¥ B8 B % 3

LY lan =&

E R IR IAA) BAAL (% 204)

A First Course in Noncommutative Rings
(Second Edition)

FATERF it



FE

.

¥ B B ® 5

T.Y. Lam 3

E K IR I A BAAZ (% 23%)

AERZF HART

JEmt



T.Y. Lam
A First Course in Noncommutative Rings
ISBN: 0-387-95183-0

Copyright ©2001 by Springer-Verlag New York, Inc.

Original language published by Springer-Verlag. All Rights reserved.
F5 JB R B Springer-Verlag H BR . FRALETA, EENNTY,

Tsinghua University Press is authorized by Springer-Verlag to publish and distribute exclusively this English
language reprint edition. This edition has been authorized by Springer-Verlag (Berlin/Heidelberg/New York) for
sale in the People’s Republic of China only and not for export therefrom. Unauthorized export of this edition is a
violation of the Copyright Act. No part of this publication may be reproduced or distributed by any means, or stored
in a database or retrieval system, without the prior written permission of the publisher.

A ECFENAR B Springer—VerlaghR 4 K # H A MR HAR R 1T MARAANRE 4 A REFEHE 4
B, RERWNOFHHOREANEREENITH. XSHREMEHTFT, FRUEFAREHH
EITEROEMES

RIS ZEERERBTS E5: 01-2007-0344

ALRE, 84K, SEHEAIE: 010-62782989 13701121933
E RS B (CIP) B
EZHIF R E M =A First Course in Noncommutative Rings: #2/%: H3x / (%) Hil (Lam, TY.) ¥,

-~ dUE: HHEREHEAE, 2010.12
ISBN 978-7-302-24151-5

I.OF:- 0. .OH- WM. QIEZHF—HH—EX V. DO153.3
o E R4 B 5 E CIPEUIE I £(2010)452361885

WIEHE: X

WEENH . =k

HARZ 1T B KNG ih Hh: EHEERFER O A E
http; / www. tup. com. cn Hp . 100084 .
# -3 Bl. 010-62770175 1 1. 010-62786544

BBSEERS: 010-62776969, c-service@ tup. tsinghua. edu. cn
B R K #. 010-62772015, zhiliang@tup. tsinghua. edu. cn
: bR EE SR ENABRA A
 EFEHRE
: 185X 230 EQ 3. 25.25 .
: 2010 F 12 HEE 1 B 21 W 2010 4F 12 A 81 WEIR
+ 1~3000
: 50,00 JT

.

EsHEa
R R R

¥
Zn
£
Nl

: 015869-01



Preface to the Second Edition

The wonderful reception given to the first edition of this book by the mathe-
matical community was encouraging. It gives me much pleasure to bring out
now a new edition, exactly ten years after the book first appeared.

In the 1990s, two related projects have been completed. The first is the
problem book for * First Course” {Lam [95]), which comains the solutions of
(and commentaries on) the original 329 exercises and 71 additional ones.
The second is the intended “sequel” to this book (once called ““Second
Course™), which has now appeared under the different title “Lectures on
Modules and Rings” (LLam [98]). These two other books will be useful com-
panion volumes for this one. In the present book, occasional references are
made to “Lectures’”, but the former has no logical dependence on the latter.
In fact, all three books can be used essentially independently.

In this new edition of “First Course”, the entire text has been retyped,
some proofs were rewritten, and numerous improvements in the exposition
have been included. The onginal chapters and sections have remained un-
changed, with the exception of the addition of an Appendix {on uniserial
modules) to §20. All known typographical errors were corrected (although
no doubt a few new ones have been introduced in the process!). The original
exercises in the first edition have been replaced by the 400 exercises in the
problem book {Lam {95]), and I have added at least 30 more in this edition
for the convenience of the reader. As before, the book should be suitable as a
text for a one-semester or a full-year graduate course in noncommutative
ring theory.

I take this opportunity to thank heartily all of my students, colleagues,
and other users of “First Course” all over the world for sending in correc-
tions on the first edition, and for communicating to me their thoughts
on possible improvements in the text. Most of their suggestions have been
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followed in this new edition. Needless to say, I will continue to welcome such
feedback from my readers, which can be sent to me by email at the address
“lam@math.berkeley.edu”.

T.Y.L.

Berkeley, California
01/01/01



Preface to the First Edition

One of my favorite graduate courses at Berkeley is Math 251, a one-semester
course in ring theory offered to second-year level graduate students. I taught
this course in the Fall of 1983, and more recently in the Spring of 1990, both
times focusing on the theory of noncommutative rings. This book is an out-
growth of my lectures in these two courses, and is intended for use by in-
structors and graduate students in a similar one-semester course in basic ring
theory.

Ring theory is a subject of central importance in algebra. Historically,
some of the major discoveries in ring theory have helped shape the course of
development of modern abstract algebra. Today, ring theory is a fertile
meeting ground for group theory (group rings), representation theory (mod-
ules), functional analysis (operator algebras), Lie theory (enveloping alge-
bras), algebraic geometry (finitely generated algebras, differential operators,
invariant theory), arithmetic (orders, Brauer groups), universal algebra (va-
rieties of rings), and homological algebra (cohomology of rings, projective
modules, Grothendieck and higher K-groups). In view of these basic con-
nections between ring theory and other branches of mathematics, it is per-
haps no exaggeration to say that a course in ring theory is an indispensable
part of the education for any fledgling algebraist.

The purpose of my lectures was to give a general introduction to the
theory of rings, building on what the students have learned from a standard
first-year graduate course in abstract algebra. We assume that, from such
a course, the students would have been exposed to tensor products, chain
conditions, some module theory, and a certain amount of commutative
algebra. Starting with these prerequisites, I designed a course dealing al-
most exclusively with the theory of noncommutative rings. In accordance
with the historical development of the subject, the course begins with the
Wedderburn—Artin theory of semisimple rings, then goes on to Jacobson’s

vii



viii Preface to the First Edition

general theory of the radical for rings possibly not satisfying any chain con-
ditions. After an excursion into representation theory in the style of Emmy
Noether, the course continues with the study of prime and semiprime rings,
primitive and semiprimitive rings, division rings, ordered rings, local and
semilocal rings, and finally, perfect and semiperfect rings. This material,
which was as much as I managed to cover in a one-semester course, appears
here in a somewhat expanded form as the eight chapters of this book.

Of course, the topics described above correspond only to part of the
foundations of ring theory. After my course in Fall, 1983, a self-selected
group of students from this course went on to take with me a second course
(Math 274, Topics in Algebra), in which I taught some further basic topics in
the subject. The notes for this second course, at present only partly written,
will hopefully also appear in the future, as a sequel-to the present work. This
intended second volume will cover, among other things, the theory of mod-
ules, rings of quotients and Goldie’s Theorem, noetherian rings, rings with
polynomial identities, Brauer groups and the structure theory of finite-
dimensional central simple algebras. The reasons for publishing the present
volume first are two-fold: first it will give me the opportunity to class-test the
second volume some more before it goes to press, and secondly, since the
present volume is entirely self-contained and technically indepedent of what
comes after, 1 believe it is of sufficient interest and merit to stand on its own.

Every author of a textbook in mathematics is faced with the inevitable
challenge to do things differently from other authors who have written earlier
on the same subject. But no doubt the number of available proofs for any
given theorem is finite, and by definition the best approach to any specific
body of mathematical knowledge is unique. Thus, no matter how hard an
author strives to appear original, it is difficult for him to avoid a certain de-
gree of “plagiarism” in the writing of a text. In the present case I am all the
more painfully aware of this since the path to basic ring theory is so well-
trodden, and so many good books have been written on the subject. If, of
necessity, | have to borrow so heavily from these earlier books, what are the
new features of this one to justify its existence?

In answer to this, I might offer the following comments. Although a good
number of books have been written on ring theory, many of them are
monographs devoted to specialized topics (e.g., group rings, division rings,
noetherian rings, von Neumann regular rings, or module theory, Pl-theory,
radical theory, loalization theory). A few others offer general surveys of the
subject, and are encyclopedic in nature. If an instructor tries to look for an
introductory graduate text for a one-semester (or two-semester) course in
ring theory, the choices are still surprisingly few. It is hoped, therefore, that
the present book (and its sequel) will add to this choice. By aiming the level
of writing at the novice rather than the connoisseur, we have sought to pro-
duce a text which is suitable not only for use in a graduate course, but also
for self-study in the subject by interested graduate students.

Since this book is a by-product of my lectures, it certainly reflects much
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more on my teaching style and my personal taste in ring theory than on ring
theory itself. In a graduate course one has only a limited number of lectures
at one’s disposal, so there is the need to “get to the point” as quickly as
possible in the presentation of any material. This perhaps explains the often
business-like style in the resulting lecture notes appearing here. Nevertheless,
we are fully cognizant of the importance of motivation and examples, and
we have tried hard to ensure that they don’t play second fiddle to theorems
and proofs. As far as the choice of the material is concerned, we have per-
haps given more than the usual emphasis to a few of the famous open
problems in ring theory, for instance, the Kothe Conjecture for rings with
zero upper nilradical (§10), the semiprimitivity problem and the zero-divisor
problem for group rings (§6), etc. The fact that these natural and very easily
stated problems have remained unsolved for so long seemed to have cap-
tured the students’ imagination. A few other possibly “‘unusual” topics are
included in the text: for instance, noncommutative ordered rings are treated
in §17, and a detailed exposition of the Mal’cev—Neumann construction of
general Laurent series rings is given in §14. Such material is not easily
available in standard textbooks on ring theory, so we hope its inclusion here
will be a useful addition to the literature.

There are altogether twenty five sections in this book, which are consec-
utively numbered independently of the chapters. Results in Section x will be
labeled in the form (x.y). Each section is equipped with a collection of ex-
ercises at the end. In almost all cases, the exercises are perfectly “doable™
problems which build on the text material in the same section. Some ex-
ercises are accompanied by copious hints; however, the more self-reliant
readers should not feel obliged to use these. -

As I have mentioned before, in writing up these lecture notes I have con-
sulted extensively the existing books on ring theory, and drawn material
from them freely. Thus I owe a great literary debt to many earlier authors in
the field. My graduate classes in Fall 1983 and Spring 1990 at Berkeley were
attended by many excellent students; their enthusiasm for ring theory made
the class a joy to teach, and their vigilance has helped save me from many
slips. I take this opportunity to express my appreciation for the role they
played in making these notes possible. A number of friends and colleagues
have given their time generously to help me with the manuscript. It is my
great pleasure to thank especially Detlev Hoffmann, André Leroy, Ka-Hin
Leung, Mike May, Dan Shapiro, Tara Smith and Jean-Pierre Tignol for
their valuable comments, suggestions, and corrections. Of course, the re-
sponsibility for any flaws or inaccuracies in the exposition remains my own.
As mathematics editor at Springer-Verlag, Ulrike Schmickler-Hirzebruch
has been most understanding of an author’s plight, and deserves a word of
special thanks for bringing this long overdue project to fruition. Keyboarder
Kate MacDougall did an excellent job in transforming my handwritten
manuscript into LaTex, and the Production Department’s efficient handling
of the entire project has been exemplary.
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Last, first, and always, I owe the greatest debt to members of my family.
My wife Chee-King graciously endured yet another book project, and our
four children bring cheers and joy into my life. Whatever inner strength I can
muster in my various endeavors is in large measure a result of their love,
devotion, and unstinting support.

T.Y.L.
Berkeley, California
November, 1990 -



Notes to the Reader

As we have explained in the Preface, the twenty five sections in this book are
numbered independently of the eight chapters. A cross-reference such as
(12.7) refers to the result so labeled in §12. On the other hand, Exercise 12.7
will refer to Exercise 7 appearing at the end of §12. In referring to an exercise
appearing (or to appear) in the same section, we shall sometimes drop the
section number from the reference. Thus, when we refer to “Exercise 7"
anywhere within §12, we shall mean Exercise 12.7.

Since this is an exposition and not a treatise, the writing is by no means
encyclopedic. In particular, in most places, no systematic attempt is made to
give attributions, or to trace the results discussed to their original sources.
References to a book or a paper are given only sporadically where they seem
more essential to the material under consideration. A reference in brackets
such as Amitsur [56] (or [Amitsur: 56]) shall refer to the 1956 paper of
Amitsur listed in the reference section at the end of the book.

Occasionally, references will be made to the intended sequel of this book,
which will be briefly called Lectrures. Such references will always be periph-
eral in nature; their only purpose is to point to material which lies ahead. In
particular, no result in this book will depend logically on any result to ap-
pear later in Lectures.

Throughout the text, we use the standard notations of modern mathe-
matics. For the reader’s convenience, a partial list of the notations com-
monly used in basic algebra and ring theory is given on the following pages.
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Notes to the Reader

Some Frequently Used Notations

Z2mMOION

n(S)

<
y =

n N

|A|, Card A

Z(G)

Cg(A4)

{G: H]

K : F]
K:D),,[K: D),
KG

Mg, gRN

M ®gN
Hompgp(M,N)
EndR(M)
nM (or M")
Hi R

char R
U(R),R*
U, D, D
GL.(R)
GL(V)

rad R
Nil*(R)
Nil.(R)

Nil R
ann,(S), ann,(S)
kG, k[G]
kix;:iel]

kix;:iel)

ring of integers

field of rational numbers

field of real numbers

field of complex numbers

finite field with g elements

set of n x n matrices with entries from §

used interchangeably for inclusion

strict inclusion

used interchangeably for the cardinality of the set 4
set-theoretic difference

surjective mapping from 4 onto B

Kronecker deltas

matrix units

trace (of a matrix or a field element)

cyclic group generated by x

center of the group (or the ring) G

centralizer of 4 in G

index of subgroup H in a group G

field extension degree

left, right dimensions of K = D as D-vector space
G-fixed points on X )

right R-module M, left R-module N

tensor product of Mz and zN

group of R-homomorphisms from M to N

ring of R-endomorphisms of M

M®- - @M (ntimes)

direct product of the rings {R;}

characteristic of a ring R

group of units of the ring R

multiplicative group of the division ring D

group of invertible n x n matrices over R

group of linear automorphisms of a vector space V
Jacobson radical of R

upper nilradical of R

lower nilradical (or prime radical) of R

ideal of nilpotent elements in a commutative ring R
left, right annihilators of the set S _

(semi)group ring of the (semi)group G over the ring k
polynomial ring over k with (commuting) variables
{x;:iel} ~

free ring over k generated by {x; : ie[l}
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ACC ascending chain condition
DccC descending chain condition
LHS left-hand side

RHS right-hand side
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CHAPTER 1
Wedderburn—Artin Theory

Modern ring theory began when J.H.M. Wedderburn proved his celebrated
classification theorem for finite dimensional semisimple algebras over fields.
Twenty years later, E. Noether and E. Artin introduced the Ascending
Chain Condition (ACC) and the Descending Chain Condition (DCC) as
substitutes for finite dimensionality, and Artin proved the analogue of
Wedderburn’s Theorem for general semisimple rings. The Wedderburn—
Artin theory has since become the cornerstone of noncommutative ring
theory, so in this first chapter of our book, it is only fitting that we devote
ourselves to an exposition of this basic theory.

In a (possibly noncommutative) ring, we can add, subtract, and multiply
elements, but we may not be able to “divide” one element by another. In a
very natural sense, the most ““perfect” objects in noncommutative ring theory
are the division rings, i.e. (nonzero) rings in which each nonzero element has
an inverse. From division rings, we can build up matrix rings, and form finite
direct products of such matrix rings. According to the Wedderburn—Artin
Theorem, the rings obtained in this way comprise exactly the all-important
class of semisimple rings. This is one of the earliest (and still one of the nicest)
complete classification theorems in abstract algebra, and has served for
decades as a model for many similar resuits in the structure theory of rings.

There are several different ways to define semisimplicity. Wedderburn,
being interested mainly in finite-dimensional algebras over fields, defined the
radical of such an algebra R to be the largest nilpotent ideal of R, and de-
fined R to be semisimple if this radical is zero, 1.c., if there is no nonzero
nilpotent ideal in R. Since we are interested in rings in general, and not just
finite-dimensional algebras, we shall follow a somewhat different approach.
In this chapter, we define a semisimple ring to be a ring all of whose modules
are semisimple, i.e., are sums of simple modules. This module-theoretic def-



2 1. Wedderburn—Artin Theory

inition of semisimple rings is not only easy to work with, but also leads
quickly and naturally to the Wedderburm—Artin Theorem on their complete
classification. The consideration of the radical is postponed to the next
chapter, where the Wedderburn radical for finite-dimensional algebras is
generalized to the Jacobson radical for arbitrary rings. With this more gen-
eral notion of the radical, it will be seen that semisimple rings are exactly the
(left or right) artinian rings with a zero (Jacobson) radical.

Before beginning our study of semisimple rings, it is convenient to have a
quick review of basic facts and terminology in ring theory, and to look at
some illustrative examples. The first section is therefore devoted to this end.
The development of the Wedderburn-Artin theory will occupy the rest of
the chapter.

§1. Basic Terminology and Examples

In this beginning section, we shall review some of the basic terminology in
ring theory and give a good supply of examples of rings. We assume the
reader is already familiar with most of the terminology discussed here
through a good course in graduate algebra, so we shall move along at a
fairly brisk pace.

Throughout the text, the word “‘ring’’ means a ring with an identity ele-
ment 1 which is not necessarily commutative. The study of commutative
rings constitutes the subject of commutative algebra, for which the reader
can find already excellent treatments in the standard textbooks of Zariski—'
Samuel, Atiyah—Macdonald, and Kaplansky. In this book, instead, we shall
focus on the noncommutative aspects of ring theory. Of course, we shall not
exclude commutative rings from our study. In most cases, the theorems
proved in this book remain meaningful for commutative rings, but in general
these theorems become much easier in the commutative category. The main
point, therefore, is to find good notions and good tools to work with in the
possible absence of commutativity, in order to develop a general theory of
possibly noncommutative rings. Most of the discussions in the text will be
self-contained, so technically speaking we need not require much prior
knowledge of commutative algebra. However, since much of our work is an
attempt to extend results from the commutative setting to the general setting,
it will pay handsomely if the reader already has a good idea of what goes on
in the commutative case. To be more specific, it would be helpful if the
reader has already acquired from a graduate course in algebra some ac-
quaintance with the basic notions and foundational results of commutative
algebra, for this will often supply the motivation needed for the general
treatment of noncommutative phenomena in the text.

Generally, rings shall be denoted by letters such as R, R’, or 4. By a
subring of a ring R, we shall always mean a subring containing the identity



