INTERMEDIATE |
ELEMENTARY MATHEMATICS

by W.H.Hsiang




INTERMEDIATE
ELEMENTARY MATHEMATICS

by W.H.Hsiang

B R FE A

Wl 3wk 3

b B S B R SR R A




() BT 301 5

INTERMEDIATE ELEMENTRAY MATHEMATICS
S Tt e
HXH &

*

AR BOAR SCR AR AL R R AT
(B TR 2 5 WREZE 200031)

MR BRSO i AL B LD BB T BN

*

T 787 x 1092 1/16  Epdk 23 4 589,000
1994 % 4 AKIIE 19944 4 B 1 KER)
BN 1-400
ISBN 7-5439-0497-7/0-097

E Yr: 48.00 ;¢






Ve % 1

iR, HEPFEFILERE
H,1954 FHETEE. 1976 FEE
W FEEMFTEIHEKE,1980 F3K3E
E R 22 N 3L R AFE#E 22 o,
J& e & E B 5 M 2 AR M SL K& 5@
HIEEESESHIR. SEREIEK
ML RKERFERBIE, GEIRILK

e = HET 1986 SERS E I A,

EPNEEH KR TIE., 1992 F£5%
FE R KR EEHE, EAER
R R BE AAT , BEBI Rt F &, 4
X 38 %, HBEERRCPgREMEE)
A, M ECEME L CE) B R
40 RFE SR H IR



K F

FZEHEM, MEHEFTER RRESAFPEEEHFTREN., B2LEE, W
FRANMBHNTURE SHRATRER RN ZENN TN EEAF S MMENEY. N
AEBJLERILMEF, fbEEed, HEHRAFXRNEREEN EFETEAL, MR
4. R¥oE. BEGE, BERMABHIMENEM AR,

aHEEFH, HETRERBRUBIE HHFEEFESHEAETHAIH T H
EHRABHHARE, BRUESTALEENLR. KEIEEE, MEETELHK,

FHRUIESCHERTRE, EEYAMTARICRY, RGeS RE FH
WX o TRELAN FREER—HWA S A EEERZ L. B—FEREEEEMEX T
ZEFRPERREGFHFEEN, PMNECHBELAFARARIR EELKHEE L ERE
BHBENZAS, FEARNFRLANSEMIEXREYS, RE—BHFR U EdEH
Lz —,

FEWCHAAEEGTE ., REWBZHE, TELKFBEEEE, HE, BRI
ERIARLRI RERET 1992 SFREFELH, EHESEEPAAEEBR LN, HER
#i, ZHEE. AHERTFER, BRTEEMES, SEBAESEZ A, FEkEm
#. EERRERAAS, MeRRBELERA LR CNE RAER.

BEEREEZEN, 2BREENFI SEEEE IBRPENETRAL, BEERE
REBEDN, AREETAZE, TEAMEEE P2 EFHEH, 2 IHRERE, Wiky
ERAEHIGEZE, WEEFMAHEN A, XTMAIREEEMFSE.,

BERE
FTREFEREMLFEEKE
—Lh=%—AR



LU

ABHHK ERTUEHEAHESE —  FLHAXET. FEAR
i, —ELBXW,

ADERRETBELE (CHEEBFRARRKE L, 2 HF
B, FURRFAEHREBEA) ki, AEBEE RARE, EOK
%, NERAYD. FETEEAFEY, FRTL LR, WEY THERA,
FEHEKREE, TREHE. EESARKT 0SBRX. THUEFFIR,
RERH, TRME CPEAEBEP o (EAHKFRXE) RO LER
XARGY, ©XHLERER,

RBEILBAHELCOREATEHRNER ANFERTHE
#, REHE, AR EREFHAEEFRL S XLERBAXRALHBYH X
B, SERFRFALMEHURKEARI (LFET) HBEHFCH
BhME, BCERPGHE. BARGALERFLAERK, PEMEKK
T RS ERENLS, AAKFELHASL,; UREEXENEFRERZR
FEEEER, EAPBULRNER AXBLATHAEEH—K, EIRE
RHE.

RERE
1993 % 9 A



F E R K

WeEaAhHZ, HERRUWS AN, UBAMEATS, FBASERSANILAZEE
KRR B S 2 (Discrete mathematics) . B> K )5, 75 B BATZELEE S (Concept
of continuity) , Y45t FEE R B ER VMR APEILE ¥ (Abstract or axiomatic mathe-
matics) , XFHEFEIR T BR N # B IR EF B X $%¥ (Academic or formal mathematics), K H 7
FTH#S, TH4FEREBEWE, FIMTANEEARR. B52, XMHEEREEN
B, MA—ERARFHER. FEEEAHATERE FORERSERLERFAXER
HER—R45> . FFAEHS B W 38 A TR A SRR BRI R ST R R EHS (Abstraction) | 4%
¥ (Axioms) . UERA (Proof) , f&ii} (Approximation B{ Computation), M| E L HO S TH, &
B EbRHAZICR . REBF R E R 2 e fRIR (Definition BY Assumption 5§ Hypothesis)
L BABHEMN (40 If - - - then, If and only if, Not %) #iE5H., HHMESEME Rl T
MERNFALE, HLBEHRELE S, MARZECHLTS. hil/bigRE (1dea) S8 —
5 ST S AR LR IR E B R B A R . B A UG =RE—AZRE . ¥EWEIBE
BESLIEBRI T,

XAESBTIH FEHU LS. SERRSHIERT 5 MEREMIE. FRRNLE R
At E HEREE S, TRRPUESCPEAE. EM—4 LY QEEESRG R BIESR, &
O RRE, TETENRRREEHFNER. MEEEQRREANER, B
XM REARFINEY , FEEIRIN KR T B, X8 5 FER 2 4 )R pFR 69 1 .
WX R REGIE, LM (b RESERE ) | BEE S CRLEREE, RSy
B, RiE ETHSHT. EXS5IEHEEENSE, ETEEMHE. FEFEEERE
MBERAFRGBEFR, HMLLAL (WRER, TERIFRHEENEE) hhEEE
HIHE.

B RBRARORIEDH —F. AEENEM L, RIERELTEFABEN XG5
&, TRUSMUR EEEHESERENRREE. AR LR TFREY, 238 TEw
Rl B SUE, A HFEEANERBEERERSKEER. B, BHHEREEER
K, PEEBSRTH . EEMZERATLES (industrial revolution), B4 FLE, BM
TREMNERZE. WE, WEGHR., XRAFATLEMRNEE., B EHESEFRER
BeEh AR, FASERFAEEEEPOAEREET, MTEABHEERER, FALE,
AN HRFOMEZ AR RHREHTA) FRSE ST, TEMKEHRTEREH
Lo RER—E, —K, REE. HENES, BARLEEWLE. ARALBTLRES 4,
BETHREMBZER, BRILEEARAIF TN R 2SS,

HFRZZANTREERA 8, WHEBRE . ¥ TESEE, AW EREFEL



58, MEFXFE, B SERESSARS. TEREMESHRE, UMEEARLR
. RPN THEEREM A SCEE, BT IcEe .

“ERRE (NER) MEMOERN”, T EIEZEPHE, TRRIE ™ . FERFH, 2
EFHEAEE. RRERERTES. FETREEFFHIE.

X IR

« XFEZAPFE FHSRE=ZEMHLNITE. 8 M, 8, EUNE UFEREREE
EREEMEME. HASAFRIALHVH R TR FTHANE. MPRAFEEITFORT (1
AFPCRERTHR, TUARYREBFERY), HAFOE L, mARmG viiddk, EEEN
T8, P[LLR B Parabola 5 Parachute(R¥% <) A MFEM FE Para-, BB FN H I, A58
BIRREURENE.

o BLEZ IR A BIETE T HABEMER Bl (B RAAELH) BIR . 20K, BERHEE (Fourier
series) HISAM Y, KBREHIFEE RIS EHE (Convergence theorems) ., MR —FH N EH
¥ (Non-regular function) 1§ 2 H— W SIUE B A BT R B S T L B R R BN AL, T ks
EHRRRRIE., —EPEFE R RIEEERK.

E: ZBESFAMLLRMERMEBCER L. B TREEEZSHEATHERRER, REH
ZHER, FXNBEE T TELMT LRI R R L. X BESHE, HP2ER
53 =4, LR XEEESHRATIR (ER, B, 42%%. 8 Fi1EN) #EgE TR
¥, WETHE (Methods) 555 (Techniques) EEEAES LU LARNA,



Contents (B &)

Chapter 1. Trigonometry and Analytic Geometry (£5—8 =f5@H/LT) ..... (1)

AL
A2,
A3.
Ad.
AS.
A6.
AT.
A8.
BL.
B2.
B3.

B4.
Cl.
C2.
C3.
C4.
Cs.
C6.
CT.
C8.

C9.

Similarity and congruence of triangles (= ALl 52%)

Law of cosines (#3%f)

Proof of sin(a + 3) = sinacos f + cosasin 8 (IEFZHM A5 E M/ NAIIERE)

Formulae of angle sum for sine, cosine and tangent (IE3%, RES5EVIHMAAR)
Half-angle formula of tangent (IE V)3 AAR)

Identities of sines and area of triangle (IE3% %5 = A EM)

Derivation of area formula from two intersecting circles (MAAIZREF[E S H AR AR)

Area = perimeter in triangles (= A H M = KN T LELY)

Modern criteria for congruence of triangles (Frg) = £ EH)

Congruence of right triangles (H fi = A 2%)

SSA: a controversial criterion of congruence of triangles (#l4x% — %[ﬁ@fﬂ{‘é’ﬂi e
&)

Situations that SSA implies congruence of triangles (fffff &4 T SSA A =HFE L% H)
Centers of a triangle (= & #H.00)

Lemma of dividing sides of a triangle (8|4 =K 5| H)

Lemma of centroid of a triangle (= fEH [>5]#)

How to construct a triangle from the given medians? (4n{al )\ B 41 =288 [ [F = )
Properties of circumradius and inradius (Z 424185 N 220 HER)

Lemma of angle-bisector of a triangle and its length (Z A4S ALK SH K FI|H)
Properties of excenters (= fJE 3.0 R)

Lemma of exterior angle bisectors of a triangle and their lengths (= M FAH L EH K
5| 8)

Inradius and exradii of a right triangle (B fi = RN 2E2 535143)

C10. A geometric coincidence (—4 JL{a[T55)

C11. Properties of orthocenter and orthic triangle (= A& O 5HE 2 = MEMHER)
C12. Nine-point circle (F, )

D1.

D2.

Line segment connecting the midpoints of two non-parallel opposite sides of a triangle or

trapezoid or convex quadrilateral (¥ =fJE s BHTE BP0 B I FATR 0 i oh S A 8 B

Parallelogram rule I for rectangles, parallelograms and convex quadrilaterals (£ 5%, 47

WA 54— AT 6 8 — AT B )



2 Contents( H W

D3. Parallelogram rule II (85— VAT MHA &)

D4. Trapezoid rule (BEJE&R)

D5. Area of a convex quadrilateral ({E—PUHTE#H )

D6. A property of isosceles trapezoids (% BIRETE 8 — M R)

El. Necessary and sufficient conditions for a convex quadrilateral to be inscribable (fE— M i1JE
A T — B A FE 5 B R AF)

E2. Necessary and sufficient conditions for a convex quadrilateral to be circumscribable (£—U
MRS F — B R LB R E)

E3. Necessary and sufficient condition for a circumscribable, convex quadrilateral to be inscribable
(RIAMF— BRI E XFT T 5 — R e T B 2R )

E4. A property of,inscribable convex quadrilaterals (7] PJ&F — B #Y 4 #5178 fG — M4 R)

E5. Lemma of two pairs of intersecting tangent lines of a circle (— BB BXIHI L V1LY 5] )

E6. Urquhart’s quadrilateral theorem I (J& JR##PU 17 58— & #)

E7. Urquhart’s quadrilateral theorem II (JE R #PUHIEHE )

E8. Ptolemy’s theorem and law of sines (FE#) % € 5 1L #1#8)

F1. A theorem of triangle (= H —/EHE)

F2. Ceva’s theorem (Y]{¥ € F#)

F3. Theorem of angle-bisectors for isosceles triangles (% JE = A4 Ik € )

F4. How to construct squares inscribed in a triangle? (MM =AEHAEEFIE?)

F5 How to construct regular pentagon? (e[ IEFHIE ?)

F6. Lemma of chords through a fixed point in a circle GHAT BN — & & 8545 8)

F7. Lemma of secant lines through a fixed point outside a circle GEL Bl 4h—E B H B 225 2H)

F8. A method of solving trigonometric equations and extrema of trigonometric functions (= £§
FRRE— RS = A R B RE)

G1. The radius of Soddy’s internal circle of a triangle (i F&HEAI¥E4R)

G2. The radius of Soddy’s external circle of a triangle (ZRiHl FSHMEI#)24:12)

G3. Measurements of Morley’s inner triangle of a triangle (BEF|[KHA=ZATEHNETEE)

G4. A converse of Morley’s inner triangle B #| B = 7 4 — 4~ d )

G5. Morley’s outer triangle of a triangle (BELF| /M= A7)

G6. Fermat’s problem (#¥[7]#)

G7. New developments of Fermat’s problem (3% [a] &4 J & %)

Exercises of Chapter I (33)

Chapter II. Vectors and Matrices (=% @EBSHERE) ... (67)

Al.

The characteristic polynomials of AB and BA are equal (Bft 5 A5 B I AB 5



INTERMEDIATE ELEMENTARY MATHEMATICS 3

A2.

A3.
Ad.

AS.

A6.

AT.
BI1.
B2.
B3.

Cl1.

C2.

C3.

C4.

BA FAE 9 FRAEZ )
Solutions of A%+ B* = C* in 2 x 2 integer matrices (F R A%+ B = C* (I —MBH B
%)

Inverses of the matrices A = (1 —6;)7,; (FEA=(01- 5,-1-);1,,-:1 /Y38 )
the columns of a real square matrix form an orthonormal set of vectors iff this is true for its

rows (**%ﬁlﬁﬂ@iﬂﬁ%ﬁﬁﬂﬁﬁﬁ%ﬁﬁ"ﬁ:ﬁﬁ TR Y IENEE &)

Proof that Z Ty = Z zi = Z z? =0 implies z, =z, =+ =z, = 0 (MREFH
k=1 k=1 k=1
21,22, T W kzlxk=kf: of == 3 o} =0, Wi n MEHEN 0)
= = =1
Proof of i (FY(R)(=1)ktm = ‘Zj (EY(2)(—1)*+" =0 for any m,n € Z with m <n (4
k=m

FHR Y (A)(DEDHT = 3 (5)(F) (14 = 0 biEw)

Natural logarlthms as areas (H SRXFCHER)

Elementary transformations in plane geometry (- JL{] f 2 4< #5 #t)

Vectors in plane and geometry ( [in] & 7E Y- -5 BR (S JU{a] 41 Zh F)

Proofs of properties of nine-point circle by elementary transformations (FZ:Z=¥5#iEBH R
B R)

Routh’s theorem (% g #)

An application of Ceva’s theorem (Y]{% & #)— N H)

Comparison of sin A + sin B +sin C and cos A + cos B + cos C in an acute triangle (51 fi =
o sin A +sin B +sinC {55 cos A + cos B + cos C {HI HL3})

A minimum problem (—/M&/MERY [\]8)

Exercises of Chapter II (3 #5)

Chapter IIL Calculus (=8 RIS .. i (89)

Al
A2.
A3.
A4,
A5,
A6.

Bl.
B2.
B3.

Proof of 7 <In(1+ ; y<i forw>0(m+l<ln(1 + ) <1 %2> 0 HiERA)
Comparing a® and b* fore < a < b (L «® BHES b* M e<a<b)
Proofof::g>"for0<a<,3<£(z:’;g>°’":’[0<a<ﬂ< B IERA)
Proof of hm snfé —1 (hn% siné — 1 WiERR)
Proofof“““"<°‘for0<a<ﬁ<’2‘(::‘;g<ﬁé‘10<a<ﬂ<§ﬂﬁiﬁﬁj’q’)

Proof of 2% 2 L < G snz and sing < z < tanz for 0 < z <y<iy tanz o 2 3 < sinz E

tany siny tany siny

sma:<x<ta,n:cJ:'10<:n<y<§E4Jiﬂfﬂj§)

Derivatives of exponential functions (5% ¥4 F%0)

A fallacy in differentiability (—ANE[{§YERTER)
Another fallacy in differentiability (55— 1~R] i ¥ERYZiR)



4 Contents( H 1K)

B4. Simple proof of quotient rule of differentiation (43 KRE:AR)

B5. A theorem on the second derivative of rational functions (X FHE B _Fr B —1 &
#)

B6. A fallacy in calculus (—/M%F4 L HIEIR)

C1. Evaluation of [sec6df and [ sec® 8d0 (F243> [sec8d6 & [ sec® 6d0 Hyfhit)

C2. Integration by parts (43 ZFL98E)

C3. Properties of hyperbolic functions (XX i & %044 &)

C4. Hyperbolic substitutions in trigonometric integrals: Evaluation of [ sin™ @ cos™ 8d6 for inte-
gers mm,n with m4n to be odd (= M EREF A9 X ek - B4 [sin™ O cos™ 6d0 24 m,n
HEEH m+ n AHEF B

C5. An integral property of quadratic and cubic polynomials (—J¢ KA. 5 =K R — 4
(E359)

C6. Proof of f+°° s‘“”dm =Z (%K f+°° SIM’d = Z RIEHR)

C7. Evaluation of fo sin™ z cos™ zdz for m,n = 1,2,--- (4 fO% sin™ z cos™ zdx ¥ m,n =

)

C8. Evaluation of fo * e t-dr and f+°° I:";Z'Id:z for a,m > 0 (R4 f+°° e dr 5
Jo = e o)

D1. Boundedness of the sequence {(1+ )" : n=1,2,---} (BFFH {1+ 1) :n=1,2,-- -} i
ERR)

D2. Elementary proof of irrationality of e (8%} e & JCFERH) & BLIEHR)

D3. Proof of nBToo ¥n! = +00 and nll»rfoo T‘ZF = % (B PR A& nli'rfoo Ynl=+400 5§ nli}?oo "'{F'
= £ HIIEH)

D4. FEuler’s constant and e (FKhr ¥ $ 5%

El. Distance from a point to a line in the plane (‘FiHf E— S 3| —&a EEHE )

E2. A result of three circles (¢F =M E I 5H)

E3. Expressions of tannf and ntan~'a (tannf 5 ntan~!e PFRB)

E4. Bisectrix, trisectrix and cissoid (%4 AR LR, =S AR 5E L)

E5. Ellipses (I8 #¢H: 5R)

E6. Hyperbolas (XU 24 )

E7. Reflections on ellipses (¥[H /) 5z 5 R 3)

E8. Reflections on hyperbolas (X 28 #) [ 5 R )

E9. A minimum problem — idea of radar (—/™Mi/ME B — B iEAHAE)

E10. A new geometric inequality (—PFAY LT A %ER)
E11. Tangent lines of a parabola (¥ 2a) Y1£8)



INTERMEDIATE ELEMENTARY MATHEMATICS 5

E12. Using slopes to solve extremal problems (FF #Z @t fH 7] 1)

F1.
F2.

F3.

4.

F5.

Fé.
F7.
Gl.

G2.

G3.
H1.

H2.

Fundamental theorem of sequences (T35 T3 EAERE) .
(e, 9]
Convergence and divergence of E = forp >0 (FHRE 2 P~ FI s &8

n=1 =1

Proof of z S = L2+ 55 (B E G = L(n2+ &) MEERT)
Proof of Jri:o == L (RHm %o 7= "—2 FJ9IE BH)

k=1

(|

4o n 400, \a o0 a1
Proof of 3. $-2- =7 and Z—ll— m2 (G Y S =15 }jli——l;—=1n2
n= n=0 n=
fIERA)

Regroupings of alternating series (3T45 ¥ AT E H)
Representations of Si2Z By inﬁnite products (222 ) T35 R E /RIEK)

PmOfOfE( D*(% )k+n+l = E( V* (%) gy formyn € Zy (AEHR E( D*(%)
i = 2 (DK () i WOIE)

Proof of the factorial identity n! = En: (=1)*(?)(z — k)" for any n € Z, and any fixed
number r (AFHR n! = E( DER)(z — k)™ Y z A EBHIER)

F00 +oo
Proof of [, z7dz = z n~" (B4 - THFEBER [ 27 %dz = ¥ n" HIEH)
n=1
Simple proof of o p P(r,0)dd =1for 0 <r <1and % 02" P(r,0)dd = —1 for r > 1 with

0<r<i1
P(r,0) = ;5ioly CETF MM P(r,0) %R & [27 P(r,0)d0 = +1
r>1
fY3IERA)
Elegant proof of hm gﬂ%% =1 for any 0 < a < 1, where I'(z) = +°° e~tt*1dt forz > 0

is the gamma functxon (A T(z) FX lili'l r(fr*('“) =124 0<a<1pyiEEg)

Exercises of Chapter 111 (2] )

Chapter IV. Theory of Equations (BMNE H#Exit) ....... e (143)

Al.
A2
A3.
A4
A5,
A6.
AT.

Quadratic formula vs Citardauq formula ("R R EFR 5T KE 7 AR)
Reduction of cubic equations ({t—JC=IR F A NRHER)

Cardan’s method of cubic equations (fE— T =K A A F 4 H )
Discriminant of real cubic equations (3£ & ¥(—JC =K F X ) 5=L)
Reduction of quartic equations (1t —JCIR A NFFIER)

Descartes’ method of quartic equations (f—TCIIIRARYE F BN E R R )
Ferrari’s method of quartic equations (##—JC K Az EHIF| )



6

Contents( H {K)

AS8.

A9.

Parameter of Ferrari’s method of a real quartic equation is real (FE:HLF| 7 Bef@sr £ ¥ —
TR F A R H 2B E ] L)
Hacke’s method of quartic equations (b, /R 77 8 1R 8 89 2 35 7 152)

A10. Malhotra’s method of quartic equations (B—mHR T BN D REFR )
A1l. Impossibility of reducing a quintic equation to a resolvent with lower degree (tbk—ICHIK

BI1.
B2.

B3.
B4.
B5.
B6.

B7.
BS.

B9.

RN —FBYRK TR RN THE)

Synthetic division by linear factors (&= —KAMEEBE)

Simple criteria of searching roots of real polynomials (3£3z AE 2R ERNE ey
%)

Arithmetic mean of roots of a polynomial (—TEEXRAERBEAR L)

Rational root theorem (4 ¥ & HH)

Descartes’ rule of signs (# & /REF-54¢)

An application of Descartes’ rule of signs to a problem of triangles (HERESHE =
FE 16188 _t f) R7 )

Theorem of Budan-Fourier (fiF} - 5wt 5 #8)

T = '—bﬂi@: Sufficient condition for the existence of a unique real root of a real cubic
equation (z = =bRVF=Bec. 9t gy 55 = W BRARALAENE —SLBMM T4 )
Factorization of %" + 2™ + 1 (z?" + 2" + 1 HFERHR)

B10. Real solutions of 2% + y? + 22 + 2zyz = 1 (FBR 22 + 9% + 22 + 2zyz = 1 P SLER)

C1.
C2.
C3.

C4.
D1.

D2.

D3.
D4.

D5.

Synthetic division by nonlinear factors (= HERRXWEESBRE)

Lagrange’s interpolation formula (fr#& B H W?ﬁlé\\iﬁ)

Application of synthetic division by linear factors on Lagrange’s interpolation formula (£54
BRESEETIAERE H HEA R B )

Applications of synthetic division by quadratic factors (GFEBRENNE)
Proofoféjlk(kﬁ-1)---(k+m-1) = mmgn(n+1) - (n+m) for m,n € Z, (%X

ki k(k+ 1) (k+m—1)= —Lin(n+1)-- (n +m) KEH)
=1

n
Proof of kz_:l k(k+1),..1(k+m—1) = ml_l{(mll)! - (n+l)(n+2)1...(n+m_1)} forn € Z; and m =

n .
2,3, (%X 1;1 k(k+1)~~-l(k+m—1) = ml-l{(mll)! - (n+1)(n+2)1--~(n+m—l)} H"JIIE%)
Method of difference for summation of series (F§ F 5T ITHR R BB F)

Expressions of general term and nth sum of a series in terms of differences (R — IR 581

n WME 250 FRE)
Fundamental theorem of summation of series by method of difference (BE N sk

A EH)




INTERMEDIATE ELEMENTARY MATHEMATICS 7

Dé.
El.

E2.

E3.

E4.

E5.

E6.

ET7.
E8.

E9.

Evaluation of Z k™ for m,n € Z, (BRFEE E k™ #451T)

Classifications of dlfference equations (%ﬁﬁﬁiﬁﬂ’]ﬁ%)

Linear recursion (£ ] & Y JF31)

Solutions of linear ordinary difference equation z,41 = az, + b of the first order (55— £k
HWHED B 201 = azn + b HIR)

Solutions of linear ordinary difference equation 2,42 = azp41 ~ bz, of the second order (&
" AREEEDTER tnye = azngy — bz, BI5R)

Solutions of nonlinear difference equations of Riccati type with zero constant term (34
R EZ N TR TR AZTHE)

Complete solutions of nonlinear difference equations of Riccati type with non-zero constant
term (B RIERIFE LM 20 BAH SO N E L)

Solutions of bilinear difference equations of the first order (55— W&kt 0 F R E)
Solution of nonlinear difference equations of Clairaut type (783 % Rl ¥EE 4 F AW

f#)

Transforming nonlinear difference equations to linear difference equations (JEZe 1254+ 8
KRR TER)

Exercises of Chapter IV (/&)

Chapter V. Set Theory and Topology (A E HE 5N .................... (185)

Al
A2.

A3.
Ad.

AS5.

B1.

B2.

B3.

B4.
C1.

Saturation of maps (bR ¥ #TRF)

Reflexivity, symmetry and transitivity are the minimal requirements for equivalence relation
(BAHHE, XY S BHERE — SR X R A SR &)

An equivalent definition of well ordered sets (A] 52 £ HEF K FHIE S HIAESE X)

A countably infinite set which has an uncountable family of subsets such that any two have
finite intersection (—FHMRAIME T AA LR FEE, HHEHNTTEESHZTERIER)

Self-distributivity, semi-commutativity and idempotent property of binary operation (.70

EHE AR, 3 S E SR

Kuratowski’s closure axioms with less axioms (FERIHEFe B2 H A AR E] A E /R SRAT
i X)

Derived set operator (7484 HF)

The new kernel operator (BifHHEF)

Some equivalent definitions of continuity of maps (R ¥ESEEMHZEE X)

Truth values of a statement—criticism of multi-valued logic (BURREEE — 2(HEHEY

PE)



8

Contents( H 1K)

Exercises of Chapter V (3] f5)

Chapter VI. Number Theory (5% i) ... oiiiiii i (197)
Al. Identities of GCD and LCM (3¢ F GCD 5 LCM %)

A2.

A3.
A4.
A5,
AS6.
AT.
AS8.
A9.

Diagonals of Pascal’s triangle are coefficients of the expansions of (1 — z)~™" with |z| < 1 for
ne€Z (M F=MEAMALRE (1-2)" HRARWEY % |z| <1 B n HEEE)

Pascal’s hexagons and Fibonacci’s numbers (WK 7SinfE 53k IR

Mersenne’s numbers and binomial coefficients (#§# ¥ 5 — K IW £ %)

A number pyramid (—MIFE&FIE)

Infinitude of composite integers (& EHE TFL1)

Infinitude of prime integers (BEAILF L)

Equivalences of fundamental lemma of arithmetic (HARZA 5| BERY2E[R])

Proof of fundamental theorem of arithmetic (unique factorization theorem) (B AR Ha< &

(FR B IEHEROATME— R BRI TEAR) B9 TER)

A10. Proof of kzl(z)g_—lkki = kzl 1 for any n € Z, (%= ki (Z)L:l,ckﬁ = kzn: + BIIEH)
= = =1 =1

B1.
B2.
B3.

Cl1.
C2.
C3.
D1.

D2.

D3.
D4.

D5.
D6.

D7.
El.

Properties of greatest integer function (8§ X¥E¥ & ¥ R)

Properties of sawtooth function (%4t o8 ¥ JR)

Applications of sawtooth function on greatest integer function (4E 15 R¥FE B I FH R L
B )

Construction of Pythagorean triplets (SiA B T =M 8 T)

Pythagorean triplets generated by addition table (FHhNg:7E 4= i A B hr T =450
Pythagorean triplets generated by multiplication table (H TR A A B A BFhL i = 3 %)
A general test of divisibility by primes (except 2 and 5) (Bt R¥ (BRT 2 5 5 41 BRRA—
M )

The difference of any positive integer and its digital sum is always divisible by 9 (IE¥¥.5
HEPFMZET R 9 BER)

Divisibility of a® — b° by 2™ (a® — b® T 2" BRR MR LEEM)

Can a positive integer have an odd number of positive integer factors? (— N EBYEEBEREH
B EEBERG?)

Special classes of numbers (JLA$FRRH %)

The square root of a positive integer is irrational if it is not an integer (4N5—IE B¥ Ay
FRAANEY, HohTEHE)

Continued square roots (FESEF7H1)

Integers which are differences of squares (A B MEE 2B



