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2. If x 18 an arbitrary real number, prove that there are integers m and n such that m < x < n,

[ Sol ]
For every real x there exists a positive integer 7 such that
n>x, So
(1) If =0 then x>—1=m
@ If x<0 then —2x22>0
and there exists a positive integer meN such that
—-m>—x, so x>m and mel

From(l) and (2), we know there exists m, n€l such that

mx<n

4. If x 1s an arbitrary real number, prove that there is exactly one integer n which satisfies the
imequalities n < x < n + 1. This n 1s called the greatest integer tn x and 1s denoted by {x].

For example, [S} =5, [§] =2, [-31=-3.

[ Sol ]
B FE4 For any x€R, there exists p,q€l such that
p<x<g, & P={(plp.=x<q. prel}
RE pe PRI Pxo XBE— 0, <qa AL gRP Z—LER, M
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sup PHEFESD sup P=nfll n<x

Hrza+1fI@B n+1 elMn+1Sx<qgFLln+1eP
Fln+1<sup P=n hRAEE Hrnsr<n+1HKn=swpP
Rf—2ZE, FHURFEE —n FEE— R EWR n<sx<n+1]

5. If x 15 an arbutrary real number, prove that there 1s exactly one integer n which satisfies
xgn<x+1 N

[ Soi]
HE 1 EAE_BN 0,9 7, BE-REB R r<<x<¢
45 Q={qlx=q,, €]} & infQ HFHE, §& infQ@=n

RS nel

% n=2x+1 Bl n—1=2x, n—1el & n—1€eQ
W on—1>inf@=n WEATAE, & n<z+1
FUA— B EES rSn<ls+]

6. if x and y are arbitrary real numbers, x < y, prove that there exists at least one rational num-
ber r sausfying x <r < y, and hence infinitely many. This property 1s often described by
saying that the rational numbers are dense 1n the real-number system

[ Sol]
S0<a<bEIFENa>1 X b—a>0 BFE n,(b—-a)>1
4 n=max{n, "} Ml na>1 n(db-a)>1
I meN 8 m>na(=21) HF m~1>na BT m—1
£ m—1>na PHEIRIBE m—-2, REKEE.
EAERSHREBUAE —LeNF £>n(=]) Mek~1<na

BT A a<-fTR nb—na>1, na=k—1 FFLl ndb >k

k
@b > BLlE kbR, B a<o<b
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x,y RIREBE x<y AMEXBEHEALE— neN FE,
Fa1>—x BiIff n+x >0 MW n+y >nt+x>Q

il nt+y, n+x GRIEXY, B LBEODLA—-FEHE 7

F atxr<n+ty Bl x<r—-n<yMr—n BEEHKEHE

12. The Archimedean property of the real-number system was deduced as a consequence of the
least-upper-bound axiom. Prove that the set of rational numbers satisfies the Archimedean

property but not the least-upper-bound property. This shows that the Archimedean prop-
erty does not imply the least-upper-bound axiom.

HWE—1 , qcQRp , I e REFE—nERBnp >q BUAEHE
AARE l.u.b Axiomf 13.15 #ifY decimal expansion

TN
ﬁlﬁﬂﬁ%bn=ao+l—0+ +10,.<\/§

gl {b,}(neN) & Bounded above EIEHEH, HER
Lub 8 V2, V2xQHEE

10 Let b denote a fixed positive integer. Prove the following statement by induction For every
integer n > 0, there exist nonnegative 1ntegers ¢ and r such that

n=gb+r, 0r<b.

beN, b>1
n=0 B 0=0-6+0
n=kt BRE GFEq, rEBr=qb+r (b>r>0)
n=k+1 k+1=gb+r+1 b>r>20® b=2r+1>0)
HEbo=r+1Blk+1=(qg+1)b
HEo>r+1Blk+1=gb+(r+1) (b>r+1>0) HBE

11 Let n and d denote integers We say that d 1s a divesor of nif £ = cd for some integer c. An

integer n1s called a prime 1f n > T and 1if the only posiive divisors of nare 1 and n  Prove by
nducuion, that every integer n > | 1s either a prime or a product of primes.

n,del n=2 2B— prime

Hn=2,3, k-1 BRE
—3—



KRB\ n=k BBHRRE, &+ £ prime number AFF

% kAR prime number Hl k=m.n mx1, n=x],

g 2<smk, 25n<k , HBRFZM m,n R prime number
B product of prime number # k is a product of prime
number 8

12 Describe the fallacy 1n the following **proof™ by induction

Statement  Given anv collection of n blonds girls If at least one of the girls has blue eyes,
then al} n of them have blue eyes

‘Proof ™ The statement 1s opviously true when n = 1. The step from k to k + | can
be illustrated by going from n =3 to n =4 Assume, therefore, that the statement 1s true

when n = 3 and let G,, Ga, G5, G, be four blonde girls, at least one of which, say G, has blue
eyes. Taking Gy, G, and G, together and using the fact that the statement s true when n = 3,
we find that G, and G also have blue eyes Repeating the process with G,, G,, and G, we find
that G, has blue eyes. Thus all four have blue eyes. A simlar argument allows us to make
the step from k to & + 1 1n general

Coroliary. All blonde girls have blue eyes

Proof  Stnce there exists at least one bionde girl with blue eyes. we can apply the foregoing
resuit to the collection consisting of all blonde giris

Note- This example 1s from G 1 olya, who suggests that the reader may want to test the
validity of the statement by experiment

¥ a=k BEREKE n=k+1 KEF, & G Z blue eyes, # G, i L
(k-1 G (1=2, -, k+1), REER n=k FIAIZBREK, &
B9 G. /RE blue eyes,

EHBHEE-ELEREEN £+ 1>2 (B k+1=2 F, BERHLR:
ENEER k=1 REZBERE,

EEMERBEE k=1 2 F=2 BTERLZ, HUREAZUBRRZE,

9 Prove, bv induction, that the sum Zi’;l 1R+ D s proportional to n, and find the
constant of proportionality



[Sm]kgf—lﬁ(2k+1):—3+5—7+~u+(4n+1):2n
2
’énzlﬁ?k§(—d)%2k+1):—3+5:2-1:2n

B n=p BREM ¥ (-D(2k+1)=2p

En=p+1H

20pt+ 1)

DERCSPHETENY

k=1
’

2

(=D 2+ + (=P 4p+3)+(—1)**2 (4p+5)

1l

k

il

2p—(4p+3)+(4p+5)=2p+2=2(p+1)

FH R ek z (~1)*(2k+1)= 2n

—_— 1
13. Prove that 2(\/n +1 - \/;) <—=< 2(\/; - \/n — 1) 1f n 2 1. Then use this to prove
that vn

= 1
2\/5-2<ZV—,<2\/,?—1
n

Nl

if m 2 2. In particular, when m = 10%, the sum lies between 1998 and 1999.

[Sol] 2(ym+1—-y7m) < ! <L2(ym=yn=1)
n
1 _Jrti+ym g
Y=, e

S 1

': T~ - e

il 2 (v nr1 \/")(\/7
_5._



1

=T

2(Jm—y 1) 2
W 2(yH—yn=1)>
Jr=1 \/—f%%
1
2<ﬂ_¥_—ﬁ><—ﬁ<2(\/——ﬁ_——i)

3

n=1

@ o(JAFL -y < 2

i S 2(/nl
then % Sl 1+
AN

12. () Use the binomial theorem to prove that for n 2 positive i

{ Sol]

@ 1+ 2 {—— W (1——>}

() 2" < k!

az1 AP

||Ms

RN
G

<1+ 22(\/‘—*

<2ﬁ—2>=2ﬁ—1

(1 +£)n=1 +Z{£_‘ﬁ(l —i)}

(b) If n > 1, use part (a) and Exercise 11 to deduce the imequalities

( l)"
2<{l +-
n

gL
Fﬁu\zx>

k=l

<l+ikl!<3

—Jn) =2ym+1 —2>2 m-2

nteger we have




Binomial theorem (a+b)"= 3 (:)a' bk
' =0

&

=

n -1
@ Q+5)=1+3 (57 T (=)

FI (@) exercise 11. n=4 B 2"<nl

1"_ n_l_k-_l —7 n -1-—
(1450 =1+ S5 T (=) <1+ 3

r=0 k

k-1
EHE T (1—%><1 ® k>0
r=0

=1+

2L

L
1 k!

k

1 1.n
2‘(1 (2))

:—2—-{- ]
(1—7)



Bl (+2) > 1+1=2

13. (a) Let p be a posiuve integer. Prove that
b —a® = (b —a}b"? + b*%a + b" % + - + ba™t + a7,

[Hint- Use the telescoping property for sums.)

(b) Let p and n denote positive integers  Use part (a) to show that

IES L
P+
[Sol]
@ (b—a)(b* '+ b"2a+b"%a’+ .-+ ba”*+a™")

=b (b b a4+ @) —a(b” + b7 a4 -+ 2™t

1]

1 P
S bat— 3 et
=1

k=1 k

»
i (b aP~t — gtpP=") {8 E atbr—k = i aP Tl pE-i
k=

k=1 1 k=1

_— i (ap—kbk_ap—lﬂbk—x) :b"——a” :#_

=1
(b) H@)
(n+1)" — gy 7m2
= [(n+1)—n)[(n+1)+ r+ 1) n+ .+ (n=1)n"  +n” ]
= (n+ 1P +H(n+ 1) Int e+ ()P P
(DT (a+ DTN D) + -+ (e D (DT (D7
=(p+Dn+1)°
R An+])P+ 1) i+ (n 1) i nR A (b )T

—_8 -



Sat+nP i+t et 4 b n. 0P A n”
=+
Ll (pr D < (et D)?H = P (p+H D+ 1)7

. (n+1)77+1__ ,np+1 ,
El " < S <D

(c) Use induction to prove that
n-1 n
ot
kP < —— < D kP.
Z P + 1 z
kel

kel

Part (b) will assist 10 making the inductive step from nto n + 1

O n=2 B S E=T7=1

k=1
2p+1 2p+x
p+1  p+1

2
S kP=1"+2"=1 -2
k=

1

2P+l _ _ 2P+1_(p+1) _ 29+l_1_p
S S e R = B
= 27 —1
AE b)——
(BBEb) 5 > 1
ALl 2 —1>p+1 B1 2°*'—=1-$2>12>0)
2p+l 2P+l
+ p__ — r __
1+2 b+ 1 2 p+1+1>0
2p+1_1

(ARAb) 27> 771
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