphisms were the same as before.

Shortly after we found that a Fuzzy lattice (i.e., a completely
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distributive lattice with order reversing invelution) are special
kind of “generalized topological molecular lattices”, thus the
theory of “generalized topological molecular lattices” includes
L-fuzzy topology as special case. After some time we further
found that the order reversing involution is not essential to
the theory of topological molecular lattices, thus in 1985 we
introduced “the theory of pointwise topology on completely dis-
tributive lattices™'®, this theory does not require that the lat-
tices discussed have order reversing involution, and the lattices
involved may not be symmetric. In this theory remote neigh-
borhood method based on closed elements can still be used,
but the Q-neighborhood method is not valid. We can also see
clearly that, as to the adjacent structures, the remote neigh-
borhood structures are the most acceptable structures. Thus the
concept of closed elements is much more important than the
concept of open elements! As the remote neighborhood system
of a molecule forms an ideal,thus in this wide framework the
ideal convergence theory can be used to replace the filter con-
vergence theory based on the neighborhood system method. As
to order homomorphisms,because there exist no order reversing
involutions in this wide framework, we replace the requirement
that the inverse mappings preserve involutions by the require-
ment that they preserve arbitrary unions, thus the theory of ge-
neralized order homomorphisms was introduced (see [11]). Up
to the present, [I0] is the paper that discusses systematically
in the widest framework the theory of TMLs.

Up to the present the theory of TMLs on one hand has
formed ap initial theoretic framework, but on the other hand
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it is far from complete. For example, in [10] concepts such
as product, sub-topological molecular lattice and the very im-
portant concept of compactness were not mentioned at all, and
the quasi-uniformities defined there have many shortcomings.
These are studied afterwards by my students Zhao Dongsheng,
Yang Zhonggiang, Fan Taihe, Sun Shuhao,Sun Guozheng etc.,
but it is only a beginning. For example, there have not much
discussions about the productivity and hereditarity of topologi-
cal properties. As to compactness, though Zhao Dongsheng has
generalized the nice compactness to the case of L-fuzzy topo-
logical spaces™, it is very difficult to generalize it further
into the case of TMLs. On the other hand, the compactness
defined by using the finite cover property in TMLs has many
deficiencies, so, the theory of compactness in TMLs remains a
blank space. Now let us turn to the relation between TMLs
and L-fuzzy topological spaces. obviously the later are special
cases of the former. But the study of L-fuzzy topological spaces
can not be all reduced to the study of TMLs. To be exact,if
(L*,8) is an L-fuzzy topological space, let X be the set of
all singletons, say, if X == {x}, then (L*, &) is a TML
(L,8), but the question now is, many properties introduced in
(L*,8) can not be transformed into the corresponding proper-
ties in TMLs. For example, as to Hausddrff separation axiom,
when X = {x,}, each L-fuzzy topological space (L*,8) is
Hausdorff, but not all TMLs are Hausdorff. There also exist
some problems in compactness, N-compactness introduced in
[12] can not be used in the theory of TMLs. As to the ideal
convergence theory, though Yang Zhonggiang discussed it in
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detail in [13], but there still exist many related problems to
be solved. As to quasi-uniformities, Sun Shuhao’s study in
[14] is only a beginning, questions such as whether there exist
symmetric uniform structures and how to discuss separation
axioms by, virtue of quasi-uniformities were not dealt with in
[14] at all. As to local properties, problems such as paracom-
pactness are to be further studied. In summary, though the
most fundamental structure of the theory of topological mole-
cular lattices has been laid, the concepts of molecules, remote
neighborhoods and order homomorphisms have been widely ac-
cepted, the theory is far from complete. There exist many
problems to be further exploited. Apart from the work in our
laboratory, there have been many deep and interesting results
on TMLs (see [15]). Now we collect in this book some of
the work done by the research laboratory of pure mathematics
in Shaanxi Normal University. We hope that this book can
reflect the general picture of the theory of TMLs and will be
beneficial to those who want to study the theory of TMLs.
Though most of the papers in this book have been published
officially, there will certainly be some careless omissions or

even mistakes which are all due to the authors.

Xi’an, July 1989 Wang Guojun
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