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Preface

Ever since the publication of L. Schwartz’s theory of
distributions ( Théorie des distributions, Tom [, II) in
1950 — 1951, theory of generalized functions and its
applications have developed dramatically. After having gone
through some changes, it can be said that the theory has
grown more and more in perfection. J. Miknsinshi, G.
Temple, and M, ]. Lighthill have even simplified theory of
generalized functions, and made it a college course. Chinese
mathematician Luoken Hua had noticed the generalized
functions as early as the 1950’s and had proposed his own
interpretation. However, he only worked on a special case —
the one dimensional periodic generalized functions. He did
not continue to develop the area because he was occupied
with other work. This present book is a collection of
research on generalized functions according to Hua’s ideas
based on Hermite expansions. We have discovered that
Hua'’s interpretation certainly has its advantages, as follows:

First, we can introduce a type of generalized functions
more general than Schwartz’s distributions, which we call
weak functions. In some sense, this type is the most
generalized. These generalized functions still keep the main
characteristic of the Schwartz’s temperate distributions, i.
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e. » the Fourier transform of each weak function is still a
weak function, Secondly, extending Hua’s definition a little
further, we can introduce concepts of generalized numbers
and generalized weak functions. Using these concepts, we
can resolve the multiplication of weak functions, which
therefore has included the multiplication of Schwartz’s
distributions. Such multiplication has been regarded as a
difficult problem for a long time. Banghe Li was the first to
resolve this problem by using non-standard analysis. In this
work, we again research on this problem, by Hua’s idea.

Among the Chinese pioneer researchers of generalized
functions, we should mention Professor Kang Feng, He was the
first person to introduce generalized functions theory in China and
did research on Mellin transforms, In this book, we also again treat
Mellin transforms from Hua’s point of view.

Certainly, theory of generalized functions itself seems to
have evolved quite far in our time, Indeed, there have been
many successful applications that have produced elegant
results, Examples are in its applications to linear partial
differential equations theory and to nonlinear hyperbolic
conservation laws., However, there have been few
applications to classical analysis, so it is worth paying more
attention to developing further applications to such analysis,

This book is only an introduction to such research
results. There is still much rich content to be improved upon
and perfected, which is only to be discovered in the future.

the Author
May, 2005



NEEIT

A 45L) Hermite ZTAN TH, 513 TH T LR 1E
ZENRZABFEE. CEBETIFSLHMT R, #m5l
BT XEG) 5 R MR T SRRk RE. EENE
Wit T %S E R P H 0 Riemann zeta— BRESFNIEL
P B SPAE AR B BRI .

FHRET FEHRXT LR EERNHE—PRE.



Abstract

By Hermite polynomials, this monograph proposes a
new theory of generalized functions. The authors introduced
a new kind of generalized functions called weak functions,
which include many classical ones. Furthermore they
introduced the concepts of generalized numbers and
generalized weak functions, and then solved the
multiplication problem of weak functions. They also
discussed the applications of the theory above in some
classical analysis such as the theory of Riemann zeta-function
and the theory of nonlinear hyperbolic conservation laws.

The present monograph develops Professor Hua

Luoken’s idea in his theory of generalized functions.
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1. EXESERE

EX 1.1.1 Hermite £ H,(x) KEXINT :

H (I) = (“" 1)" < ——x yn= 0,192"" (1. 1.D

dxn
ABEH . Hy(x) =1,H;(z) =22, H;(z) = 422 —2,H; (2)
= 82 — 12z, , BHI—IE XK

(3]

_ (— D*nl —
H,(x) = an(n—_—z‘k)—!(z.r) %, (1.1.2)

Hop[ 2 [ romesansy.
BB H, (2> BT R
w(z,t) = ¢t = & g’ E H, (x)z" (1.1.3)
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2
n—u

_ exz (_ l)naae

= H,(x). (1.1.4

u=x

B F wlz,) x5t FEREL A 1. 3) X «,t KE
{74 BR X A R R — Bl i) , BRI AT, L BRATTA

%"—t"—z(x—t)w— 0, (1.1.5)
Jw
— — 2tw = 0, (1. 1. 6)
dx
B LS R, A
2 Hn+1 (:c) x)tn_*_ZE H_;('x)ng =0
= n=0 .
Hedk B‘J%ﬁ,)ﬁ)ﬂ{%@]
H, () —2z2H,(x) +2nH, () = 0 (n = 1,2,+*).

(L1L7D
(1. 1.6) R, &NTA
2 H’ (x) Zio—ljﬂn@t”“ =0,
[
H,(2) = 2nH,(x) (n=1,2,). (1.1.8)
B(L L7 XFA1.8) R, 18
H,1 (x) — 2zH,(x) + H,(x) = 0,
X ERBWRST B
H',(x) —2zH () + 2nH,(z) =0 (n=1,2,+).
(1.1.9
WA H, (o) RS .
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u=eTH,(z), (1.1.10)
] W =% (—zH, () +H ().
RE5BH
'+ Cn+Du— 22u = 0. (1.1.1D)
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H @ = D220 g =0 112
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1’ © myn=0 m! 71! ’
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J+m —(—Cutn))? Zde ij H (I)H (x) m,, n
e myn=0 m! n! wo
= Vx> (Zm'J)".
n=20 n.:
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oo )
JWH,,,(@H,,(x)e—x dz =0, m=n,
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go(z) = (D) (1.1.13)
Cn
2. Mehler 5%, 8E[B6]
mE e l<1,
2 D L (D H, ()
_ —y _ (z—y) (1.2.1)
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3. H,(x)#9amiEtE
EX—PFRATE S H, (o) # ¢.(2) 2 n— oo BFHIHTIE
P, 4w = ¥ Ho (), M (1. 1. 11) R u RS
'+ Cn+Du = 2*u.
WAWMBED M, w(@ HREPME «(0) = H,(0,4'(0)
H',(0), MEATNBH u 5 —FER

u(x) = H,(0)cosv2n+ 1z 4+ H,(0) 5—12—22—’:—'—%‘2
n

«/Zn—l-i-—ljzyzu(y) sin(v/2n+ 1(x— y) Idy.

I

+

(1.3. D
B (1. 1. 12) X5

1w Cm+1) _
HZm(O) - ( 1) P(_m +'_1)'y H2m+l (0) - 09

I'Cm+2)

H Zm(O) = 09 H zmH(O) == 2(_ l)m P(m+l) N

a3 1 RXaJBR
w(z) = a, {cos{an‘+‘1"x~1’21‘ }+ r,,(x)}, (1.3.2)

Hrp

ﬂ%";l), n F{BE;

F<-2‘+1)

an = (1. 3.3)
2P(n+1) , nﬁﬁﬁ,
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T = Zn-l- J Y u(y)sinly2n+ 1(x— y)1dy,
(1.3.4)
Yz BT,
| 7. () | <;—j+~1{ :fly"dy}%{ﬂxiuz’(y)dy}7
< il el Ceos

_@alot |zl _
anv2n+1 “/_2_‘/.

i Stirling 2A=0H1, 2§ n —> oo A,
an ~ 28 ntet, omlm ~ 2ttemtin,  (1.3.5)

BOHEAT 7, B ® 0 5, B

=B |z,

rofen

tr,,(x)|<c'n' (1.3.6)
LRI A FRE = T &
w(x) ~ aycos(yZn+ 1 —) (o),
B
H,(z) ~ 2% ntet et {cos(Jm_lx—%‘)+ o[’ ‘:%'% }
(1.3.7
(o) = @4
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N l(%)%-{cos(mx“@)‘f‘o[l %I%]}.

s

(1.3.8)
4, L,(—oo,+oo)i—HIEZE
w14
b =282 0 () = e FH, (),
= 2 m, hy(z) = B2 (L.4.1

n

W HATE TR, B A (g ()} MBR—HERER, (h, ()} B
Pl e It —HIER R, B

j+°° (@ (2)dz = 5 —{1"":'"
_oo‘ﬁmx‘/‘"x — Omyn m,n O,m%n,

R
~+oo 2
J_mhm(x)h,,(x)e“’ dz = &,..

T EPREIERA ¢ () L L, (—oo, +00) H—H L ERE, R
IR Z N Hermite . B
141 WMRE fx) € L(— o0, +00),4

oo
an= [ f@Dpn()dz, (1.4.2)
(B BRSO NERATH
oo N 2
| 7] £@ = D anp (@ |*dz 0,2 N> oo,

(1.4.3)
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