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Transfer (3-D-VRT ) Equation for Inhomogeneous

Scatter Media
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Abstract To solve a three-dimensional vector
radiative transfer (3-D-VRT) equation for the
model of spatially inhomogeneous scatter media,
the finite enclosure of the scatter media is
geometrically divided, in both the vertical z and
horizontal (x, y) directions, to form very thin
multiboxes. The zeroth-order emission, first-
order Mueller matrix of each thin box, and an
iterative approach of high-order radiative transfer
are applied to deriving high-order scattering and
emission of whole inhomogeneous scatter media.
Numerical results of polarized brightness
temperature at microwave frequency from an
inhomogeneous scatter model such as vegetation

canopy are calculated and discussed.

High-order

emission, inhomogeneous media, three-dimen-

Index Terms scattering and

sional vector radiative transfer (3-D-VRT).

1. Introduction
TO  DESCRIBE

absorption, and emission of radiance intensity,

multiple scattering,
the vector radiative transfer (VRT) equation of
the Stokes vector I has been studied and applied
in broad areas. Conventional VRT is usually for
the models of parallel-layered media, i.e., one-
dimensional (1-D) VRT equation (dI/dz)[11:[2],
There have been some studies of two-dimensional
or three-dimensional (3-D) scalar RT equations,

such as the Monte Carlo method and multimodes

x This article was published in IEEE Transactions on Geoscience and

Remote Sensing , 2004, 42(2): 355—360.

approach for radiance of atmospheric discrete
cloudst3 61, the

difference method for the problems of heat

discrete-ordinate and finite

transferl7):[8), and neutron transport, etc.
However, in all of these approaches, it has been
necessary to assume that the host medium itself
is homogeneous, 1. e. , extinction, scattAering and
phase functions are considered to be independent
medium. This fact

of location within the

simplifies the problem somewhat as the
inhomogeneity in RT and then requires only a
suitable treatment of the lateral sides of the
medium and their associated boundary
conditions. In advances of polarimetric and
radiometric observation in remote sensing and the
imaginary technology with an improved high
resolution, development of 3-D-VRT (dI/dz,dI/
dy, dI/dz) model for spatially inhomogeneous
scatter media such as vegetation canopy becomes
of great interestl® 1], However, modeling and
numerical solution of 3-D-VRT for inhomogeneous

scatter media remain to be studied.

To solve the 3-D-VRT equation for spatially
inhomogeneous scatter media and obtain high-
order scattering and emission, the finite enclosure of
the scatter media is first geometrically divided into
many thin boxes, slicing the media in both the
vertical z and horizontal (x, y) directions. The
zeroth-order emission of each thin box and an
iterative approach of high-order radiative transfer via
the Mueller matrix solution of VRT in all media
boxes are applied to deriving high-order scattering
and emission of the whole inhomogeneous scatter
High-order brightness

media. scattering  and



temperature of the inhomogeneous scatter media in

3-D  geometry can be numerically calculated.
According to the spatial resolution of the observation
to divide the finite enclosure of scatter media, this
approach presents a numerical method to obtain high-
order scattering and emission of the 3-D models for
inhomogeneous scatter media such as vegetation

canopy, finite cloud fields, etc.

2. 3-D-VRT equation

A geometric model is shown in Fig. 1, where
nonspherical particles are randomly and non-
uniformly distributed within random limited
space, e. g. , such as random cones (it might be
as a model for random tree canopy or others).
Suppose that the finite enclosure of the media has
the length and width as Wi and W3, in the x and
y directions respectively, and the height d in the
z direction. Note that in this model the top and
lateral boundaries of the enclosure are not solid,
and the underneath of the bottom surface is a
homogeneous half-space (land-) medium. The
3-D-VRTI8].[10].[12] of the random scatter media

is written as
d . aJ . i ad
(cosﬂ $+sm0cos¢ Z+Sm65m¢ 35 )
10, p,2,y,2)

:—;e(g’qD»I»ysz) ¢ 7(099091,3192)
—i—;a(@,goyx,y,z) « CT1(x,y.2)

2n T —
+J0 d?’J()P(69§Ds6’9§DI9I’yv2)
< 10, ¢ sz, y,2)sind dO (1

where k., ko are, respectively, the extinction and
absorption matrices, P is the phase matrix, and T} is

the physical temperature of the scatter media.

Fig.1 Geometric model for inhomogeneous scatter media

The boundary conditions at the top (z=0) and

bottom (z= —d) surfaces are written as

I(r—0,¢,2,y,2=0)=0 (2a)

# - %

T(a,%x,y,z:*d) =I=?1z(3) . T(Tr—e,qo,r,y,z:—d)
+T12(0) « CT, (2b)

where Riz (0), Tiy (0) are the reflectivity and

transmittivity matrices of the bottom surface,
Here, the

“between” the random media (1) and underlying

respectively. subscript 12 denotes
medium (2). T is the physical temperature of the
bottom medium. Equation (2a) means that there is
no downward emission incidence at (7 — 6, ¢) from
up-space (z > 0) to the top surface (z = 0).
Atmospheric radiance is simply not taken into
account. Equation (2b) indicates that the upward
radiance at the bottom (z= — d) is contributed by
reflection of downward radiance of the random media
emission from the

and transmitted underlying

medium.

The boundary conditions at the lateral surfaces
at x=0, x=W;, y=0, and y=W; are respectively

written as

I(r—0,0,z=0,y,2) =0
{T(Q,GD,I:O,yyz):'le(e) - CT;
0°<<<C90°, 270°< < 360° (2o

{T(ﬂ*e,go,:c:W] yys2) =0
10,0, 2=Wi,y,2) =T12(0) + CT
90° << p<<270° (2d)

I(n—0,0,2,y=0,2)=0
[7(9,50,1,y=0,z) =T1,(0 « CT,
0°<<¢<C180° (2e)

{T(ﬂ—eqqhx,y:wz »2) =0
10,02, y=W3,2) =T12(0) « CT
180°< <<360° 26

Equation (2c¢) indicates that there is no downward
incidence from the outside (azimuthally defined by
the ¢ region 0<C¢<(90°, 270°< < 360°) to enter the
lateral side (x =0) of the random media, and the
upward radiance from outside comes from the
transmitting emission from the underlying half-space
medium. Same physical meanings are described by

(2d)—(2f) for other lateral sides.

Generally, x. is nondiagonal for nonuniformly
(the Euler angles B, 7)[1) oriented scatterers. To find
the matrix E and its inverse E, k. can be diagnosed
for uniformly Y-oriented (¥ € 0°, 3607) scatterers
ast1], [2],(13]

E(G,QD,I,y,z):E’I(G,QDyI,y,z) e ke (0,0,2,y,2)
cE0,p,x,y,2), (3)

where the iith elements of the diagonal B are denoted
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as i, i=1,2,3,4. It can be known that § is the
eigenvalues of x., and E is composed by the eigen-

vectors of k.. All formulations of x., B and E can be

found in [1] and [2].
Left-multiplying E~! on both sides of (1) yields
aJ . d . . ad
(0050 P ~+ sinfcose Ers ~+ sinfsing W)
IO, @,z,y,2)

Z—B(O,%x,y,z) . TE(evq’yIvva)
+;f(t9,¢,1,y,z) « CTE(x,y,2)

rid [ -
+JO d?’J‘oPE(es¢s0,v(P,vxvyyz)
< IE(O ,¢ v x,y,2)sind d¢ 1)
where

TE(0, @z, y,2) =E~1(0,0,2,y,2)
M T(Gv‘P’Ivva) (5a)

T5(zyy,2)=E~1(0,9,x,y,2) * TE(z,y,2)  (5b)

ﬁs(01¢50'9¢,91’y92)=f_1(By¢yxvyvz)
. ﬁ(&?;‘y»(})’,x,y,z)
«E0,9,x,y,2) (5¢)

;f(o,¢,x,y,z)=ﬁ"l(9,¢,I.y,z) . ;n(0y¢719y9z)
- E0,0,2,y,2). (5d)

For convenience, all notations of E would not be

especially indicated in the next derivations.

Let us slice the media enclosure into many thin
slabs with the thickness Ad along the z direction, and
let us denote the slabs by the subscripts I=1,2,++,L
from the top to the bottom. According to the spatial
resolution Ak, divide the (x, y) plane of the media
enclosure to form many thin rectangular boxes with
the length-width Ak and thickness Ad as illustrated in
Fig. 2. Because all boxes are very thin, we can
assume that the medium within each box is
homogeneous. But different boxes can be different,
e. g., with different particles, different particle’ s
fractional volumes, or different physical
temperatures, etc. It is noted that as the x, and P of
random particles have been calculated, the approach
of VRT of random discrete particles is the same as
one of continuous random media no matter what size

the particles are comparing with Ad.

As illustrated in Fig. 2, the radiance intensity of
the /th slab is defined as

71(0,¢,x.y)=
1,0, 2,y,2=—(U—1)Ad)
10, ¢,x,y,2=—IAd)

0°<C8<<90°
90°<C6<C180°

y
W, l
z 'Ad
-
W2 ,,/’
s
1 I‘ X
Aoz e 2o
c eV
, ——
WL v oo 2=-14d
! Ll o
7
27
L Cd

Fig. 2 Dividing the scatter media into multiboxes

where 1, (8, ¢, x, y) is the radiance intensity in the
direction (6, @) from the box of the Ith slab whose

center is defined at (x,y).

3. Scattering and radiative transfer of
3-D-thin boxes

Because Ad is very small (Ad<Ah), change
of the radiance intensity through the lateral sides
is always much smaller than one through the top
Thus, based on VRT
[(1)>], the changes of up-going (0°<<6<<90°) and
down-going (90°<C0<C180°) radiance intensities

and bottom surfaces.

through the box of the Ith slab whose center is

defined at (x,y)are derived as follows:

?[(n) (0,¢P,1+Ax,y+Ay)
ZTI(-"F)I b, p,z,y)

* exP['—BI (09 Svyx,y)Adsec@]

+I{” (6,0, 2+ Az, y+Ay) (7a)
I (0, @5+ Az, y+Ay)
=T§1)1 (0,¢,x,y)
° exp[pl (0’ ¢,x,y) Adsec@]
+I (6,9, z+ Az, y+AYy) (7b)

where I§® is the radiance intensity (self-emission
and multiple scattering) happening in the box
self, where the superscript n indicates the
iteration number [see (9a) and (9b)]. B =[fu,
BousBaisPur] is the vector of diagonal B of the Ith
slab.

Radiance transfering from the (/—1)th and
(I+1)th slabs can present the following relations;

Ax=tanfcosp + Ad

Ay=tanfsing * Ad. (€:))



The zeroth-order emission of the box self is
I=%0,0,z,y)
_ 1—exp(—B Ad|secl|)
B
ka8, 0,2,y)CTo(z,y). (9a)

Multiple scattering from all directions under up-

going and down-going incidences upon the box is
>0 (0, 0,2,3)
2 S e , ,
= J‘O d‘P J"/ZMI(09¢70' ,tP,,I *y )

c IV (0,9 2",y ) sind dE
g 4 /2 e 4 /” ” 4

+J.0 d¢ J.O M[(0,¢,€ P Y X .y)

IV @, ¢ 27,y ) sind’dE” (9b)

Mijl (5.¢,9'.¢',x.y)%M§j1,) (0y¢’6/v¢/ .x,y)

_ P b, p,m—b ,¢ ,x,y)secld

Bjisectd’ +Basectd

1—exp[ —Ad(Bjisect’ + By sect) ]
exp(— B Adsecd’ ) — exp(Bs Adsecd)
exp(By Adsectd’) —exp(—Bi Adsech)
1—explAd (B sectd + By secd)]

From Fig. 3 and (7a), it can be seen that the
radiance If?, (8,9, x,y) of the box at the center
(x,y) becomes I{™ (8, ¢, z+ Az, y+ Ay) after
propagating and attenuating through this box
medium. If? (8, ¢, x + Az, y + Ay) will be
distributed and enter into the boxes centers of the

(I—1)th slab based on the ray-projected areas.

I*V@, '\ xv) I(0,@.x+Ax,y+AY)
\ I“— Ax —"i/ To next box
7 ! F T
e N SI9 e
4 [ s 4
. 'o' E \\" : Ad "','
H
i

.,
.
N,

+ K \\ S
I',‘:’,(o.w,x,y i;:»ll)(gn’wn'xn,yn)

Fig. 3 Illustration of radiative transfer through a box

in the zox section

The thin lines with arrows in Fig. 3 indicate

the zeroth-order emission I{® and multiple
scattering from the up and bottom interfaces of

the box.

Suppose Ak = 100cm, Ad = lcm, the
calculation of (8) yields Ax=16. 5cm and Ay =
9. 5cm for the direction §=87° and ¢=30° (noted
that the maximum 6y = cot™! (2Ad/Ah) == 89°).
The result shows that 0. 756 of I{® (8, ¢,x+ Ax,

and the relations are also given as

x’=x+%+A_dM
2
' Ay | Adtandsing’
Y =y G AEETE (10
=zt Bz Adtanfcosg’
2 2
" "
=yt By Adtanfsing” 0

2 2

The Mueller matrix of the lth slab, M, is
approximated by the first-order Mueller matrix,
as follows, where the subscripts i,j=1, 2, 3,
4,

0°<C6<C90°, 0°<<¢ <<90°
90°<C6<C180°, 0°<<#'<<90°
0°<C6<290°, 90°< ¢ <<180°
90°<C6<C180°, 90°<<§ <C180°

an

y+ Ay) remained within the box of the center
(x,y), and only 0. 079, 0.016, 0. 149 of it enter
into the neighbor boxes of the centers at (z,y+
AR), (z + Ak, y + Ah), (x + Ak, y),
respectively. Thus, the intensity

through the lateral sides of each box is much

radiance

smaller than one through the top and bottom
interfaces due to very small Ad, and I{® of (7)
can be calculated by (9a) and (9b).

Now, the steps to calculate brightness
temperature emitted from the top interface Ts (9,

@,x,y,2=0) is summarized as follows:

1) By using (9a) and (11), the zeroth-order
emission I§*=% (8,9,x,y) and the Mueller matrix

M;(6,9,8 ,¢' ,x,y) of each box are calculated.

2) By using the boundary condition (2),
calculate the radiative transfer equation (7) from
the top surface, the slabs ! = 1, 2, -, L
sequentially, and finally to the bottom surface.
Adding the emission and reflection of the bottom
surface, calculate the radiative transfer equation
(7) from the bottom surface, the slabs {=L,L—
1, =, 1 sequentially, and finally to the top

F(n=0)

surface. Thus, I,=; (8,¢,x,y) is obtained.

3) By using (9b), calculate the (n+1)th
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(n=0,--*) order iteration to obtain I{"*V (8, ¢, x,

y) of each box.

4) Repeating steps 2) and 3) to the Nth
iteration, the calculation is finished when I{M} (6,

®sx,y) is small enough.

Let I;=1 (6, ¢, x, y) is the sum of all iterations
20,0, x5 9) (n=0,1,++,N), the brightness

temperature observed in the up-space is

TB(epgo,x,y,Z:O)

i_

= CI:=1(0y¢,x,y), 0°<0<90°. (12)

4. Numerical results

Suppose that the radiometer’s frequency is
3GHz, the scatter particles are prolate spheroids
with the semiradii a=56=0. 1lcm and c=2. 5cm,
the dielectric constant of the particle is &, =22+
5i, the fractional volume is 0. 0075, and spatial
orientation distribution of random particles is
uniformly over B€ (30°,60°) and Y€ (0°, 360°).
The dielectric constant of the bottom medium is
€2 = 8 + 1i. Vertically and horizontally polarized

brightness temperatures Ts, and T are calculated.

A. Homogeneous Media

First, compare the results of 3-D-VRT with
conventional 1-D-VRT for a homogeneous scatter
medium. Suppose that random prolate spheroids
uniformly distributed within a rectangular
enclosure whose length and width are 15m, and
depth d=1m. Divide the rectangular enclosure to
form thin multiboxes with Ah=1m, Ad=0. 01lm
(i. e., 100 thin slabs), and take calculations at

discrete angles A0=9°, Ap=18".

From (7) and (9), it can be seen that
rigorous calculation is required to store all
radiance at different angles (6, ¢) and different
centers (x,y) of the boxes. It needs the storage
144MB. When the

enclosure becomes large, the storage memory

about media

memory
would be tremendously increased. To reduce
such requirement, we propose to use a parabola
line to approximately match the radiance of each
slab along all direction (6, @), and only storage

some coefficients of the matching line.

As shown in Figs. 4 (a) and (b), three

matching points of the parabola line are chosen at
z=0, —d/2, —d. It only needs to store three
coefficients from 100 data, and significantly
reduces the storage memory to 4MB. For
example, Figs. 4(a) and (b) shows the data of 3-
D-VRT f{rom the slabs, respectively, along the
line (6=58°,9=9°) and (x—0=58°,9=9°), and
good matching by a parabola line.

286

—%v— 3D-VRT data
—W— Parabola data

284 4

<
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300
—v— 3D-VRT data
250 —W— Parabola data
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g 1504
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& 1004
501

0 20 40 60 80 100
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Fig. 4 Parabola data to match the calculation of 3-D-VRT
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Fig.5 Brightness temperature from a homogeneous

scatter medium

Fig. 5 presents the zeroth-order (small black



