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The Mathematical Theory of Penalty Fupction
Methods of Optimal Processes -

Chen Tsu-hau

( Shandong Universit)’ )

In this paper the main contents are,

Definition, {p.(t, x, W)} is called a séqénbe of exterior ( interior Y penalty
Ffunctions, if h £ . Co

(1) p( *)>0 and continuous on IxOXU (IxBxU)*, where F= [a; b],‘."
open set ODR, U is a compact, convex set’ };f Rr, B is the interior of close set
B Re, . . ‘ . : A

(2) ‘given any compact set Dc3B, for each absolutcly contmuous fﬁnition

(t)eD & u(t)eU a,<t<b,, we have

b, : x
k_l,lfoo (,f“i) [ e x(t), Wty di=0 (2.5

(3) exzst closed Sets {B,,} B,chch B= ﬂ Bk, ‘B,%B(B=B,), Such that

for each absolutely. continyous function x(t)e]?,,(ﬁ), a;<<t<cy, x(ck)eaB,,(aB) &
u(t), 01<t<c,, specified as {2y, we have

[t x, w0 dimieT 0 Ga-Tered,  2.0)

a,
where number p>0, and ‘Fu, Jx, T, is defined by'(2.4) o
A segence of exterior penalty- functions {p,( e+ )} is called the interior penalty
N i ) ; . . . K. . ¢
#Generally, the-statement suits the exterior and interior Penalty functions, .but the words

or marks in the bracket only suit the interior penalty functions, and the words or marks
before the bracket correspondernt to the exterior Pennlty functions,
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type,if for set B & OB the right-hand number of (2.6) is replaced by Fu—Tu+ps
and it is ecalled a sequence of strongly  exterior penalty  functions if for
D =B the property (2) i.e, formula (2.5) is satisfied, Generally, the exterior and
interior penalty functions r\espectiuely contain such properties (see [11, [2D):
kil_r:loo ml1)n ps( » ) = + o0, for every compact set DCO\B and p « Y—> +oo, jil

1
pu( s Ydt = + o0 as x(t)—>x(c,)edB,but in our paper all these properties are replaced
by property( 3), which simplifies and generalizes the concept of penalty functions,
and shows that the unified character of penalty functions is in the neighborhood of
B. Thus we may take p,(+ )= 0 only just in the enough small neighborhood of 6B
such that {p,( + )} may qicken the rate of oy (ML) >H o

Problem % or A:Find a solution(ue, xx) of systems(2.1), (2.3) such that
xg(1)€B, ap<i<<by, & JLugl=Tn, Problem K, (ALu) or Sopo(Hy): Find a solution
Cub,ub ) of systems (2.1), (2.10) such that xh()eQB) & Tilubl=Tw i) (sce
formulas (2.11), if xh (1)eO(B), then x% (t)is called unconstrained ., oy, (Ao)—>H5
as k—> +ootexist @ solution (ub,x4) of Sou(Ay)such that the formulas(6.2) —€6.4)
are safisfied. Problem & is said to have a solution (i, %) approximated from B if
there is a solution set {i,, %,) of system (2.1), (2.3) such that the formulg (6.1)
is satisfied,

Theorem 6.1. In order that & has a solution approximased from B, the
necessary and sufficient condition is Ja=Je o :

Theorem 6.2. & 6.3. Let {py( + )} be a segence of exterior (interior) penalty
functions, In order that 4, (4,) has an unconstrained solution and approximate
to.f, the sufficient condition is:i1°. Jx=Ts» o7 2°. Fe=7To, or 3°, has a solution
approximated from B,

Theorem 6.4, & 6.6. Let {p,( )} be a segence of exterior penalty functions
of interior penalty type (interior penalty functions) . In order that K, ( Ay ) >&L
as k-»+ oo, the necessary and sufficient condition i511%, Yu =Ty or 2°, 4 has a
solution approximatéd from B.

Theorem 6.8. If {ps( + )} is a segence of strongly exterior penalty functions,
then £,, approximates to A,

Paper [2] only obtained the third sufficient condition of Theorem 6,2. & 6,8,
and it is not easy to cheek it up,while Theorem 5,1, in this paper gives a quautuatwe
rule. In order to prove o, —>%, paper [ 3] added an assumptzon, i, e, {u.} is
abosolutely convergent, but this assumption is very d:fficulf to rea&ze, while here
Theorem 6.8. only needs {#.( +)} to be a seaence of siromgly exterior panalty
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functions, and it is very useful in practice, we sort out the penalty functions into
six type,in order that A,,U(A,,)—».A we give some sufficient and necessary conditions
( see Theorem 6.4.—6.7.) , whick gre carried out here for the first time, Thus,
our paper clearly explains ynder what case the exterior or interior penalty functions
may be chosen,

We take the unified method to define the concepts and to prove the theorem for
the exterior and interior penalty functions, and show the important relations between
Fes Tas Tos Tios Juw (See Theorem 3.4, or formula (5.4)) , and what is more we
obtain the computational formulas of J« & Ju from Theorem 5.3. & Theorem 6.8.,
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