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9. Find all solutions of (x —2Xx =3)y' +2y = (x — {)Xx - 2) on each of the following
intervals: (a) (=, 2); (b) (2, 3); () (3, + ). Prove that all solutions tend to a finite limit
as x —- 2, but that none has a finite limit as x —« 3.

[Sol] 2y L (5-1)(x=2)
(x—2)(x=3) (5-=2)(x=3)
_.x_l 33

=55 (BRxrx2,1%3)

(2 gpmo [ ——L1 a4
A‘""I, (t=2)(t=3) d"zj. (t=2)(t=3)

_ * 1 1
=2 J-“ ('_t—3 - ) dt

=2(In|t=3|-In|t=2]| )

z—3 -
=2(ln|x_2|—-ln|a_2])-
cacsy _ 2 P a=3°F acey — (X3 ﬁ.:g.z
e "—(x_s)(a_z) , € —(1_2)((1_3)
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. x—2% a=3 ' z_2 ' pe (t—_])(t—3)
y=b (=D () TS f S
L, x=2' a=3* x=2' 7 (y+1)(—1)
== S I e e
(Bly=t—24&A)
., x=2.% a-3*% ~x—-2 * 1
SIS N S SR INSEE SETS
., ,x=2*% a—3°* =2 1 1
=bo3) (T T (Frrm )
S RIS U
_(x_3\ (x+ 72 +C)
x—.zﬁ,
(2=2)

}’=TJ‘—_—3)T[X(I—2)+1+C(I——2)]-'C

ﬁﬁ‘t—‘3ﬁ9

BRI TFEATESR (x—3)° AR,
R REEVH—~(2-3) AR,
Aril, WRAREE.

10, Let s(x) = (sin x)/x if x # 0, and let 5(0} — {. Define 7(x) = f{s(t; dr. Prove that the
function f(x) = xT(x) satisfier the differential equation xy’ — y = xsin x on the interval
{—®, +w) and find all solutions on this interval. Prove that the differential equation has
10 solution satisfying the initial condition f(0) = 1, and explain why this does not contradict
Theorem 8.3.



sin ¥ = lim coix =1=50).
2—>0

[ Sot J(1) lim
0
s (x) & continuous function on  (—o0 ,00)
=> T/ ()= s(x). (By the first fundamental theorem
of calculus. )

f'(x)=x~J" s(t)dt .

]
f'@=zT' @+T@=sinx+ J" Si?—t dt .
<0
- ff0)=f@

=z sin x+xJ" s@)dt —x J‘ s (t)dt

=X sin X
S fEOWR xy —x=% sin .
(2) xy —y=2 sin ¥ REH—P Ko
HMAE—~MELemma:
H a2

M(z,9)y +N(2,9)y=Q(x,y) 2—1BkMRo

BlamE M(x,y)y +N(2,9)y=02—®Ro
EHEE O+ R
M(x,y)y +N(x, »)y=Q(x,y) Z—&o

FLBRMER *y —y=0% (—00,00) I —k o
A A

Z2f@O Ry —y=0, x€ (—0c0,0)Hi—1&,

gl f@ FBExy —y=0, v€ ¥ interval i1 —&
ﬁﬁxy'—y=df££xe(0,oo)ﬁ2ﬁﬁ
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¥y’ —% y=0 C xx0)

ae (0Q,00)

_* —t alzi—1ola
y=beL -« =bel I=i-iated

az—iga b
=be ' =—x=cx ce R

1y —y=0%x€ (—c0, 0) FZER

1
’ —y=
y =5 y=0
a((—-oo, 0
y=be—f:"-:-4t =belnlxl—ln lai
=beln(—3)-ln(—o) =b—-——£=£ = kx
—-a a

RRL EHREGR— BB ME € (~0,0) HZRY,
(0,00) EREBy=cx, E(—00, 0) LR y=kx ¥Ry ¥
A continuous , => y0)=0
HB vy & differentiable => ¢ =%k => y@)=kx .

xy' —y=0Z—MEB y=kx , ke R.

Xy ~y=x sin *-Z—R{R x¢€ (—0 ,00 ).

g' y=kx+xj —s%f-dt. ke R .
1]

LARMERKGBETFHHEE, AREMEABBRED y=kx B

xy' —~y=0 2% X NEREEFAENREROERK,

¥»{=0, " No solution satisfies fQ)=1

i&3t %0 Theorem 8.3 F /o

AEB Theorem 8.3 fiE -+ P (x) 1 Q (J A continuous. on the
- -



open interval I.
M xy' —y=xsinx FE (—00 ,00) R, TNE{LE

oL y=ES0 T TR (—oo 00 ) IR

Y x X

11, Prove that there is exactly one function £, continuous on the positive real axis, such that

1 'S
fx) =1 +-j f(0) de
XN
for ail x > 0 and find this function.

[Sol] # /i), f:x) ¢ RHEM, HS1&), f.&)%E continuous,

B [fiw=1+1 J' fi(tyat fi@)—x= fl Fue)dt
fr@=1+ j' fr(t)dt 2fo®)—x= f fa(t)dt .

[ fio—fri)] = j [fi®)=F2 (0] dt.

& fiO—=fn=g@®.
/8 xg@x)= I g@)dt e ®)
I3
BARBg@=/f,x)—f:&), g®) I contimous.

I g (t) dt & differntiable on .x.
1



=> 1g' ()+g)=g(x => xg’ (=0
=> g'®=0=>g@=c (ceR).
A WEIB cx=cx—c =>c=0,
=> gW=0=/, (x;fz(x) >0,
=> fi(®=/:(x).
continuous B{HRE—MH. SEBURERFE—E.

4% B2 FEZE continuous f @) iR Lt B, RAFESETHL.
i f<x>=1+%f’ Ftydt => xf(x>—x=f’ fiydt.

/B f ()Y continuous 8 => |- X 7k 4,
= 2f'@Q+f(@W—-1=f@)=> zf (v)=],

=> f'(x)=%=> fx)=log x+c .
y _ 1 ‘
RARRFE Iogx+c—1+—;f (log t+c)dt
1
1 J“
logx+c=1+—( logtdt+cx+c)
x 1
1 x
=1+—f (x 1ogx.—x\ +ecx—c )
1

+‘—i-( Zlogx—x+]1+cx—c)

—6—



=1+logr—1+ L, ¢
x X

—C
+c.

= logx+ 1

Fe=1FK, SABHEE. AEAMERY log x+1 RFTR. BERHF
E—-AMEY S ()= log x+ 1 R

f(:c)——-1+l J'zf(t)dt.
x 1

The Bernoulli equarion. A differential equation of the form y° + Plx)y = Q(x)y", where nys
not 0 or 1, 1s called a Bernoulh equation. This equation 1s nonlinear because of the presence of }
The next exercise shows that it can always be mnsformed nto a hnear first-order equanon for a
new unknown function v, where v = V4, k =1 —a.

13. Let k be a nonzero constant. Assame P and Q are continuous on an interval /. ifae/and
if b 1s any real number, let v = g(x) be the unique solution of the imtitai-value probiem
v + kP(xv = kQ(x) on [, with g(a) = b. if n'# | and k = | — », prove that a function
y = f(x), which is not identically zero on /, is a solution of. the imtial-vaiue problem

¥ + P(x)y = Q(x)y" on 1, with f(a) = &

if and only 1f the kth power of fis equal to g on /.

In each of Exercises 14 through 17, solve the imtial-value problem on the specified interval.

[ Sot]
(1) [1f]part:
B4, g@=6 B g%+ (1-n)Px)glo= ( 1—n)Qx)
frRO=r0"@®=g(x) on I
= (Y @+(1-n)P® [ @)=(1-n) Q@)
= (1-m) @@+ (1-m)PEI™@=(1-7)Q®
= ['@fT@+PE TV ()=Qx)
— 7 —_—



@

= [fl@+PESf@=Q@)f ()

= y=fOHWRYy +tr@y=Q@y" A f"“™M@=b.

[ Only If] part;

B4, y=/f@ORy +P2y=Q@®y" on I &f(@*=b 2K
A4 o=yt = v'=(1-n) y ™"y

= (1-m)y"y +(1l=-n)y"P@y=(1—n)y™" Q"

=> VH(1=n)P@V=(]1—n) QX) ---cveerreoeees (a)
=>  yU™ = fO (=g (x) & (»)#Y solution B
fO™M@=b=gkx HEBBo

1. y =y = —p¥x* + x + 1)on (=, + ), with y = | when x = 0.

[Sol] ¥y —y=—(x*+x+1)y* on ( —c0,0 ) y(O=1
HEE 134 k=1-2=-1, .. &Hov=y"

v/ +v=x+x+] , A(A:):JHr ldt=x,v (0)=y<—1)(0)=_yl_

=>

=>

2xyy +(1 +x)y* =e*on(0, +x), with(a) y = VVewhenx = |; (b) y = —Vzwhenx = I;
* (c) a finrte imit as x — 0.

(0)]

]

v=e*+e* J' et (ti+t+1)dt
0

=e*+e [ tTef —te' +2ef 1
(]
=e“[x‘e‘—xe‘+2e‘-—1] =y!
. 1 _ 1
Y= Ter _zes+2e —1  xl—x+2—e=

—8 -

1



+x
’ =— gt =]—-n= =
Y+ y=57 ) k=1—n=1+1=2
v+ 1+% v="2_ , A(x):j. (1+L)dt:x+lnx-1
x x . ¢
eA(x) = i e: e—‘(:) = i e * .
e x
—be- L. L j: ¢ s
v=be- o +e. p ‘ ( il o
=be _e_"__+_e__ e®dx =be + (e¥*—e?)
X 1 AN x 2x

:—e—-(e”+c) =y*.
2x

"l

(@ zx=1,y=e*, y*=e .. e'(e*+c)=2e => c=e’
1

e * e+ e~ e* et f
= (e¥+e? )= ——— = y=(—
T 2z 21

1
e:+ez—: F)
b =1 y=—-Je => y=—(— )
X

€ =z - ORHEREME R

c:-i => y‘:-;—x- (e¥*—1) => y= e ¢

2z

. An equation of the form y' + P(x)y + Q(x)y* = R(x) 1s called a Riccat: equation. (There

is no known method for solving the general Riccati equation.) Prove that if « 1s a known
solution of this equation, then there are further solutions of the form y = « + /v, where v
satisfies a first-order linear equation.

“0” m@ yl +P(z)y+0(x)y2 :R(x) ........................ (*)
e



Fou+ %Z}Wﬁ,@(*) , BMERH v BT /Y first order linear

equation K
2

Gt 1) 4P (u+ L)+ Q) (u+ )
4 v v

=ul (v )+P(x)u+P(x)%+ Q@ u*+2Q@)—

Yy
+ Q@) ,,17

= RO+ (~—5) [0/ —P@v~2Q@ur—Q®) ] = R@).

= v —-(P@+2Q@®u)v-Qx=0
= v-~-[P@+2Q@®u]v=Q(x)
FLBE: HvleE vy -[r@+2Q@u]y=Qx

B e+ WRG.

20. The Riccat equation y* + y + y* = 2 has two constant solutions. Start with each of these
and use Exercrse 19 to find further solutions as follows: (a) If =2 < b < |, find a solution on
(-~ o, + ) for whichy = bwhenx = 0. (b) If 5 > 1 orb < ~2,find a solution on the interval

(=, + ) for which y = b when x = 0.
L
[Sol] ¥ ®y+y*=2 Pn=1, Qx=1, R&x=2.
HPERTA, y=1, y=—2 on (—oco0 ,00) £EHY constant solution
y=1=ulf, B y —[p@)+2Qx)u]y=Qx
1-e. Y —3y=1 A(x)=j3—3dt:-—3x

]



